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Premiere partie

Synthese des travaux de
recherche






Chapitre |

INTRODUCTION

Le tout est plus grand que la somme des parties
(Aristote)

e document est un rapport d’habilitation a diriger des recherches. Il présente une

grande partie de mes travaux de recherche, qui ont comme théme commun la

résolution de conflits logiques (le raisonnement en présence d’incohérences).
Pour des raisons de cohérence je ne détaillerai pas les travaux que j’ai réalisé sur
d’autres themes, tels que la théorie de la décision [53], la théorie des jeux [34, 57, 70]
et la planification multi-agents [33, 69].

1.1. Co-auteurs

Je ne congois pas la recherche comme une activité solitaire. Il me semble que les
échanges lors de réunions scientifiques permettent de faire naitre des idées et résultats
que chacun des participants n’aurait pas eus seul. Bref, en recherche comme ailleurs,
je suis convaincu que Le tout est plus grand que la somme des parties.

La plupart de mes travaux ont été réalisés en collaboration avec d’autres collegues.
Dans la suite j’utiliserai un nous qui n’est donc pas une figure de style, mais qui illustre
ce travail en commun. Je ne citerai pas explicitement les noms des co-auteurs cor-
respondant a chaque travail, pour ne pas alourdir la présentation, mais ces noms sont
facilement identifiables dans les articles correspondants. Ces co-auteurs sont ' : Pierre
Marquis (CRIL, Lens), Ramén Pino Pérez (Université des Andes, Mérida, Venezuela),
Patricia Everaere (LIFL, Lille), Jérdme Lang (LAMSADE, Paris), Ramzi Ben Larbi
(CRIL, Lens), Anthony Hunter (University College London, Royaume Uni), Didier
Dubois (IRIT, Toulouse), Henri Prade (IRIT, Toulouse), Olivier Gauwin (LIFL, Lille),

1. Classés par nombre d’articles en commun.



Salem Benferhat (CRIL, Lens), Odile Papini (LSIS, Marseille), Stéphane Janot (LIFL,
Lille), Hassan Bezzazi (LIFL, Lille), Sylvie Coste-Marquis (CRIL, Lens), Caroline De-
vred (LERIA, Angers), Marie-Christine Lagasquie-Schiex (IRIT, Toulouse), Andreas
Herzig (IRIT, Toulouse), Philippe Besnard (IRIT, Toulouse), Laurent Perrussel (IRIT,
Toulouse), Eric Grégoire (CRIL, Lens).

Dans la suite, nous indiquons les citations de nos articles avec des références nu-
mériques (par exemple [35]). Les citations d’articles d’autres auteurs sont alphanumé-
riques (par exemple [ D.

1.2. Présentation de la problématique

Nous nous intéressons au probléme du raisonnement en présence d’incohérence.
Cette incohérence peut avoir différentes causes, que nous détaillons ci-apres, mais elle
est toujours due a I’incertitude inhérente au fait que les agents raisonnent a partir
de croyances qui sont par nature incertaines et donc potentiellement fausses. Nous
nous intéressons aux approches qualitatives, qui ne nécessitent pas de disposer d’un
ensemble tres important d’informations. Nous nous focalisons en particulier sur les
approches logiques, ou les croyances des agents sont exprimées en logique proposi-
tionnelle.

1.2.1. Logique propositionnelle

Un langage de représentation doit satisfaire a un certain nombre de contraintes, dont
certaines sont antinomiques. Parmi les nombreuses propriétés que 1’on peut attendre
d’un langage de représentation, on peut au moins mentionner :

o la compréhensibilité : il faut que le langage soit facilement compréhensible par

un humain ;

e I’expressivité : il faut que le langage permette de représenter des informations

complexes ;

e la concision : il faut que le langage permette de représenter de maniere économi-

que (en terme d’espace) ces informations complexes ;

o Defficacité : il faut que le langage puisse étre facilement manipulable pour les

taches de raisonnement qui I’utiliseront (complexité algorithmique).

Il existe de nombreux langages de représentation. La logique propositionnelle est
un des langages présentant un bon compromis entre ces criteres. C’est un langage qui
est facilement compréhensible pour un humain, qui offre une expressivité correcte et
une bonne concision. Il existe enfin des méthodes de calcul efficaces en pratique pour
tester la cohérence ou pour calculer les inférences possibles a partir d’un ensemble de
formules.

1.2.2. Bases de croyances

Une croyance est une information que 1’agent croit actuellement, c’est-a-dire une
information qu’il consideére comme vraie, mais qui ne 1’est pas forcément, et qui peut
donc étre invalidée si 1’agent se rend compte qu’il a fait une erreur.
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On appelle base de croyances un ensemble d’informations, qui est représenté, dans
la plupart de nos travaux, par un ensemble de formules propositionnelles.

Il est courant en intelligence artificielle, et plus généralement en logiques des croyan-
ces, de distinguer entre croyances et connaissances. Nous venons de définir les croyan-
ces comme des informations que 1’agent croit vraies, mais sans en étre assuré. Les
connaissances sont des informations que 1’agent sait vraies, c¢’est-a-dire qu’il est assuré
que ces informations sont vraies. Cela implique en particulier qu’elles ne pourront plus
étre remises en question par la suite. Il nous semble que cette hypothese de disposer
d’informations dont on est assuré qu’elles soient vraies est irréaliste. Il s’agit donc sim-
plement d’une hypothese simplificatrice utile pour représenter la plupart des problemes
d’intelligence artificielle. Mais dans les faits, I’agent dispose juste d’informations dont
certaines sont beaucoup plus certaines (et pas juste « certaines ») que d’autres. Nous
avons récemment proposé de représenter cela a 1’aide de « niveaux de croyances »[40],
qui permettent d’avoir des gradualités entre croyances de méme niveau, mais égale-
ment de représenter des niveaux de croyances différents (et donc de généraliser cette
distinction croyances/connaissances).

1.2.3. Représentation de ’incertitude

Les croyances dont dispose 1’agent sont donc des informations plus ou moins cer-
taines. Il existe plusieurs manieres de représenter cette incertitude. En fait, on dispose
d’une palette allant de représentations purement quantitatives de 1’incertitude a des
représentations purement qualitatives. Les approches quantitatives permettent de dis-
poser d’une information plus fine, mais la contrepartie est qu’elles nécessitent automa-
tiquement plus d’informationsque les approches qualitatives.

Parmi les approches principales, on peut distinguer les :

e Probabilités : il est possible d’associer une probabilité a chaque information.

e Possibilités : il est possible d’associer un degré de plausibilité a chaque informa-
tion. C’est une information plus fruste que les distributions de probabilité (une
distribution de possibilité peut étre considérée comme la borne inférieure d’un
ensemble de distributions de probabilité).

e Fonctions ordinales conditionnelles (ou possibilités qualitatives) : 1a encore,
on associe un degré de plausibilité a chaque information, mais on n’autorise
que des opérations « qualitatives » sur ces degrés, comme le min et le max par
exemple. Ce cadre permet tout de méme d’exprimer des intensités dans les plau-
sibilités.

e Pré-ordres : il n’est plus possible d’associer une information numérique (un de-
gré) a chaque information, on ne dispose que de la donnée des plausibilités rela-
tives des informations, modélisé par un pré-ordre qui indique si une information
est plus plausible qu’une autre.

On peut également mentionner les fonctions de croyances (appelées aussi modele
des croyances transférables), qui sont une généralisation des probabilités : la distribu-
tion de poids ne s’effectue plus uniquement sur les éléments (événements élémentaires)
mais sur les sous-ensembles d’éléments. Ces fonctions de croyances peuvent modéli-
ser les différents cadres sus-cités. Néanmoins ceux-ci présentent suffisamment d’intérét
pour étre étudiés séparément.



Méme si I’approche bayésienne (probabiliste) est 1’approche dominante en intelli-
gence artificielle (en particulier aux Etats-Unis), pour des raisons assez naturelles, en
particulier sa facilité de mise en oeuvre, elle ne constitue pas 1’approche universelle
car elle manque d’expressivité. Elle ne permet pas en particulier de représenter 1’igno-
rance. Il est possible de représenter une incertitude (quantifiée), par exemple que la
probabilité de A est de 50%, celle de B de 30% et celle de C' de 20%. Mais il est im-
possible de représenter (avec une distribution de probabilité unique) 1’ignorance entre
A, B et C, c’est-a-dire que 1’on sait que soit A, soit B, soit C' va se réaliser mais que
I’on ne connait pas les probabilités correspondantes. Les Bayésiens utilisent souvent
dans ce cas I’hypothese laplacienne, c’est-a-dire qu’ils supposent une équiprobabilité
entre les différents événements, donc qu’ils associent a ce cas la distribution de proba-
bilité : A avec 33%, B avec 33% et C' avec 33%. Ce qui ne représente clairement pas
la méme information. Or, I’ignorance se représente tres facilement avec les approches
plus qualitatives. Celles-ci, étudiées principalement en Europe, permettent également
de raisonner avec des informations plus pauvres, c’est-a-dire dans des cas ou 1’on dis-
pose de certaines informations sur la plausibilité des informations, mais pas suffisam-
ment pour définir une distribution de probabilité. De plus, elles sont plus proches des
mécanismes utilisés par les humains, car il est rare qu’un humain raisonne avec une
information numérique aussi précise qu’une distribution de probabilité.

Nous nous plagons dans les cadres les plus qualitatifs, c’est-a-dire que dans la plu-
part de nos travaux I’incertitude sera modélisée par des pré-ordres.

1.3. Résolution de conflits logiques

La majeure partie de nos travaux peut se regrouper sous la problématique du raison-
nement a partir d’'un ensemble de formules logiques incohérent. Suivant les hypotheses
que I’on peut faire sur cet ensemble de formules, on obtient des cadres différents, qui
nécessitent des méthodes de raisonnement spécifiques :

o Incohérence : on ne dispose d’aucune information supplémentaire. Il est donc
nécessaire d’obtenir des conclusions cohérentes (raisonnables) a partir d’un en-
semble d’information incohérent.

e Révision : une des formules est plus importante que les autres. Il faut donc garder
cette formule, tout en éliminant les incohérences.

e Fusion : les formules proviennent de sources différentes. 11 faut alors définir une
base cohérente a partir de ces informations, en prenant en compte la localisation
de ces informations (avec des arguments majoritaires par exemple).

e Négociation : les formules proviennent de sources différentes, comme pour la
fusion, mais les sources gardent la maitrise des modifications de leurs formules.
11 faut donc tenir compte de possibles interactions (coalitions, etc.).

Nous nous sommes principalement intéressés aux trois premiers points. La négocia-
tion est un sujet que nous avons abordé plus récemment. Les résultats obtenus sur
ce sujet sont plus préliminaires, mais ce sujet constitue le point que nous comptons
développer en priorité a I’avenir. Nous allons structurer notre présentation autour de
ces quatre points, en insistant sur nos projets concernant le quatrieme, qui constituera
donc une partie des perspectives et de notre projet de recherche.
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1.4. Plan

Ce document est constitué de deux parties. La premicre présente une synthese de
nos travaux de recherche. La seconde partie complete la premiere et regroupe une sélec-
tion de publications qui nous semble significative et représentative de notre démarche
scientifique.

La partie principale de ce document est la synthese de nos travaux de recherche.
Nous présenterons de maniere structurée une grande partie de nos travaux de recherche,
mais nous tenterons également d’insister sur la démarche adoptée et sur les buts pour-
suivis. Afin de placer nos travaux dans leur contexte, nous présenterons un bref état de
I’art pour chaque theme abordé. Il ne faut toutefois pas considérer ce document comme
une monographie, car la présentation de 1’état de I’art et des travaux concernant chaque
theme est biaisée vers nos travaux. Nous tenterons tout de méme a chaque fois de men-
tionner les travaux principaux, afin que ce document puisse servir de point d’entrée a
ces différents domaines.

Dans le prochain chapitre, nous exposons notre démarche scientifique générale,
c’est-a-dire la démarche que nous adoptons pour I’ensemble de nos travaux. Elle consti-
tue la principale justification de 1’approche axiomatique que nous privilégions dans la
majeure partie de nos travaux.

Les chapitres suivants présentent nos travaux concernant les quatre themes pré-
sentés a la section précédente : raisonnement en présence d’incohérence, révision de
croyances, fusion de croyances, et négociation.

Le chapitre 3 présente le probleme du raisonnement en présence d’incohérence. Le
point de départ est un ensemble de formules logiques qui est incohérent. Le probleme
principal est alors celui de I’inférence a partir de cet ensemble incohérent. Une autre
question importante est également celle de la mesure de 1’incohérence contenue dans
cet ensemble.

Le chapitre 4 concerne la révision de croyances. Dans ce cadre une nouvelle for-
mule doit étre ajoutée a la base de croyances et cette formule est typiquement inco-
hérente avec les formules de la base. Le cadre de base de la révision de croyances, le
cadre AGM [ R , ], est unanimement accepté. Mais ce cadre ne
modélise qu’une seule étape de révision. On a donc besoin de contraindre le comporte-
ment des opérateurs lors des itérations. Cela conduit au probleme de la révision itérée
de croyances.

Le chapitre 5 s’intéresse a la fusion de croyances. On dispose dans ce cas d’un en-
semble de sources (agents) qui fournissent des formules propositionnelles dont I’union
est incohérente. Il faut alors définir des opérateurs afin d’associer a ces profils de bases
de croyances une information cohérente synthétisant au mieux les croyances du groupe
de sources.

Le chapitre 6 aborde la problématique de la négociation. Nous nous intéressons a
une définition abstraite de la négociation, que nous avons nommée conciliation. L’idée
est de ne pas s’ « encombrer » de détails pratiques tels que le protocole de communica-
tion utilisé, etc., mais d’aborder le probleme sous son aspect fonctionnel : un opérateur
de négociation (conciliation) est une fonction qui prend en entrée un profil de bases de
croyances et qui fournit en sortie un nouveau profil de croyances ou le conflit a disparu,
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ou tout au moins a diminué.

Le chapitre 7 détaille quelques perspectives de ce travail.

La seconde partie du document présente une sélection de huit articles. Réaliser cette
sélection n’a pas été chose aisée, mais la reégle finalement choisie a été la suivante : nous
avons sélectionné deux articles pour chaque theéme abordé dans la premiere partie du
mémoire (raisonnement en présence d’incohérence, révision, fusion, négociation), qui
illustrent le mieux la démarche scientifique discutée au chapitre 2 et notre approche
axiomatique de ces problemes.

1.5. Notations
Nous considérons un langage propositionnel £ = {«, 3, ...}, défini & partir d’un
ensemble fini de variables propositionnelles P = {a,b,c,...}, et des connecteurs
usuels.

Une interprétation w est une fonction de P dans {0, 1}. L’ensemble des interpréta-
tions est noté V. Une interprétation w est un modele d’une formule o € L si et seule-
ment si elle la rend vraie. mod(«) représente I’ensemble des modeles de la formule a,
ie.mod(a) ={w e W |w = a}l.

Une base K est un ensemble fini - de formules, qui représente les croyances d’un
agent. Soit K I’ensemble des bases. Une base K = {aq,...,a;,} est cohérente si la
formule & = a1 A ... A «y, est cohérente. Une base K est une théorie si elle contient
I’ensemble de ses conséquences logiques, i.e. K = Cn(K) = {a | K F a}. Une base
(ou une formule) est dite complete si elle posseéde un unique modele.

Un profil E = {K3,...,K,} est un multi-ensemble ’ de bases, qui représente
les croyances d’un groupe d’agents. Soit £ I’ensemble des profils. On note A F la
conjonction des bases de £ = {K4,..., K.}, ie, AE=KiA...ANK,.Unprofil E
est cohérent si et seulement si A E est cohérent. On note L 1’union multi-ensembliste,
et pour des profils singletons on note X L E au lieu de {K'} U E. On note E" le
profil out E est répété n fois, i.e. E™ = E LI...U E. Deux profils sont équivalents,

n
noté F; = FEs, s’il existe une bijection f entre F; et Fs tel que pour tout K € F;
f(K)=K.

Si < est un pré-ordre sur A (i.e. une relation transitive et réflexive), alors < dénote
I’ordre strict associé, défini par x < y si et seulement si z < y et y £ x, et >~ dénote
la relation d’équivalence associée, définie par x ~ y si et seulement six < yety < x.
Un pré-ordre est fotal si Vx,y € A, x < youy < x. Un pré-ordre qui n’est pas total
est dit partiel. Soit un pré-ordre < sur A, et B C A, alors min(B,<) = {z € B |
dyec By <z}

Si X est un ensemble, | X | représente le cardinal de I’ensemble X . Nous utiliserons
C pour noter 1’inclusion ensembliste et C pour noter I’inclusion stricte (i.e. A C B ssi
ACBetB ¢ A).

2. Sauf ala section 4.1 ou I’on travaille avec des théories.
3. Un multi-ensemble est un ensemble ol un méme élément peut apparaitre plusieurs fois.
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Chapitre |l

DEMARCHE SCIENTIFIQUE

On ne peut se passer d’'une méthode pour se mettre en quéte de
la vérité des choses.

(Descartes)

fin de comprendre et justifier notre approche, qui est principalement axée vers
la caractérisation logique des processus de raisonnement, il peut &tre utile d’ex-
pliquer la démarche scientifique la motivant.

2.1. Démarche

Il nous semble que I’étude et la compréhension de tout processus de raisonnement
nécessite les étapes suivantes :

1. Spécification du probleme : cette premicre étape est habituellement assez di-
recte, il s’agit de définir formellement le probléme que I’on veut résoudre.

2. Proposition de solutions : la deuxieme étape consiste a rechercher des solutions
ad hoc afin de résoudre le probléme.

3. Caractérisation logique : la troisiéme étape consiste en 1’étude des propriétés
logiques des solutions au probleme et en la recherche de caractérisations logiques
de ces solutions.

Souvent, en intelligence artificielle, on se contente de la deuxieme étape, et 1’on
ne voit pas forcément 1’utilité de la troisieme. Pourtant, cette troisieéme étape est indis-
pensable si I’on veut prétendre comprendre et résoudre un probleme donné. Elle est
également indispensable pour pouvoir comparer les méthodes ad hoc proposées lors de
la deuxieme étape.
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En effet, proposer une solution ad hoc a un probléme, méme si celle-ci est difficile
a trouver et a concevoir, n’est pas synonyme de comprendre le probleme. Considé-
rons par exemple le probleme de I’inférence non monotone, c’est-a-dire 1’inférence a
partir d’un ensemble d’informations simplement plausibles. Une solution ad hoc a ce
probléme est par exemple d’utiliser la logique des défauts. Cette solution permet de
définir une relation d’inférence non monotone. Mais ce n’est pas parce que 1’on dis-
pose de cette solution que 1’on peut prétendre avoir compris ce qu’est le probleme de
I’inférence non monotone et encore moins 1’avoir résolu.

A titre de comparaison, prenons un autre probleme qui est celui de faire voler des
objets. Une solution ad hoc a ce probleme est d’utiliser un avion. Mais ce n’est pas
parce que 1’on a construit un avion que 1’on a compris ce qu’est 1’aérodynamique.
Historiquement d’ailleurs, des avions ont volé bien avant que 1’on puisse démontrer
pourquoi.

Cela n’enleve rien de I'importance et de la nécessité de la deuxieme étape, car
concevoir une relation d’inférence non monotone, comme concevoir un avion, sont
deux problemes importants, demandant de résoudre des questions difficiles. Mais on
ne peut s’arréter a cette étape. Pour le vol, il faut une théorie scientifique capable de
modéliser le phénomene. Et c’est exactement la méme chose pour 1’inférence non mo-
notone, et pour I’ensemble des processus de raisonnement.

Une difficulté supplémentaire que 1’on a dans le cadre d’un probleme d’intelligence
artificielle est que la théorie que I’on veut mettre en place n’a pas pour objet d’étude des
processus physiques, comme c’est le cas pour les sciences expérimentales. Il n’est donc
pas suffisant d’utiliser une approche hypothético-déductive classique, et de valider la
théorie proposée en observant qu’elle se vérifie dans I’ensemble des expériences.

Lorsque ce que I’on veut modéliser est un processus cognitif, une possibilité est
d’utiliser des expériences de psychologie pour tester que la théorie proposée est confor-
me au comportement humain (voir par exemple [ , s ]). Cela
nécessite de considérer I’étre humain comme modele de rationalité. Or, il est assez
facile de constater que I’homme est un bien pietre agent rationnel. Cela est évident
dans nos interactions quotidiennes, et cela est illustré dans des dizaines de travaux en
économie expérimentale.

La question est alors de savoir si I’intelligence artificielle consiste en la modélisa-
tion du comportement d’un &tre humain, ou en celui d’un agent rationnel idéal '. Il nous
semble que les deux problemes de la modélisation du comportement humain et celui
de la modélisation d’un agent rationnel idéal sont deux questions intéressantes. Mais
également qu’il est nécessaire de d’abord étudier le comportement d’un agent rationnel
idéal, avant de passer au probleme plus complexe de la modélisation du comportement
d’un étre humain.

On peut d’ailleurs noter qu’en économie, et particulierement en théorie des jeux,
la méme démarche a été adoptée, avec des travaux théoriques faisant une hypothese de
rationalité (idéale) des agents afin d’obtenir des résultats intéressants, suivis de travaux
exportant ces résultats dans le cadre de la rationalité limitée.

1. Cette question a donné lieu a des discussions tres intéressantes lors des journées d’Intelligences Arti-
ficielles Fondamentales (IAF) de 2008.
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Si I’on ne considere pas 1’étre humain comme modele de rationalité, cela ne per-
met donc pas de concevoir des expériences afin de valider les théories proposées. En
revanche, il est possible d’étudier en quoi les méthodes ad hoc proposées lors de la
deuxieme étape sont en accord avec la théorie proposée lors de la troisieme étape. On
peut donc alors utiliser cette théorie pour justifier ces méthodes.

Cela ne signifie pas que la troisieme étape est plus importante que la deuxieme,
car il est de toute fagon nécessaire de disposer de méthodes pratiques de résolution
du probleme en question. Et cela permet également d’obtenir les premieres intuitions
afin de trouver des propriétés caractérisant ces méthodes. Il faut donc voir ces étapes
comme complémentaires 1’'une de I’autre. Mais la troisieéme étape est au moins aussi
importante pour ce qui est de la compréhension du probleme en question. Et, afin de
résoudre de maniere convaincante un probleme donné, il est nécessaire de réaliser les
trois étapes.

Nous allons a présent illustrer I’intérét de cette démarche sur quelques exemples si-
gnificatifs. Et comme nous avons utilisé I’inférence non monotone comme illustration,
nous commencerons par celle-ci.

2.2. Inférence non monotone

1. Spécification du probleme : comment permettre I’inférence (de « sens com-
mun ») a partir d’informations simplement plausibles ou de regles générales (du
genre « normalement les oiseaux volent »), dont les conclusions peuvent étre re-
mises en cause sil’on ajoute de nouvelles informations (d’oll 1a non monotonie) ?

2. Proposition de solutions : de nombreuses méthodes ont été proposées pour ré-
soudre ce probleme. On peut citer en particulier les méthodes a base d’hypo-
theéses de monde clos, la logique des défauts, la circonscription, etc.

3. Caractérisation logique : Gabbay a été le premier a suggérer que de ne caracté-
riser ces logiques que par le fait qu’elles ne satisfaisaient pas la propriété de mo-
notonie de la logique classique n’était pas suffisant. Il a donc suggéré de tenter
d’étudier les propriétés communes et souhaitables de ces différentes méthodes
[ ]. Cela a été développé en particulier par Makinson [ ], puis par
Kraus, Lehmann et Magidor [ , ]. On a pu montrer que I’ensemble
des propriétés minimales que I’on peut attendre d’une relation d’inférence non
monotone (le systeme P de [ ]) était équivalent & une sémantique treés na-
turelle : la sémantique préférentielle [ 1.

Cette caractérisation est indispensable non seulement pour comprendre ce qu’est
une logique non monotone, mais également pour comparer les méthodes ad hoc pro-
posées. Cela permet d’étudier quelles sont les propriétés satisfaites par ces méthodes,
au lieu de les comparer en échangeant des exemples qu’une méthode résout alors que
I’autre non. Ceci ne permet pas d’établir de conclusions d’une portée suffisante, mais a
été longtemps 1’usage dans les articles traitant de non monotonie.
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2.3. Révision

1. Spécification du probleme : comment incorporer aux croyances d’un agent
une nouvelle information qui remet en question une partie de ses croyances ac-
tuelles ?

2. Proposition de solutions : c’est un probléme qui se pose dés que I’on doit gérer
les croyances d’un agent, ou une base de données. Plusieurs méthodes dédiées
ont donc été proposées [ , s R , 1.

3. Caractérisation logique : Alchourrén, Girdenfors and Makinson ont proposé
des propriétés logiques pour les opérateurs de révision, ainsi qu’une caractérisa-
tion logique montrant que les opérateurs satisfaisant ces propriétés correspondent
a des méthodes de révision trés naturelles [ s ]. Depuis, de nom-
breux théoremes de représentation ont été énoncés, illustrant le role fondamental
de cette caractérisation logique.

2.4. Vote

Nous voudrions a présent souligner que cette approche n’est pas utile juste dans le
cadre du raisonnement et de I’intelligence artificielle, mais qu’elle s’est déja montrée
féconde dans d’autres champs disciplinaires, en particulier en économie.

1. Spécification du probleme : comment définir une bonne méthode de vote ?

2. Proposition de solutions : de trés nombreux systemes de vote ont été proposés,
et ont généré beaucoup de débats afin de déterminer quels étaient les meilleurs
d’entre eux. On peut faire remonter ces discussions au moins jusqu’au X VIII®
siecle avec les échanges entre Condorcet [ ] et Borda [ ].

3. Caractérisation logique : un cap a été franchi lorsque Arrow a décidé, plu-
tot que d’étudier un systeme de vote particulier, d’étudier les propriétés que 1’on
peut attendre de ces systemes. Il a ainsi montré un théoréme d’impossibilité prou-
vant qu’il n’existe aucune « bonne » méthode de vote [ ]. Cela a permis de
franchir un palier dans la compréhension des méthodes de vote et a marqué un
tournant dans la discipline (et a valu un prix Nobel a Arrow en 1972).

Nous nous limitons a cet exemple de choix social, mais les approches axiomatiques
ont également donné des résultats intéressants en théorie des jeux.

2.5. Conclusion

Il nous semble donc qu’il est nécessaire, afin de prétendre comprendre un processus
de raisonnement, de réaliser ces trois étapes : spécification, résolution (proposition de
solutions), caractérisation.

L’ordre que nous avons utilisé pour présenter la deuxieme étape (résolution) et la
troisiéme (caractérisation) est 1’ordre usuel, car il y a souvent une solution ad hoc
de proposée avant que 1’on arrive a caractériser ces solutions. Mais fréquemment ces
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deux étapes sont menées en parallele, et des échanges entres ces deux étapes sont tres
utiles, afin de s’assurer que la modélisation réalisée lors de la troisieme étape capture
bien I’ensemble des solutions définies lors de la deuxieme étape, et de 1I’améliorer si ce
n’est pas le cas ; et afin d’utiliser la troisieme étape pour trouver de meilleures solutions
ad hoc ou pour améliorer les propositions existantes. Cela illustre la complémentarité
de ces deux étapes.

Notre approche des différents problemes concerne principalement la troisi¢me éta-
pe, c’est-a-dire I’étude des propriétés logiques des processus en question et leur carac-
térisation logique.

Ainsi, lorsque nous proposons de nouvelles méthodes ad hoc pour un probleme
particulier, en particulier pour des problémes o ces méthodes ne sont pas nombreuses,
nous considérons ces travaux comme un pas vers la troisieme étape et la caractérisation
logique.
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Chapitre ||

RAISONNEMENT EN PRESENCE D’ INCOHERENCE

Autant que savoir, douter me plait.
(Dante)

peut pas utiliser la logique classique, qui trivialise. Il faut donc trouver des mé-

canismes dédiés. Le probleme principal est celui de I’inférence, afin de pouvoir
exploiter la base malgré ses incohérences. Un autre probléme important est celui de la
mesure de I’incohérence. Il peut en effet étre utile d’évaluer a quel point une base est
incohérente. De méme, savoir quelles sont les formules qui apportent beaucoup ou peu
d’incohérence peut étre treés utile pour de nombreuses taches.

I orsque 1’on doit raisonner a partir d’un ensemble de formules incohérent, on ne

3.1. Inférence en présence d’incohérence

Il s’agit ici de définir des relations qui permettent d’obtenir des conclusions non
triviales a partir d’un ensemble incohérent de formules, ce qui n’est pas possible avec
la logique (propositionnelle) classique, qui trivialise en inférant toutes les formules du
langage.

Pour éviter la trivialisation, il faut affaiblir la puissance inférentielle de la logique
classique. Il n’y a que deux possibilités :

e affaiblir I’ensemble des hypotheses (ensemble de formules).

o affaiblir la logique (la relation d’inférence).

On peut situer les relations d’inférence en présence d’incohérence par rapport aux
autres logiques (classiques, non monotones) en utilisant la définition de Tarski [ ,

] d’une inférence en terme d’inclusion de modeles.
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Ainsi I’inférence en logique classique A = B peut étre définie comme 1’inclusion
des modeles de A dans les modeles de B. Cette inférence est donc vérifiée si a chaque
fois que A est vrai (i.e. pour chaque interprétation qui satisfait A) B I’est également :

A = B ssi mod(A) C mod(B)

On peut définir I’inférence non monotone de maniere similaire. La principale diffé-
rence est que, au lieu de demander que tous les modeles de A soient des modeles de
B, on ne s’intéresse qu’aux modeles les plus typiques (c’est le sens de la sémantique
préférentielle de [ 1); soit y(X) une fonction de sélection qui retourne un sous-
ensemble de X :

A v B ssiy(mod(A)) C mod(B)

Le probleme lorsque I’on veut définir une relation d’inférence en présence d’inco-
hérence est que A n’a pas de modele classique. Il faut donc trouver un moyen d’as-
socier un ensemble non vide de modeéles 2 A. Une premiere solution est d’affaiblir
les hypotheses, ¢’est-a-dire d’utiliser une procédure afin de ne sélectionner qu’un sous
ensemble ' des formules de A :

A Epg B ssimod(v(A)) C mod(B)

Une deuxieéme solution est d’affaiblir la relation d’inférence. En effet, si A n’a pas
de modele classique, une possibilité est d’utiliser des interprétations (multi-valuées par
exemple) qui garantissent que A aura toujours des modeles. Cela aura pour consé-
quence d’affaiblir la logique, car cela ne permettra pas d’avoir autant de conséquences.
Mais cela permettra dans tous les cas d’avoir une relation d’inférence non triviale. On
utilise donc exactement la définition générale de Tarski, mais avec une notion de mo-
dele différente de celle de la logique classique :

A B ssimody (A) C mody (B)

Cette description des logiques classiques, non monotones, et sous incohérence est
intéressante pour bien comprendre les différentes problématiques en présence. Cela
montre en particulier que I’inférence non monotone est une inférence supra-classique :
le probleme est que I’on a trop de modeles pour A et que I’on ne veut raisonner qu’a
partir d’un sous-ensemble de ces modeles. Et, qu’au contraire, 1’inférence sous inco-
hérence est une inférence infra-classique : le probleme est que 1’on n’a pas assez de
modeles pour A.

Mais cette description est un peu simpliste pour rendre compte de I’ensemble des
relations d’inférence sous incohérence. En particulier, beaucoup des solutions basées
sur I’affaiblissement de la logique sont des logiques paraconsistantes définies purement
syntaxiquement, en changeant la signification des connecteurs logiques, ou en contrai-
gnant les méthodes de preuves, ce qui ne permet pas de les définir sémantiquement en
terme de modeles.

Détaillons a présent les deux solutions.

1. Plus exactement il s’agit habituellement d’un ensemble de sous-ensembles.
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3.1.1. Affaiblir les hypotheses

L affaiblissement des hypotheses conduit aux approches basées sur les ensembles
maximaux cohérents. Puisqu’il n’est pas possible de garder I’ensemble des formules,
I’idée est de définir des inférences a partir de sous-ensembles de ces formules.

Lorsque toutes les formules ont la méme importance, on peut définir les rela-
tions d’inférence suivantes [ s 1 (voir [ s ] lorsque certaines
formules sont plus importantes/prioritaires que d’autres). Soit une base de croyances

K:{@lw-'v@n}:

Définition 1 K’ est un sous-ensemble maximal cohérent (ou maxcons) de K s’il
satisfait :

e K'CK

e K'¥F 1

e SiK'CK"CK,alors K" - L
Notons MAXCONS(K) I’ensemble des maxcons de K.

Habituellement une base incohérente admet plusieurs sous-ensembles maximaux
cohérents. Il faut alors choisir une stratégie afin de définir les conséquences de K a
partir des conséquences classiques des maxcons. De nombreuses relations d’inférences
sont alors définissables dans ce cadre. Les principales sont :

Définition 2 e L’inférence universelle [ ] (ou MC-inférence/ ]) ot
« est une conséquence de K si elle est conséquence de tous les maxcons :

K Fye assiVK' € MAXCONS(K) K' - «

e L’inférence existentielle [ ] ot v est une conséquence de K si elle est
conséquence d’au moins un maxcons :

K F3 assi IK' € MAXCONS(K) K' -«

e L’inférence argumentative / ] ot v est une conséquence de K si elle
est conséquence d’au moins un maxcons et si sa négation n’est conséquence
d’aucun maxcons :

K 4 assi3K' € MAXCONS(K) K' - avet BK' € MaXCONS(K) K' - -«

o L’inférence (universelle) a base de cardinalité [ \ ] (ou L-infé-
rence | ]) ou «v est une conséquence de K si elle conséquence de tous
les plus grands (pour la cardinalité) maxcons, soit MAXCONS .qrq(K) = { K, |
K. € MAXCONS(K) et VK’ € MAXCONS(K)) |K | > |K'|} -

Kt assiVK' € MAXCONS a(K) K' F «

e L’inférence libre - [ ] ot «v est une conséquence de K si elle est consé-
quence de I’ensemble des formules qui appartiennent a tous les maxcons

K Frree assi{o | VK’ € MAXCONS(K) o € K'} F «

2. Qui correspond a I’approche WIDTIO (« When In Doubt Throw It Out ») [ 1.
3. Dans [ ] cette relation est définie a partir des formules n’appartenant & aucun ensemble minimal
incohérent, ce qui est équivalent.
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FIGURE 3.1 — Relations d’inférence a base de maxcons

Comme on peut s’y attendre d’apres leur définition, les relations présentées sont
liées logiquement, comme représenté a la figure [ ]. En particulier, elles
étendent toutes la logique classique, dans le sens ou dans le cas ol la base K est cohé-
rente, elles donnent toutes exactement les mémes inférences que la logique classique,
et dans le cas ou la base K est incohérente elles permettent tout de méme d’infé-
rer des conséquences non triviales. C’est une propriété d’autant plus intéressante que
dans I’approche consistant a affaiblir la logique (i.e. les logiques paraconsistantes) que
nous aborderons dans la section suivante, la plupart de ces logiques ne donnent pas les
mémes conséquences que la logique classique lorsque la base K est cohérente.

La relation la plus délicate a manipuler est I'inférence existentielle qui permet
d’inférer a la fois une formule « et sa négation —«. Cela ne conduit pas a une tri-
vialisation (par explosion) comme dans le cadre de la logique classique, mais il n’est
alors par exemple pas possible de prendre la fermeture classique de ’ensemble des
conséquences sans risquer 1’incohérence.

Beaucoup d’autres relations d’inférences peuvent étre imaginées, comme une infé-
rence argumentative a base de cardinalité par exemple.

Des travaux plus récents affaiblissent les hypotheses d’une autre maniere qu’en
sélectionnant des maxcons. On peut par exemple mentionner 1’ affaiblissement par oubli
de variables [ ], ot I'utilisation de nos opérateurs de fusion (voir section )
afin de définir une relation d’inférence qui affaiblit les formules en sélectionnant les
modeles les plus proches [ ].

Dans ces approches, une hypotheése sous-jacente est que des formules différentes
sont liées par un lien moins fort qu’une conjonction logique. Dans le cas ou elle est
cohérente, une base de croyances B = {¢1,...,¢n}, ol les ; sont des formules
propositionnelles, est équivalente a la base B’ = {¢1 A ... A @, }. Enrevanche, dans le
cas ou cette conjonction est incohérente, ces deux bases ont typiquement des ensembles
de conséquences distincts. Cela illustre le fait que la virgule utilisée dans la base B est
un connecteur particulier, différent de la conjonction. Nous avons étudié une logique
comportant un tel connecteur « virgule ». Ce cadre permet de fournir une sémantique a
ce connecteur et de généraliser un certain nombre d’approches permettant de raisonner
en présence d’informations contradictoires [28, 66].

3.1.2. Affaiblir la logique

L’ autre possibilité lorsque 1’on veut raisonner non trivialement a partir d’une base
classiquement incohérente est de garder I’ensemble des formules mais d’affaiblir la re-
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lation d’inférence. Cela conduit aux logiques paraconsistantes. Il y a deux possibilités :
e Soit on fait en sorte de bloquer la trivialisation en affaiblissant les connecteurs
logiques.
e Soit on fait en sorte de localiser les incohérences en utilisant plus que les deux
valeurs de vérité (vrai/faux) usuelles.

Affaiblissement des connecteurs logiques

Cette voie regroupe 1’essentiel des travaux sur les logiques paraconsistantes. L’idée
est ici de faire en sorte que 1’on ne puisse dériver I’ensemble des formules a partir de
la base incohérente (principe appelé ex falso quodlibet sequitur ou explosion). C’est-
a-dire qu’on peut définir les logiques paraconsistantes comme les logiques -p qui
satisfont la propriété suivante :

JK Ja3dpKFpaet KFp~aetK Fpf

Nous ne ferons pas de rappel de ces nombreux travaux, voir [ , , ]
pour une introduction sur ce sujet. La caractéristique commune de ces logiques est
la nécessité d’affaiblir les connecteurs logiques. En particulier 1’affaiblissement de la
négation conduit par exemple aux C-systéemes de da Costa [ ]. Le probleme avec
ce genre de solutions est que 1’on s’éloigne de la logique classique : en général, ces
logiques ne permettent pas les mémes inférences qu’avec la logique classique lorsque
la base K est cohérente (on peut néanmoins citer 1’approche originale de Besnard et
Schaub [ ] consistant a découpler chaque variable de sa négation puis d’ajouter
des regles par défaut pour tenter ensuite de recoupler un maximum de ces variables
avec leur négation, qui n’a pas ce défaut).

Une autre possibilité est de contraindre les preuves, afin de bloquer I’explosion. Par
exemple la logique quasi-classique [ ] interdit I'utilisation des régles comme la
résolution apres 1'utilisation de reégles comme 1’introduction de disjonction. L’intérét
de cette logique est qu’elle permet (quasiment) les mémes inférences que la logique
classique si la base est cohérente.

Dans ce cadre, nous avons défini [3, 45, 67] une nouvelle logique, nommée logique
quasi-possibiliste, qui généralise la logique possibiliste et la logique quasi-classique
[ ], permettant de tirer parti des avantages des deux logiques, qui sont toutes les

deux proches de la logique propositionnelle classique. Cette logique peut résoudre les
conflits apparaissant au méme niveau de certitude (comme la logique quasi-classique),
mais elle peut également prendre en compte la stratification de la base pour introduire
de la gradualité dans I’analyse des conflits (comme en logique possibiliste). Nous avons
proposé également des mesures de conflits associées a la logique définie.

Utilisation de logiques multi-valuées

L utilisation de logiques multi-valuées permet de circonscrire les incohérences aux
variables concernées et d’éviter le ex falso quodlibet sequitur. Cette approche est plus
fine que celles basées sur la sélection de sous-ensembles maximaux cohérents de for-
mules puisqu’avec ces approches ce sont les formules qui sont prises comme unité de
base, alors qu’en utilisant une logique multi-valuée ce sont les variables. Cela permet
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donc également de prendre en compte des informations provenant de formules incohé-
rentes.

Lalogique la plus typique est la logique LP de Priest [ ]. C’est une logique tri-
valuée, avec en plus des valeurs de vérité Vrai (T) et Faux (F), une valeur B signifiant
incohérent (« a la fois vrai et faux » ).

Définition 3 e Une interprétation w de L P est une fonction qui associe a chaque
variable propositionnelle une des valeurs de vérité F, B, T. Soit 37 I’ensemble
des interprétations de LP.

On ordonne les valeurs de vérité comme suit : F <; B <; T.

Les interprétations sont étendues aux formules comme suit :

-w(M) =T wl)=F

- w(-a)=B ssi w(a)=B
wEa)=T ssi wla)=F

~ wa A B) = ming, (w(a),w(8))

- w(a Vv f) = maxe, (w(a),w(s))

o [’ensemble des modeles™ d’une formule ¢ est :

Modrp(p) = {w € 37 |w(p) € {T,B}}
o La relation d’inférence LP est alors définie par :
K ':Lp %2 SSI MOde(K) Q MOdLP((p)

Le probleme est que la relation d’inférence LP ne permet pas d’inférer beaucoup
de conséquences. Il est plus intéressant d’utiliser une variante de cette logique avec
minimisation, la logique LP,,, [ 1:

Définition 4 o Soit w! I’ensemble des variables « incohérentes » d’une interpréta-
tion w, i.e.
w'={zeP|w() =B}

Alors les modéles minimaux d’une formules sont les « plus classiques » (i.e. les
modeéles avec le plus grand nombre de variables propositionnelles (pour ’inclu-
sion ensembliste) affectées a T ou F) :

min(Modpp(p)) = {w € Modpp(p) | Fw' € Modpp(p) t.q. ' C w!}
La relation d’inférence L Py, est alors définie par :
K Erp, pssimin(Modrp(K)) C Modyp(p)

La logique LP,,, permet également d’obtenir les mémes conséquences que la lo-
gique classique lorsque la base est cohérente.

4. Lorsque I’on travaille avec une logique multi-valuée, il faut définir un ensemble de valeurs de vérité
désignées, c’est-a-dire les valeurs de vérité qui définissent les modeles d’une formule. Dans le cas de la
logique LP il s’agit de {T,B}.
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Dans [22] nous avons exploré I'utilisation de logiques tri-valuées pour le raison-
nement paraconsistant. Nous avons défini et étudié plusieurs formes d’inférences tri-
valuées, et nous les avons comparées du point de vue des propriétés logiques, de la
prudence et de la complexité algorithmique. L’idée est d’obtenir plus de conséquences
qu’avec la logique trivaluée de base LP. Nous avons proposé 3 mécanismes différents :
le premier est une inférence argumentative ou une formule est inférée si elle est consé-
quence de la logique sous-jacente et que sa négation ne I’est pas. Le second est basé
sur un principe de minimisation de I’incertitude : seules les formules dont la valeur de
vérité est T sont inférées (pas celles évaluées a B). Le troisieme définit les formules
inférées comme les formules « au moins aussi vraies » que la base. En combinant ces
mécanismes entre eux, et avec les inférences basiques et celles basées sur une inférence
préférentielle, cela a donné 9 nouvelles relations d’inférences différentes.

Une fois que 1’on a accepté le principe de travailler avec plus de deux valeurs de
vérité, une question importante est de savoir combien de valeurs de vérité sont né-
cessaires/utiles. Ginsberg a étudié la famille des logiques multi-valuées a base de
bi-treillis [ ]. Les valeurs de vérité sont ordonnées selon deux ordres : 1’ordre sur
la vérité (plus ou moins vrai ou faux), et I’ordre sur la connaissance (plus ou moins
d’information ou d’ignorance). Deux cas particuliers sont les logiques FOUR, qui est
la logique multi-valuée de base pour le raisonnement paraconsitant proposée par Bel-
nap [ R ], (B représente intuitivement la valeur incohérente « vrai et faux »
et U la valeur inconnue « ni vrai ni faux ») et la logique SEVEN qui correspond 2
la logique des défauts supernormaux (dF représente la valeur « faux par défaut »,
dT représente la valeur « vrai par défaut », dB représente la valeur « vrai et faux par
défaut »).
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FIGURE 3.2 — (FOUR, <, <j) FIGURE 3.3 — (SEVEN, <;, <y)

On peut utiliser des logiques avec autant de valeurs de vérité que 1’on veut. Mais
Arieli et Avron ont montré dans un trés bon article [ ] que 4 valeurs (donc les
logiques issues de la logique de Belnap [ , ]) étaient suffisantes, dans
le sens ol toute relation d’inférence basée sur une logique multi-valuée a base de bi-
treillis peut étre définie dans une logique a 4 valeurs.

Nous avons également étudié [10] la définition de relations d’inférence basées sur
une interprétation bipolaire des logiques multi-valuées a base de treillis. La motivation
de ce travail était d’étudier les conséquences d’une interprétation bipolaire des valeurs
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de vérité, c’est-a-dire qu’au lieu de considérer 1’ordre de vérité et I’ordre de connais-
sance usuels, on utilise deux ordres ou 1’on décorelle le vrai et le faux, on a donc un
ordre du vrai (verum) et un ordre du faux (falsum). On peut représenter cela graphique-
ment par une rotation des valeurs de vérité comme illustré dans les figures et
sur la logique FOUR. Utiliser alors ces nouveaux pré-ordres pour définir des relations
d’inférences préférentielles (a base de minimisation) permet de définir de nouvelles
relations d’inférence.
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FIGURE 3.4 — (FOUR, <, <j) FIGURE 3.5 - (FOUR, <,,, <y)

3.2. Mesure de I’incohérence

Il est usuel en logique classique d’utiliser une mesure binaire de la contradiction :
une base est soit cohérente, soit contradictoire. Cette dichotomie est évidente lorsque le
seul outil déductif est I’inférence classique, puisque une base contradictoire n’est alors
d’aucune utilité. Mais nous disposons d’un nombre important de logiques développées
pour permettre des inférences non triviales a partir de bases contradictoires. Sous cet
angle, cette dichotomie n’est pas suffisante pour donner une mesure de la contradiction
d’une base de croyance. Une mesure plus fine est nécessaire.

Nous avons écrit un chapitre d’état de 1’art [15] sur les mesures d’information et
les mesures de contradiction des bases logiques, comme par exemples les mesures
proposées par Hunter [ ], Knight [ s 1, Lozinskii [ ] ou par nous
[26]. Il y a différentes définitions pour ces mesures, ce qui est naturel dans la mesure ol
il n’existe pas de logique paraconsistante unique et incontestée mais plutot un ensemble
de logiques ayant chacune des avantages et des inconvénients. Il est donc normal que
plusieurs définitions soient possibles pour ces mesures de contradiction. C’est a notre
connaissance le premier article récapitulatif sur ces mesures de contradiction et d’in-
formation (pour des bases incohérentes).

Nous allons nous focaliser dans la suite sur les mesures de contradiction, mais les
mesures d’information pour des bases incohérentes (que nous avons traitées également
dans [15]) sont également intéressantes. L’idée est que si I’on veut importer les idées
de Shannon sur la mesure de I’information dans des cadres logiques, la mesure de I’in-
formation revient plus ou moins a compter le nombre de modeles. Or une base incohé-
rente, qui n’a aucun modele, ne contient, suivant cette définition, aucune information.
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Cela n’est pas raisonnable dés que 1’on arrive a distinguer des bases incohérentes (ce
qui est le cas avec toute logique pour le raisonnement en présence d’incohérence). 11
faut donc généraliser cette notion dans ce cadre. Voir [| 5] pour un apercu des travaux
de [ s ] et [26].

On peut classer les mesures de contradiction dans deux classes, suivant que 1’on
prend comme « unité de mesure » les formules ou les variables. Nous allons présenter
brievement ces deux classes.

3.2.1. Mesures basées sur les formules

L’idée de ces mesures est que plus I’incohérence demande de formules de la base,
moins cette incohérence est importante. Cette intuition peut-tre justifiée par des exem-
ples tels que le paradoxe de la loterie.

Exemple 1 11y a un certain nombre de billets de loterie dont I'un est le ticket gagnant.
Représentons par w; le fait que le ticket i est le ticket gagnant. On représente alors
la phrase précédente par w1 V ...\ wy. De plus pour chaque ticket i on suppose de
maniére pessimiste (ou simplement probabilistiquement réaliste si le nombre de tickets
est important) que ce ticket n’est pas le ticket gagnant, donc que —w;. On a donc la
base K, suivante :

.K—L71 :{ﬁwl,...7_|wn7w1\/...\/wn}

Clairement, s’il n’y a que deux ou trois tickets pour la loterie, cette base est haute-
ment incohérente. Mais s’il y a des millions de tickets, il n’y a intuitivement pratique-
ment pas de conflit dans la base.

Cette idée est le point de départ de la mesure proposée par Knight [ , ,

1.

Définition 5 Une fonction de probabilité sur L est une fonction P : P — [0,1] t.q. :
e sit «, alors P(a) =1
o sit—(aAp), alors P(aV ) = P(a) + P(B)

Voir [ ] pour plus de détails sur cette définition. Dans le cas fini, cette définition
donne une distribution de probabilité sur les interprétations, et la probabilité d’une
formule est alors la somme des probabilités de ses modeles.

La mesure d’incohérence proposée par Knight [ ] est définie par :

Définition 6 Soit une base de croyances K.
o K est n—cohérent (0 < n < 1) si il existe une fonction de probabilité P telle
que P(a) > n pour tout o € K.
o K est maximalement n—cohérent si 1) est maximal (i.e. si v > 1 alors K n’est
pas y—consistant).

La notion de n-cohérence maximale est alors une mesure d’incohérence de la base.
On peut vérifier rapidement que cette définition formalise I’idée que plus on a besoin
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de formules pour générer 1’incohérence, moins celle-ci est problématique. On peut vé-
rifier qu’une base est maximalement O-cohérente si et seulement si elle contient une
formule contradictoire, et qu’elle est maximalement 1-cohérente si et seulement si elle
est cohérente. Voyons également ce que cela donne sur quelques exemples.

Exemple 2 Soit K1 = {a,b, —a V —b}.
K1 est maximalement %fcohérem‘.
Soit Ko = {a A b,—a A —b,a A —b}.
K> est maximalement %—cohérent, et chacune de ses sous-bases de cardinalité 2
est maximalement %—cohérent.

Pour un ensemble minimal incohérent de formules, calculer cette mesure est facile :

Définition 7 Un ensemble minimal incohérent’ M de K est défini par :
e MCK
e MF L
e SiM' C Malors M' ¥ L

Soit MI(K) I’ensemble des ensembles minimalement incohérents de K.

Théoréme 1 ([ D Si K' € MI(K), alors K' est maximalement u‘([,(‘f‘l —consis-
tant.

En général, cette mesure est plus compliquée a calculer, mais il est possible d’uti-
liser la méthode du simplexe pour le calcul [ 1.

3.2.2. Mesures basées sur les variables

Une autre méthode pour évaluer I'incohérence d’un ensemble de formules est de
regarder quelle est la proportion du langage concernée par I’incohérence. Il n’est donc
pas possible d’utiliser la logique classique a cette fin puisque 1’incohérence conta-
mine I’ensemble de la base (et du langage). Mais si ’on compare les deux bases
K; ={a,—a,bAc,d} et Ko = {a,—a,b A —c,c A —b,d,~d}, on remarque que dans
K I'incohérence concerne principalement la variable a, alors que dans K toutes les
variables sont incluses dans un conflit. C’est ce genre de distinctions que ces approches
permettent.

Une méthode afin de circonscrire 1’incohérence aux variables directement concer-
nées est d’utiliser des logiques multi-valuées, avec au moins une troisieme « valeur de
vérité » indiquant qu’il y a un conflit sur la valeur de vérité (vrai ou faux) de la variable.

Nous n’avons pas ici la place de détailler I’ensemble des mesures qui ont été pro-
posées [ , , ] [26], voir [15] pour plus de détails sur ces approches.
Nous ne donnerons donc qu’un exemple illustratif : le degré d’incohérence proposé
par Grant [ ].

Soit X une interprétation quadri-valuée (T, F, B, U), ol B signifie intuitivement « &
la fois vrai et faux » , et U signifie « ni vrai ni faux » , on définit deux fonctions :

5. Ces ensembles sont également appelés MUS (pour Minimal Unsatisfiable Subformula) dans la littéra-
ture sur SAT [
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e CCount(X)={aeP|X(a) =TouX(a)=F}

e ICount(X)={a€eP|X(a) =B}

Le degré d’incohérence” est un rapport entre les conflits contenus dans la base
(ICount) et I’information contenue dans la base (CCount) :

Définition 8 Le degré d’incohérence d’une interprétation quadri-valuée X est :

B CCount(X)
~ CCount(X) + 2 * ICount(X)

I’ILCG(X)

On peut alors définir le degré d’incohérence comme le degré d’incohérence maxi-
mum de ses modeles

Incg(K) = XH\l_&);{ Incg(X)
—4

Le probleme avec cette mesure est qu’elle ne donne pas des résultats tres satisfai-
sants, parce qu’elle considere trop de modeles. Comme nous 1’avons dit dans la sec-
tion , les logiques multi-valuées sans minimisation admettent de trop nombreux
modeles. Pour améliorer le comportement de cette mesure il est nécessaire d’utiliser
des logiques multi-valuées avec minimisation. En utilisant la logique quasi-classique
[ ] par exemple, cela conduit a la définition de la mesure de coherence proposée
par Hunter [ ].

Le probléme que nous voyons dans ce genre de mesures est qu’elles mélangent
quantité de contradiction et quantité d’information, puisque ICount mesure les conflits
(nombre de variables « incohérentes ») et CCount mesure 1’information (nombre de
variables sur lesquelles on a une information). Ces mesures sont donc des mesures
composites, définies a partir d’'une mesure de contradiction et d’une mesure d’informa-
tion. Elles peuvent présenter de 1’intérét, mais nous pensons qu’elles ne forment pas de
bonnes mesures en tant que mesures de contradiction puisqu’elles ne se contentent pas
de mesurer le conflit.

Nous avons proposé [26, 46] une approche a base de tests pour définir dans un
cadre uniforme des mesures d’information et de contradiction de bases de croyances.
Intuitivement, dans cette approche, le degré de contradiction d’une base est le colit d’un
plan de test préféré pour purifier la base alors que le degré d’information d’une base
est le colit d’un plan de test préféré pour déterminer quel est le monde réel. Plusieurs
criteres de préférence peuvent étre utilisés. Les propriétés des mesures d’incohérence
a base de plans de tests introduites ont été analysées et elles ont été comparées avec
diverses mesures proposées jusque-la dans la littérature (par Hunter [ ], Knight
[ s ], Lozinskii [ ] notamment). Un point fort de 1’approche proposée
est que le cadre développé est suffisamment général pour que diverses approches pour
I’inférence en présence de contradictions puissent étre prises en compte. Voyons un
exemple de ces plans de tests dans le cadre de la logique LP,,.

6. On devrait plutdt parler de degré de cohérence puisque la valeur maximale est obtenue pour une base
cohérente.
7. Soit |=4 la relation de satisfaction de la logique de Belnap [ s ]
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aNbA - a/N—bA—c

FIGURE 3.6 — Degré de contradiction dans L P,

Exemple 3 Soit la base K = {aN(—aVb)A(—=bVc)A(—cV—a)}. La figure 3.6 présente
un plan de coiit minimal (dans le contexte atomique standard °) qui purifie (i.e. permet
de supprimer tous les conflits de la base) la base K. Tous les autres plans de test ont
un coiit plus élevé. Le degré de contradiction de K est de 3 (c’est la profondeur” du
plan de tests de la figure 3.0).

3.2.3. Valeurs d’incohérence

Jusqu’ici nous avons discuté de mesures d’incohérence, c’est-a-dire de fonctions
qui permettent de mesurer a quel point une base est incohérente, et donc de comparer
la quantité d’incohérence de plusieurs bases.

Il est intéressant de disposer de ce type de mesures par exemple pour s’en servir afin
de définir des méthodes de raisonnement diverses, ol il peut étre utile de disposer d’un
critere afin de choisir, parmi un ensemble de bases, la base la moins contradictoire.

Une mesure bien plus utile serait, au lieu de quantifier I’'incohérence au niveau, glo-
bal, de la base, de pouvoir évaluer a quel point chaque formule de la base est conflic-
tuelle. C’est-a-dire d’évaluer la responsabilité de chaque formule dans les incohérences
de la base. Cela permettrait d’utiliser ces mesures par exemple pour identifier les for-
mules les plus conflictuelles, afin de résoudre les conflits : on peut par exemple définir
une inférence a base de maximaux cohérents ou la maximalité est calculée a partir de
cette mesure, ou des opérateurs de révision gardant en priorité les formules les moins
conflictuelles, etc.

Pour distinguer les deux types de mesures, nous nommons mesures d’incohéren-
ces les mesures au niveau des bases, et valeurs d’incohérences les mesures au niveau
des formules.

De maniere assez naturelle, si I’on dispose d’une valeur d’incohérence, permettant
de définir le conflit de chaque formule, on peut utiliser cette valeur pour définir une
mesure d’incohérence, en agrégeant les valeurs d’incohérence des formules de la base
(en prenant leur maximum par exemple).

8. C’est-a-dire que 1’on considere que les seuls tests disponibles consistent a tester la valeur d’une va-
riable et que tous ces tests ont le méme coft.

9. Comme tous les tests ont le méme coup, on compare les plans de tests par la profondeur maximale de
leurs branches.
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Définir des mesures d’incohérence a partir de valeurs d’incohérences présente un
avantage supplémentaire :

L’idée vient du constat que les mesures existantes se partagent en deux classes,
ayant chacune ses inconvénients. La premiere classe regroupe les mesures qui tiennent
compte du nombre de formules intervenant dans la production de 1’incohérence (sec-
tion ). Cela permet de prendre en compte la répartition des conflits entre les dif-
férentes formules de la base, mais ne permet pas d’inspecter plus finement les conflits
dans les formules. La deuxieéme classe permet d’inspecter plus finement les conflits au
niveau des variables propositionnelles, plutdt qu’au niveau des formules, mais cela se
paye par une incapacité a prendre en compte la répartition du conflit entre les diffé-
rentes formules de la base (section ). Jusqu’ici il semblait difficile de prendre en
compte ces deux facteurs, et aucune des mesures proposées n’y parvenait.

Nous avons défini [32] de nouvelles mesures d’incohérence basées sur la valeur de
Shapley (une notion issue de la théorie des jeux). Nous avons utilisé une idée simple :
utiliser une mesure de la deuxiéme classe (section ), permettant un examen fin
de I’incohérence au niveau des variables propositionnelles, et I’utiliser pour définir un
jeu sous forme coalitionnelle. On utilise ensuite la valeur de Shapley sur le jeu ainsi
défini afin de redistribuer cette incohérence sur les différentes formules responsables
du conflit. Les deux dimensions sont donc bien prises en compte dans la détermination
de la valeur d’incohérence de la formule.

Nous donnons a présent quelques exemples afin d’illustrer le fait que les valeurs
que I’on obtient sur des cas simples sont tres intuitives. L’ exemple ci-dessous est celui
de la valeur d’incohérence de Shapley la plus simple S7,. La mesure d’incohérence
associée 57 , est simplement calculée a partir du maximum des valeurs d’incohérence
des formules de la base.

Exemple 4 o K1 ={a,—a,b}.

La valeur d’incohérence est Sr,(K1) = (3, %,0). Et la mesure d’incohérence
de la base est S1,(K,) = 3.

b est une formule libre, elle n’est engagée dans aucun conflit, elle a donc la
valeur 0 (c’est une des propriétés de ces valeurs d’incohérence). Les deux autres
formules (a et —a) sont aussi responsables ['une que I’autre du conflit, elles se
partagent donc la responsabilité du conflit, leur valeur d’incohérence est donc
1

. I2(2 = {a,b,bAc,—bAd}.
La valeur est S1,(K2) = (0, 1, &, %). Et la mesure d’incohérence de la base est
Sld (KQ) = %
La derniére formule est clairement celle qui apporte le plus d’incohérence a la
base puisque enlever simplement cette formule restaure la cohérence de la base.
o Ky ={aAN-a,b,—b,c}.
La valeur est Sp,(K,) = (%, %, %, 0). Et la mesure d’incohérence de la base est
Sld (K4) = %
La premiére formule est une contradiction, il faut donc absolument la retirer
de la base si on veut supprimer l’incohérence. C’est donc cette formule qui est
la plus conflictuelle. Ensuite il faut enlever soit b soit —b, ce deux formules ont
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donc une responsabilité dans les conflits de la base. Ce qui n’est pas le cas de la
derniére formule.

Nous ne détaillons pas plus cette approche ici, puisque ’article correspondant est
inclus dans la deuxieme partie du document (chapitre 9).

Nous avons également travaillé a la définition de valeurs d’incohérences basées
sur le calcul des ensembles minimaux incohérents [36]. Cela se justifie par le fait
que ces ensembles représentent 1’essence des conflits de la base. Or, nous avons mon-
tré qu’une de ces valeurs d’incohérence était également une valeur d’incohérence de
Shapley (celle de I’exemple ci-dessus). Ce résultat nous a permis de donner une ca-
ractérisation logique complete de cette mesure. C’est a notre connaissance la premiere
caractérisation logique d’une mesure d’incohérence.

Nous ne détaillons pas plus cette approche ici, puisque 1’article correspondant est
inclus dans la deuxieme partie du document (chapitre 10).
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Chapitre 1V

REVISION

Pour atteindre la connaissance,
ajoute des choses chaque jour.
Pour atteindre la sagesse,
retire des choses chaque jour.

(Lao Tzu, Tao-te Ching, ch. 48)

suivante : étant donnée une base de croyances représentant les croyances d’un
agent a propos du monde et une nouvelle information a propos de ce monde,
pouvant remettre en cause une partie de ses croyances, quels changements cette nou-
velle information va-t-elle produire dans la base de croyances ?
Alchourrén, Gérdenfors et Makinson (AGM) ont proposé un ensemble de postulats
qu’un opérateur de révision « raisonnable » doit satisfaire [ 1.

I e probléme posé par la révision de croyances peut étre résumé par la question

Une critique envers le cadre AGM est qu’il ne permet pas d’assurer un bon com-
portement lors de I’itération du processus de révision. De nombreuses solutions ont été
proposées [ s s , ] mais aucune n’est totalement satisfaisante.

4.1. Le cadre AGM

Dans cette section, nous considérons des théories, ¢’est-a-dire des bases K closes
pour la déduction logique (i.e. Cn(K) = K).
SiI’on considere une formule «, pour un agent avec les croyances K, cette formule
« ne peut avoir que 3 statuts épistémiques différents :
e Soit @ € K, c’est-a-dire que 1’agent croit que « est vraie. On dit que o est
acceptée par I’agent.
e Soit ~a € K, c’est-a-dire que 1’agent croit que « est fausse. On dit que « est
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rejetée par I’agent.
e Soita ¢ K et ~a ¢ K, ondit que « est indéterminée (contingente) pour 1’agent.
Les opérateurs de changement de croyances peuvent alors étre définis comme des
transitions entre ces différents statuts, comme illustré a la figure

Indéterminée

Révision
’ > 7
Acceptée ¢ 2> Refusée
<
Révision

FIGURE 4.1 — Transitions entre statuts épistémiques

Lorsque la formule passe d’un statut indéterminée & acceptée (ou symétriquement
refusée), cette transition est nommée expansion, car on ajoute simplement de 1’infor-
mation. La transition inverse (de acceptée/refusée a indéterminée) est appelée contrac-
tion, car on souhaite enlever une information des croyances de 1’agent. Et lorsque 1’on
passe directement du statut acceptée a refusée (ou symétriquement de refusée a accep-
tée), la transition est nommée révision. Dans ce cas, on change d’avis sur la véracité
d’une information.

Pour ces trois types d’opérateurs de changement de croyances, on souhaite évidem-
ment avoir des propriétés de rationalité, c’est-a-dire que les opérateurs doivent respec-
ter un certain nombre de propriétés garantissant qu’ils réalisent le changement attendu.

Cette approche axiomatique est réellement fondatrice de la théorie de la révision de
croyances AGM. L’idée est, au lieu de définir des opérateurs particuliers, d’énumérer
un ensemble de propriétés que tout opérateur de changement raisonnable devrait satis-
faire. Puis on regarde s’il existe des opérateurs satisfaisant 1’ensemble de ces propriétés
et on essaye éventuellement de les caractériser, c’est-a-dire de montrer que des opéra-
teurs satisfaisant un ensemble de propriétés donné s’expriment tous sous une certaine
forme. C’est ce qu’on appellera des théoremes de représentation (on peut également
parler de caractérisation logique).

En ce qui concerne les opérateurs de changement de croyances, les propriétés at-
tendues sont assez faciles a exprimer intuitivement, par 3 principes :

e Principe de succes (appelé aussi primauté de la nouvelle information) : le
changement doit réussir, c’est-a-dire qu’apres 1’ opération, I’information doit avoir
le statut voulu.

e Principe de cohérence : on veut que la base résultante de I’opération soit une
base cohérente (on veut donc éviter la trivialisation).

e Principe de changement minimal : on veut modifier les croyances de 1’agent
le moins possible, pour assurer qu’on n’élimine aucune information de manicre
inconsidérée, et qu’on n’ajoute aucune information non souhaitée.
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Alchourrén, Géardenfors et Makinson ont proposé une formalisation logique de ces
propriétés [ , ]. Voyons donc a présent comment formaliser ces principes

pour chacun des opérateurs de changement.

4.1.1. Postulats AGM

Expansion

Un opérateur d’expansion + est une fonction de I x £ vers K qui vérifie les

propriétés suivantes :

(K+1) K + « est une théorie (cloture)
K+2)ae K+« (succes)
K+3H)KCK+a (inclusion)
K+ Siae K,alors K +a=K (vacuité)
K+5SiK'CK,alors K" +a C K+« (monotonie)
(K+6) K + « est la plus petite base satisfaisant (K+1)-(K+5) (minimalité)

L’explication intuitive de ces axiomes est la suivante : (K+1) assure que le résultat
de ’expansion est bien une théorie. (K+42) dit que la nouvelle information doit étre
vraie dans la nouvelle base de croyance. La motivation du nom expansion peut étre
expliquée par (K+3) qui certifie que I’on garde toutes les informations de 1’ancienne
base. (K+4) dit que si la nouvelle information appartient déja a la base de croyance
alors il n’y a rien a faire pour 1’accepter. Le postulat (K+5) exprime la monotonie de
I’expansion. Et le dernier postulat (K+6) exprime la minimalité du changement, c’est-
a-dire qu’il s’assure que la nouvelle base de croyance ne contient pas de croyance non
justifiée par I’ajout de la nouvelle information.

Il n’y a qu’un seul opérateur d’expansion :

Théoreme 2 ([ 1) L’opérateur d’expansion + satisfait les postulats (K+1)-(K+6)
ssi K+ A=Cn(KUA).
Contraction

Un opérateur de contraction < est une fonction de I x £ vers KC qui vérifie les
propriétés suivantes :

(K=+1) K + « est une théorie (cloture)
K=2)K+-aCK (inclusion)
K:3)Sia¢ K,alos K ~a=K (vacuité)
(K=4) Si¥ a,alorsa ¢ K+« (succes)
K5 Siae K,alors K C (K +a)+« (restauration)
K=6)SiFa <+ f,alors K ~a=K +f (préservation)
KN (K+-a)N(K+6)C K+ (anp) (intersection)
K8 Siag¢ K+ (anp)alors K+ (aAPB) C K+« (conjonction)
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(K=-1) assure que le résultat de la contraction est bien une théorie. (K+-2) garan-
tit que lors de la contraction aucune nouvelle information n’est ajoutée a la base de
croyance. (K+3) dit que si I’information « n’est pas acceptée par K, il n’y a rien a faire
pour retirer o de K. Le postulat (K+4) assure le succes de la contraction, c’est-a-dire
que si a n’est pas une tautologie, alors la contraction réussit. Le postulat (K=-5) assure
que la contraction de K par « suivie de I’expansion par « redonne la théorie K comme
résultat (I’inclusion inverse de (K-+5) étant une conséquence de (K+1)-(K+4)). (K+-6)
dit que le résultat de la contraction ne dépend pas de la syntaxe de I’information. Ces
six postulats sont les postulats de base pour les opérateurs de contraction. (K=-7) et
(K+8) sont appelés postulats supplémentaires '. (K=-7) dit que si une information est
a la fois dans la contraction par « et dans la contraction par S alors elle doit étre dans
la contraction par la conjonction « A . (K=+8) exprime la minimalité du changement
pour la conjonction.

Révision

Un opérateur de révision * est une fonction de K x £ vers K qui vérifie les pro-
priétés suivantes :

(K*1) K * « est une théorie (cloture)
K*2)a e K x« (succes)
KB KxaC K+« (inclusion)
(K*4)Si—a ¢ K,alors K +a C K *« (vacuité)
K*5) Kxa=K,| ssit -« (cohérence)
(K*6) Sita <> S,alors K xa= K * 8 (extensionalité)
K¥H) K+ (aAp)C(K*a)+p (inclusion conjonctive)

(K*8)Si—8 ¢ K x o, alors (K xa)+ 5 C K *(aAp) (vacuité conjonctive)

L’interprétation de ces postulats est la suivante : (K*1) s’assure que le résultat de
la révision est bien une théorie. (K*2) dit que la nouvelle information est vraie dans la
nouvelle base de croyance. Le postulat (K*3) implique que la révision par la nouvelle
information ne peut pas ajouter de croyance qui ne soit une conséquence de la nouvelle
information et de la base de croyance. Et les postulats (K*3) et (K*4) ensemble signi-
fient que, lorsque la nouvelle information n’est pas contradictoire avec 1’ancienne base
de croyance, alors la révision de la base de croyance se résume a I’expansion de cette
base. (K*5) exprime le fait que la seule facon d’arriver a une base incohérente par une
révision est de réviser par une information contradictoire. (K*6) dit que le résultat de
la révision ne dépend pas de la syntaxe de la nouvelle information. Ces six postulats
sont les postulats de base pour les opérateurs de révision, les deux postulats (K*7) et
(K*8) ont été appelés postulats supplémentaires et expriment le bon comportement des
opérateurs de révision en terme de minimalité de changement. Ils assurent que la révi-
sion par une conjonction de deux informations revient a une révision par la premiere

1. De fait, certains travaux étudient des opérateurs ne satisfaisant que les postulats de base. Notre opinion
est que ces postulats supplémentaires sont au moins aussi importants pour un bon opérateur que les postulats
de base.
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information et une expansion par la seconde deés que cela est possible (i.e. deés que la
seconde information ne contredit aucune croyance issue de la premiere révision).

Révision en logique propositionnelle

Les propriétés que nous venons de présenter sont valables pour n’importe quelle
logique ~. On peut les exprimer plus simplement dans le cadre de la logique proposi-
tionnelle. C’est ce que nous allons voir ici.

Soient deux formules propositionnelles ¢ et u. Lopérateur o est un opérateur de
révision s’il vérifie les postulats suivants :

RD popkp
(R2) Si ¢ A p est cohérent alors po =@ A
(R3) Si p est cohérent alors ¢ o i est cohérent
(R4) Si o1 = g et ug = o alors 1 0 i1 = s 0 g
(R3) (popu) Ny po(uAy)
(R6) Si (¢ o pu) A 1) est cohérent alors p o (u A ) F (pou) A
Soit un opérateur de révision * sur des théories et o un opérateur de révision sur des

bases de croyances propositionnelles. On dit que I’opérateur * correspond a 1’ opérateur
osiquand K = Cn(yp), alors K x a = Cn(p o ).

Théoréeme 3 ([ 1) Soit un opérateur de révision x et son opérateur o corres-
pondant. Alors * satisfait les postulats (K 1) — (K % 8) si et seulement si o vérifie les
postulats (R1) — (RG).

Identités

Comme le suggere la figure 4.1, il est possible de décomposer la révision, qui est
une transition du statut accepté au statut refusé, en une contraction, qui effectuera la
transition du statut accepté vers le statut indéterminé, suivie d’une expansion, qui effec-
tuera la transition du statut indéterminé au statut refusé. C’est ce que nous dit I’identité
de Levi :

e Kxa=(K+-a)+a (Identité de Levi)

Théoreme 4 ([ 1) Si Uopérateur de contraction + satisfait (K-1)-(K+4) et
(K=-6) et l'opérateur d’expansion + satisfait (K+1)-(K+6), alors I’opérateur de révi-
sion * défini par l'identité de Levi satisfait (K*1)-(K*6). De plus, si (K+7) est satisfait,
alors (K*7) est satisfait pour la révision ainsi définie, et si (K=-8) est satisfait, alors
(K*8) est satisfait pour la révision ainsi définie.

Remarque 1 Le postulat recovery (K--5) n’est pas nécessaire pour ce résultat.

On peut également définir la contraction a partir de I’opérateur de révision, griace a
I’identité de Harper :

2. Plus exactement, n’importe quelle relation de conséquence au sens de Tarski.
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o K+~a=KnN(K=*-aq) (Identité de Harper)

Pour comprendre I'idée de cette identité, supposons que « soit pour le moment
acceptée par K. Le résultat de la contraction de K par « est I’ensemble des formules
qui sont vraies indépendamment de I’acceptation de «, c’est-a-dire les formules qui
sont vraies a la fois lorsque « est acceptée (K) et lorsque « est refusée (K * —q).

Théoreme 5 ([ 1) Sil’opérateur de révision * satisfait (K*1)-(K*6), alors I’opé-
rateur de contraction = défini par l'identité de Harper satisfait (K=-1)-(K-=-6). De plus,
si (K*7) est satisfait, alors (K+7) est satisfait pour la contraction ainsi définie, et si
(K*8) est satisfait, alors (K-+-8) est satisfait pour la contraction ainsi définie.

Ces deux identités montrent un lien tres étroit entre opérateurs de révision et opéra-
teurs de contraction, qui peuvent tous deux étre définis a partir de ’autre. On n’a donc
pas réellement & étudier les deux types d’opérateurs, mais il suffit d’en étudier un,
puis d’utiliser les identités pour définir I’autre. Le choix de 1’opérateur de base est
principalement une question de gofit. Habituellement les logiciens et les philosophes
prennent les opérateurs de contraction comme opérateurs de base, puisque 1’identité
de Levi présente la révision comme une composition d’une contraction suivie d’une
expansion. Et la plupart des chercheurs en intelligence artificielle choisissent plutdt les
opérateurs de révision comme opérateurs de base, puisque c’est I’opération dont on a
le plus besoin dans les systemes a bases de connaissances.

4.1.2. Théoremes de représentation

Maintenant que nous avons défini ce que nous attendions des opérateurs de chan-
gement de croyances, il est temps de donner des moyens pratiques de définir ces opé-
rateurs. C’est ce que vont nous fournir les théorémes de représentation.

Nous ne présentons dans la suite que trois théorémes de représentation : celui utili-
sant les intersections partielles, celui utilisant les enracinements épistémiques, et celui
utilisant les assignements fideles. Il existe d’autres théoremes de représentation (voir
[ , ] par exemple).

Contraction par intersection partielle

L’idée des opérateurs de contraction par intersection est de garder le maximum de
formules de 1’ancienne base. On va garder 1’ensemble de tous les sous-ensembles de
la base qui n’impliquent pas I’information que 1’on veut retirer. Et I’inférence a partir
de cet ensemble sera I’inférence sceptique, c’est-a-dire que la nouvelle base de I’agent
sera constituée de ’ensemble des formules que I’on pourra inférer de tous ces sous-
ensembles.

Définition 9 Soient une théorie K et une proposition o. L’ensemble des sous-théories
maximales de K n’impliquant pas «, noté K L «, est I’ensemble de tous les K' qui
vérifient :

e K'CK

e K'¥Fu
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o SiK'CK"CKalors K" -«

Définition 10 La fonction de contraction par intersection totale (full meet contrac-
tion) =+ est définie comme

Koo (K La) si KLlan’estpas vide, et
YTV K sinon

Le probleme avec cette définition est que le résultat est beaucoup trop fort, puisque
si I’on effectue une contraction (par intersection totale) par «, le résultat est I’ensemble
des formules de K qui sont conséquences logiques de —«. Cela a en particulier comme
conséquence que :

Théoreme 6 ([ 1) Siune fonction de révision x est définie a partir d’une fonction
de contraction par intersection totale au moyen de [’identité de Levi, alors pour chaque
proposition « telle que ~a € K, ona K * a = Cn(a).

C’est-a-dire que I’on oublie toute information & propos des anciennes croyances de
I’agent, ce qui n’est pas tres souhaitable. Le probléme est qu’en gardant I’ensemble de
toutes les sous-théories maximales de K n’impliquant pas «, on a retiré trop d’infor-
mation.

L’idée est alors de n’en garder que certaines (les « meilleures », les « plus ty-
piques », etc.).

Définition 11 Soit une théorie K, une fonction de sélection v est une fonction qui
associe a chaque proposition « I'ensemble v(K L«), qui est un sous-ensemble non
vide de K |« si celui-ci n’est pas vide et v(K La) = {K} sinon.

Définition 12 Une fonction de contraction par intersection partielle (partial meet
contraction) = est définie comme

K+oz=ﬂ'y(KJ_a)

Enongons a présent le théoreme de représentation, qui indique que tout opérateur
de contraction par intersection partielle satisfait les propriétés logiques attendues pour
la contraction, et inversement que tout opérateur satisfaisant ces propriétés logiques
peut étre défini par un opérateur de contraction par intersection partielle.

Théoreme 7 ([ 1) Soit un opérateur -, < est une fonction de contraction par
intersection partielle si et seulement si + satisfait les postulats (K+1)-(K=-6).

Il manque pour le moment deux propriétés, que I’on va obtenir en contraignant un
peu la fonction de sélection.

Définition 13 Une fonction de sélection -y est relationnelle si et seulement si pour tout
K il existe une relation < sur K x K telle que

yKla)={K' e Kla|K'<K',VK" € Kla}

Si < est une relation transitive alors ~y est dite relationnelle transitive.
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Théoreme 8 ([ 1) Soit un opérateur -, — est une fonction de contraction par
intersection partielle relationnelle transitive (transitively relational partial meet contrac-
tion function) si et seulement si = satisfait les postulats (K+1)-(K-=-8).

Avec ce résultat on voit en quoi les postulats supplémentaires (K--7)-(K--8) parlent
de minimalité du changement. En effet, I’ajout de ces postulats implique I’existence
d’une relation de plausibilité < guidant le processus de sélection des sous-théories.

Contraction par Enracinements Epistémiques

L’idée est ici d’ordonner les formules de la base de croyances des plus importantes
(fiables/crédibles) au moins importantes. Et lorsque I’on doit réaliser une contraction,
prendre cet ordre en compte pour n’éliminer que les formules les moins importantes.

Soient deux formules « et 3, la notation o < 3 signifie "5 est au moins aussi enra-
cinée (plausible / importante) que ". < est un enracinement épistémique (epistemic

entrenchment) s’il satisfait les propriétés suivantes [ ]:
(EEDSia<petf <«,alorsa <~ (transitivité)
(EE2)Siat p,alors a < 8 (domination)
EE)a<arnfouf<aAnp (conjonction)
(EEHSiK£K,,a¢ KssiVBa<p (minimalité)
(EES5) Si g < aVpg,alors F « (maximalité)
Théoréme 9 ([ 1) Une fonction de contraction + satisfait (K +1) — (K + 8) si

et seulement si il existe < satisfaisant (EE1)-(EE5), on f < assi 8 ¢ K +~a A 8 ou
FaAp.

Intuitivement ce théoréeme dit que si 8 n’est pas conséquence du résultat de la
contraction par la conjonction o A 5 ¢’est qu’il n’était pas plus enraciné que c.

Révision par assignements fideles - Systémes de spheres

L’idée est d’ordonner les interprétations de la plus plausible a la moins plausible.
Donnons d’abord la définition générale en terme de systeémes de spheres donnée par
Grove [ ].

Définition 14 e On appelle monde possible un sous-ensemble maximal cohérent
du langage et on note M I’ensemble des mondes possibles du langage L.
e Soit une base de croyances K. Si K = K| alors [K] = 0, sinon [K] = {M €
M, | K C M}
e Soit un ensemble S € My, I’ensemble Ks = (\{{M | M € S}.

Définition 15 Un systeme de spheéres centré sur [K] [ ] est une collection de
sous-ensembles S de M qui vérifient les conditions suivantes :

(S1) SiS, 8" €8S, alorsSC S ouS CS
($2) [K] €S
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(S3) SiS €S, alors [K] C S
(S4) M, €S

(S5) Si « est une formule et si [a] intersecte une sphére de S, alors il existe une
sphére minimale qui intersecte [] (on note C(«) = [a] N Sy).

Théoreme 10 ([ 1) Soit une base de croyances K. Il existe un systeme de spheres
S centré sur [K]| tel que pour toute formule o, K * o = K¢ (q) si et seulement si * est
un opérateur de révision satisfaisant (K x 1) — (K * 8).

FIGURE 4.2 — Révision par « d’un systéme de sphéres centré sur [K]

Graphiquement on peut représenter cela comme sur la figure : les mondes pos-
sibles qui satisfont la base ([K]), sont les mondes les plus plausibles. Puis on ordonne
tous les autres mondes suivant leur plausibilité (cela donne les spheres S1, .55, .. .).
Et lorsque I’on révise par une nouvelle information «, le résultat est I’ensemble des
mondes possibles de cette nouvelle information qui sont les plus plausibles vis a vis de
K (i.e. du systeme de spheres centré sur [K]).

Lorsque I’on travaille en logique propositionnelle finie ces systemes de spheres
peuvent &tre représentés par des pré-ordres totaux, ce qui conduit aux assignements
fideles de Katsuno et Mendelzon :

Définition 16 Un assignement fidele (faithful assignment) [ ] est une fonction
qui associe a chaque base de croyances K un pré-ordre <y sur les interprétations tel
que :

e SiwkEKetw EK, alorsw ~g '

e SiwkEKetw £ K, alorsw <k w'

o Si K1 = Ky, alors <g,=<kg,

Théoreme 11 ([ 1) Un opérateur de révision o satisfait les postulats (R1)-(R6)
si et seulement si il existe un assignement fidele qui associe a chaque base de croyances

K un pré-ordre total <y tel que

mod(K o p) = min(mod(u), <x)
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On a donc le méme mécanisme, mais le systtme de spheres est plus simplement
représenté par un pré-ordre total. M&me si la représentation sous forme de systemes de
spheres est souvent utilisée pour décrire le comportement des opérateurs de révision
[ ], nous trouvons plus pratique d’utiliser la représentation sous forme de pré-
ordres totaux décrite ci-dessous. Non seulement cela évite des erreurs d’interprétation
car la représentation sous forme de systeme de spheres, qui est planaire, peut faire
croire a une spatialité qui n’existe pas. Mais surtout cela est beaucoup plus intuitif pour
décrire le comportement des opérateurs de révision itérée. Nous utiliserons donc la
représentation de la figure

L3

Lo

Ly _—

Lo

<K

FIGURE 4.3 — Révision de K par «

Les interprétations sont réparties sur différents niveaux, deux interprétations a un
méme niveau sont aussi plausibles I’une que ’autre (i.e. w ~j w’) et une interprétation
w apparaissant & un niveau inférieur a une autre w’ est strictement plus plausible * (i.e.
w <k w'). Bien entendu les interprétations apparaissant au niveau le plus bas sont les
modeles de la base de croyances K.

La traduction entre systemes de sphere et le pré-ordre associé a K par I’assignement
fidele est directe. Chaque niveau correspond a une sphére (Lo a [K], et chaque L; a
Si — Si—1).

Lorsque I’on révise par une nouvelle information «, le résultat est constitué de
I’ensemble des modeles de « les plus plausibles suivant le pré-ordre de plausibilité <y
associé a K par I’assignement fidele, soient les interprétations situées sur le segment
blanc sur la figure

4.1.3. Liens avec les logiques non monotones

La théorie de la révision AGM a des liens forts avec les logiques non monotones,
telles que définies par Makinson [ ], et Kraus, Lehmann, Magidor [ ,
], ce qui a fait dire a Gérdenfors [ ] : « Belief revision and nonmonotonic

logic are two sides of the same coin. »

3. Contrairement a la plupart des domaines ou les meilleures options sont les plus grandes, en révision
de croyances les meilleures options sont souvent les plus petites (et donc on minimise au lieu de maximiser).
Cela est peut-étre une conséquence de 1’obsession d’obtenir un changement minimal.
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Théoréeme 12 ([ R D e Soient un opérateur de révision x et une base
de croyances K. Si on définit la relation |~y comme suit :

apBssifeK*a

* . . . . . N . z
Alors |~ est une relation rationnelle qui satisfait la régle suivante, nommée
préservation de la cohérence :

Sia gL alorsat L

e Soit b une relation rationnelle qui préserve la cohérence, il existe une base K
et un opérateur x tels que = ..

On peut également montrer un lien étroit entre la logique possibiliste et les enraci-
nements épistémiques, et donc la contraction et la révision : soit une relation > sur les
formules, o >, [ signifie « « est au moins aussi certain que 3 ». > est une relation

de nécessité qualitative si elle vérifie les propriétés suivantes [ , ]:
D) a >« (réflexivité)
D2)a>.fouf>ca (totalité)
D3)Sia>.Betf >.v,alorsa >,y (transitivité)
OHT > L (non trivialité)
M5 T > « (certitude de la tautologie)
D6) Si v >, B,alorsa Ay >, BNy (stabilité conjonctive)

Cette relation de nécessité qualitative entre formules est a la base de la logique
possibiliste.

Théoreme 13 ([ 1 L’ensemble d’axiomes (D1), (D2), (D3), (D5) et (D6) est équi-
valent a (EE1)-(EE4).

Comme on peut le voir avec ce théoreme, la différence majeure entre les enraci-
nements épistémiques et les relations de nécessité qualitative (a la base de la logique
possibiliste), est que les relations de nécessité autorisent I’existence de formules aussi
prioritaires que les tautologies, et qui ne pourront donc pas étre remises en question
par des révisions, ce qui n’est pas possible dans le cas des enracinements épistémiques
(comparer (D5) et (EFES5)). On peut donc voir ces formules comme des contraintes
d’intégrité, ou des connaissances (par oppositions aux croyances « usuelles » qui, elles,
peuvent étre remises en doute).

4.2. Révision itérée

11 est assez facile de montrer que la caractérisation AGM n’est pas suffisante pour
modéliser I’itération du processus de révision. Des propriétés supplémentaires sont né-
cessaires afin de contraindre le comportement des opérateurs de révision itérée. Il est
également nécessaire de passer a une représentation des croyances plus riche qu’une
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simple base de croyances. On utilise donc ce que 1’on appelle des états épistémiques
U. A chaque état épistémique ¥ correspond une base, notée Bel(¥), représentant les
croyances actuelles de 1’agent. ¥ encode également d’autres informations sur la plau-
sibilité des formules que 1’agent ne croit pas actuellement. Pour simplifier les notations
dans la suite, lorsqu’un état épistémique sera utilisé dans une formule logique, il s’agira
de la base de croyances associée, ainsi on écrira par exemple ¥ - p, U A p, w = ¥ au
lieu respectivement de Bel(V) - u, Bel(V) A i, w = Bel(P)

On peut alors facilement réécrire les postulats de Katsuno et Mendelzon dans le
cadre des états épistémiques [ ]:

R*¥1) Yout pu

(R*2) Si ¥ A s est cohérent, alors Wo = U A p

(R*3) Si u est cohérent, alors ¥ o 4 est cohérent

(R*4) Si U=V, et g =ps, alors Uy o g = Uy o pg

(R*5) (Wou) Aok Vo (unyp)

(R*6) Si (Vo u) A ¢ estcohérent, alors ¥ o (A ) (Popu)Agp

On peut alors ajouter d’autres postulats afin de contraindre le comportement des
opérateurs lors d’itérations (remarquons que ces postulats, contrairement aux précé-
dents, font apparaitre deux opérations de révision successives).

(C1) Siat p,alors (Popu)oa=Vou
(C2) Siatk —p,alors (Vop)oa=You
(C3) SiVoatlt y,alors (Wou)oat u
(C4) SiVoalk —pu,alors (Vopu)oak-u

L’explication des postulats est la suivante : (C1) dit que si deux informations sont
incorporées successivement et si la deuxieéme implique la premiere, alors incorporer
seulement la seconde donne la mé&me base. (C2) dit que lorsque deux informations
contradictoires arrivent, la seconde seule donnerait le méme base. (C3) dit qu’une in-
formation doit étre gardée si ’on effectue une révision par une information qui, étant
donnée la base, implique la premiere. (C4) dit qu’aucune information ne peut contri-
buer a son propre rejet.

Dans [ ] les postulats (C1)-(C4) ont d’abord été donnés comme complément
aux postulats usuels (R1)-(R6) [ ]. Freund et Lehmann [ ] ont montré que
(C2) est incompatible avec les postulats AGM. De plus Lehmann [ ] a montré
que les postulats (C1) et (R1)-(R6) impliquent (C3) et (C4). Dans [ ], Darwiche
et Pearl ont reformulé leurs postulats (et les postulats AGM) en termes d’états épisté-
miques ((R*1)-(R*6)) et ont de ce fait enlevé cette contradiction et ces redondances.

On peut alors montrer les théoremes de représentation suivants *, dont le premier
est une simple généralisation du théoreme de Katsuno et Mendelzon :

4. Les assignements fideles sont généralisés pour les états épistémiques, ils deviennent donc des fonc-
tions de I’ensemble des états épistémiques vers les pré-ordres, avec: 1. Siw = Petw’ |= ¥, alors w ~g w’
2.Siw = Yetw' = W, alors w <y w’' 3.81 Wy = Wy, alors <y, =<y,
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Théoreme 14 ([ 1) Un opérateur de révision o satisfait les postulats (R*1)-(R*6)
si et seulement si il existe un assignement fidele qui associe a tout état épistémique ¥
un pré-ordre total sur les interprétations <y tel que :

mod(V o p) = min(mod(u), <y)
Le second est plus intéressant car il ajoute les contraintes concernant 1’itération :

Théoreme 15 ([ 1) Soit un opérateur de révision qui vérifie (R*1)-(R*6). L’opéra-
teur vérifie (C1)-(C4) si et seulement si [’opérateur et I’assignement fidele correspon-
dant vérifient :

(CRD) Siw k= petw |=p, alors w <g W' ssiw <gop w'
(CR2) Siw = —petw |=—p, alors w <g w' ssiw <gop W'
(CR3) Siw = petw |=—p, alors w <y W' seulement si w <oy W'

(CRY) Siw = petw' =—p, alors w <y w' seulement si w <y, W’

Ce théoreme de représentation est important car il signifie que 1’on peut considé-
rer les opérateurs de révision itérée comme des fonctions de transition entre pré-ordres
totaux (avec les contraintes données par (CR1-CR4)), et donc que I’on peut considé-
rer les pré-ordres totaux comme la représentation canonique des états épistémiques,
puisque le théoreme de représentation exprime le fait que quelle que soit la représen-
tation exacte des états épistémiques, il est possible de modéliser leur comportement au
travers d’un assignement fidele .

Boutilier propose [ , ] un opérateur de révision naturelle. Cet opéra-
teur est un cas particulier d’opérateur de Darwiche et Pearl. Cet opérateur est le seul
a satisfaire les propriétés (R*1)-(R*6) et la propriété de minimisation absolue (CB)
suivante :

(CB) SiVoyk —p,alors (Pop)ou=Vopu

Il peut étre considéré comme accomplissant un changement minimal dans le pré-
ordre associé aux états épistémiques. Malheureusement cette minimalisation du chan-
gement se paye par un mauvais comportement de I’opérateur, puisqu’il induit une
conditionnalisation des informations successives, comme illustré sur I’exemple suivant

[ ]:

Exemple 5 Je rencontre un étrange animal qui semble étre un oiseau, je crois donc
que cet animal est un oiseau. Cet animal se rapproche et je vois que cet animal est
rouge, je pense donc que cet animal est rouge. Un expert en animaux étranges passe
par la et m’apprend qu’en fait cet animal n’est pas un oiseau mais un mammifeére. Je
révise donc mes croyances et pense a présent que cet animal est un mammifere. Que
dois-je croire a propos de la couleur de I’animal ?

D’apres I’opérateur de révision naturelle, on ne peut plus croire que 1’animal est
rouge (il suffit de prendre Bel(¥) = oiseau, p = —oiseau et 1) = rouge). Bien que
la couleur et I’espece de I’animal ne soient a priori absolument pas liées, 1’ordre dans

5. Voir [ ] pour une généralisation de ce cadre aux pré-ordres partiels.
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lequel on apprend ces informations les « conditionne » en quelque sorte pour 1’opéra-
teur de révision naturelle, car la croyance « I’animal est rouge » dépend de la croyance
«I’animal est un oiseau », puisque remettre en cause cette derniere invalide la premiere.
Alors que si I’on avait appris la couleur de 1’animal avant d’avoir les informations sur
son espece, on aurait maintenu cette information sur sa couleur.

Il est un peu problématique que la caractérisation de Darwiche et Pearl autorise un
tel opérateur. Il a donc été proposé de définir des opérateurs de révisions admissibles
[ ], afin de I’éliminer. Ces opérateurs sont définis par un postulat d’itération sup-
plémentaire [ R ]:

P) Sivoal/—palorsWVopuoak pu

Définition 17 Un opérateur de révision est admissible [ ] si il satisfait (R*I-
R*6)°, (Cl), (C2) et (P).

Et le théoréeme de représentation correspondant est :

Théoreme 16 ([ , 1) Soit un opérateur de révision o qui vérifie (R*1)-(R*6).
L’opérateur o vérifie (P) si et seulement si [’opérateur et I’assignement fidéle corres-
pondant vérifient (CP) :

(CP) Siw = petw = —p, alors w <y w' seulement si w <o, W'

Beaucoup d’opérateurs particuliers ont été proposés. On peut se référer a [ ]
[13] pour une présentation des principales approches.

4.3. Itération dans le cadre AGM

Nous avons étudié quelles propriétés d’itération peuvent étre exprimées dans le
cadre AGM usuel [25]. En effet, le saut représentationnel des bases de croyances vers
les états épistémiques a été provoqué par les preuves d’incohérences des postulats de
Darwiche et Pearl avec le cadre AGM usuel. Mais il n’existait pas de travail exami-
nant quelles sont les propriétés d’itération possibles dans le cadre AGM. Ces travaux
constituent donc une justification a posteriori du saut représentationnel effectué par la
communauté pour étudier la révision itérée.

Nous avons en particulier mis en évidence les implications des axiomes de Dar-
wiche et Pearl dans le cadre AGM usuel. Nous avons également proposé des propriétés
tres faibles pour I’itération et exploré leur conséquences. Il se trouve que les résultats
obtenus sont négatifs, donnant des résultats d’impossibilité de 1’itération dans le cadre
AGM usuel.

Nous ne détaillons pas plus cette approche ici, puisque ’article correspondant est
inclus dans la deuxieme partie du document (chapitre 12).

6. Dans [ ] les auteurs renforcent un peu le postulat (R*4).
7. On peut noter que (C3) et (C4) sont conséquences de ces postulats.

44



4.4. Révision itérée et états épistémiques

Toutes les propositions pour la révision itérée utilisent donc plus ou moins formel-
lement une notion d’état épistémique, c’est-a-dire qu’elles travaillent sur des objets
plus complexes qu’une simple base de croyances. Nous avons montré [1, 13] que ces
propositions utilisent le méme type d’états épistémiques sous différentes sémantiques.
Mais, méme dans la proposition de Darwiche et Pearl [ ], qui semble la plus abou-
tie, la distinction entre la syntaxe et la sémantique de ces états épistémiques n’est pas
nette, ce qui conduit a des confusions. Nous avons proposé une syntaxe pour les états
épistémiques, définissant ceux-ci comme les états librement engendrés & partir d’un état
initial vierge et d’un constructeur. C’est-a-dire que, syntaxiquement, on peut considérer
qu’un état épistémique est I’ensemble des informations recues par 1’agent (cette idée
était déja présente dans [ ], puisque ses postulats sont exprimés sur des suites de
formules). Nous avons ensuite défini une notion de modele sémantique associée a cette
syntaxe et nous avons montré que cela permet de capturer le cadre AGM classique
mais également les propositions pour la révision itérée [, 13]. Nous avons également
proposé de nouveaux opérateurs de révision itérée a mémoire qui se définissent par la
suite d’informations recues [2 1], puis des opérateurs dynamiques ot la notion d’état
épistémique est généralisée [44]. Nous avons enfin étudié comment définir des opéra-
teurs de révision itérée ou 1’on ne révise plus par une simple formule, mais par un état
épistémique [19].

4.5. Opérateurs d’amélioration

Les opérateurs de révision AGM [ , ] usuels satisfont le principe de
primauté de la nouvelle information °. C’est-a-dire que la nouvelle information est tou-
jours acceptée (crue par 1’agent) apres la révision. Cela est une des hypotheses de base
de la révision, parfaitement justifiée dans beaucoup de cas. Mais on pourrait souhaiter
que I’impact de cette nouvelle information soit moins important sur les croyances de
I’agent. Il y a trés peu de travaux dans cette optique, souvent appelée révision non
prioritaire (voir le numéro spécial de Theoria pour un bon apercu [ 1), et la
plupart du temps cela revient a mettre la nouvelle information au méme niveau que
les croyances actuelles de 1’agent, menant a des problemes de fusion d’informations.
Nous avons défini [35, 58, 73] une nouvelle famille d’opérateurs de changement, que
nous avons appelés opérateurs d’amélioration (improvement), qui ont un comporte-
ment plus mesuré que les opérateurs de révision. Lorsque 1’on incorpore une nouvelle
information, cela améliore la crédibilité de cette information, mais I’agent ne 1’accepte
pas forcément. Il faudra itérer I’incorporation un certain nombre de fois pour assurer
I’acceptation. Ce type d’opérateur de changement est parfaitement raisonnable. Les
opérateurs de révision itérée usuels [ s , ] sont un cas particulier de
notre cadre. Notre caractérisation est donc la plus générale pour modéliser le change-
ment itéré. Techniquement la difficulté de la définition de ces opérateurs réside dans le
fait que leur caractérisation nécessite d’utiliser la définition de I’opérateur de révision

8. Cela est formalisé par le postulat (R*1).
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associé (obtenu avec un nombre suffisant d’itérations identiques). Il nous semble que
c’est a cause de cette difficulté que ces opérateurs tres naturels n’ont pas été caractérisés
jusque la.

Nous ne détaillons pas plus cette approche ici, puisque 1’article correspondant est
inclus dans la deuxieme partie du document (chapitre | 1).
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Chapitre V

FUSION

Ce qui est contraire est utile et c’est de ce qui est en lutte que
nait la plus belle harmonie ; tout se fait par discorde.

(Héraclite)

section sera donc un peu plus longue que les autres. Nous aborderons tout d’a-

bord la caractérisation logique de la fusion, puis les différentes familles d’opéra-
teurs qui ont été proposées. Nous discutons ensuite le probleme de la manipulation de
la fusion. Enfin nous présentons des travaux de fusion d’informations plus structurées
qu’en logique classique.

I a majeure partie de nos travaux concerne la fusion de bases de croyances. Cette

5.1. Caractérisation de la fusion

Nous avons proposé [ 17, 18, 2] une caractérisation logique des opérateurs de fusion,
qui est une généralisation du cadre AGM pour la révision [ , ] et qui prend
en compte 1’aspect agrégation des croyances.

Nous avons défini deux sous-classes d’opérateurs, les opérateurs majoritaires et les
opérateurs d’arbitrage. Nous avons donné un théoréme de représentation en termes de
pré-ordres sur les interprétations. Outre le fait que ce théoréme fournit une sémantique
a ces opérateurs et en donne une définition plus constructive, il permet également d’étu-
dier plus finement [6] les rapports entre la fusion, la théorie de la décision [ ]et
la théorie du choix social [ ].

Définition 18 A : £ x L +— K est un opérateur de fusion contrainte si et seulement
si il satisfait les propriétés suivantes :

ICO0) AL(E)Fp

(IC1) Si pu est cohérent, alors N\, (E) est cohérent
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(IC2) Si E est cohérent avec i, alors A, (E) = NE A p

(IC3) Si By = Ej et g = po, alors Ay, (Er) = Ay, (E2)

(IC4) Si Kt pet K'tEp,alors Ay (KUK')ANKF L= A (KUK )ANK'F L
(IC5) A (Ey) A D (By) b A (Ey U Ey)

(IC6) Si A, (E1) N AL(E5) est cohérent, alors A, (Ey U Ey) = A (Ev) A AL (E2)
(ACT) Ly (B) A piz b Dy iy (B)

(IC8) Si A, (E) A ug est cohérent, alors Ny ppu, (E) B AL (E) A pio

Une partie de ces propriétés avait déja été proposée par Revesz [ ] pour ca-
ractériser ce qu’il appelle les opérateurs d’adéquation sémantique (model fitting).

La signification intuitive de ces propriétés est la suivante : (ICO) assure que le résul-
tat de la fusion satisfait les contraintes d’intégrité. (IC1) dit que si les contraintes d’inté-
grité sont cohérentes alors le résultat de la fusion est cohérent, c’est-a-dire que I’on peut
toujours extraire des croyances cohérentes du groupe d’agents. (IC2) demande que,
lorsque c’est possible, le résultat de la fusion soit simplement la conjonction des bases
de croyances et des contraintes d’intégrité. Donc, lorsqu’il n’y a pas de conflit entre
les agents et les contraintes, la fusion est simplement I’union des différentes croyances.
(IC3) est le principe d’indépendance de syntaxe, c’est-a-dire que le résultat de la fusion
ne dépend pas de la forme syntaxique des croyances mais simplement des opinions ex-
primées. (IC4) est la propriété d’équité. Elle assure que lorsque 1’on fusionne 1’opinion
de deux agents, 1’opérateur ne peut pas donner de préférence a I’'un d’eux. (ICS) ex-
prime 1’idée suivante : si un groupe F; se met d’accord sur un ensemble d’alternatives
qui contient 1’alternative A, et si un autre groupe Fy se met d’accord sur un autre en-
semble d’alternatives qui contient également A, alors si I’on joint les deux groupes A
fera encore partie des alternatives acceptables. Et (IC5) et (IC6) ensemble, expriment le
fait que, des que 1’on peut trouver deux sous-groupes qui s’accordent sur au moins une
alternative, alors le résultat de la fusion sera exactement I’ensemble des alternatives sur
lesquelles ces deux groupes s’accordent. (IC7) et (IC8) sont une généralisation directe
des postulats (R5) et (R6) de la révision de croyances (voir section ). Ils expriment
des conditions sur les conjonctions de contraintes d’intégrité et s’assurent de ce fait que
la notion de proximité est bien fondée. C’est-a-dire, par exemple, que si une alternative
A est préférée parmi un ensemble d’alternatives possibles et si on restreint le nombre
d’alternatives possibles tout en gardant I’alternative A, celle-ci sera toujours préférée
parmi les alternatives restantes. Cette propriété est assez usuelle dans les différentes
théories du choix (décision, choix social, etc.).

Nous allons a présent définir deux sous classes d’opérateurs de fusion, les opéra-
teurs de fusion majoritaires et les opérateurs d’arbitrage.

Un opérateur de fusion majoritaire est un opérateur de fusion contrainte qui satis-
fait la propriété suivante :

(Maj) 3n A, (Ey UE}) F A, (Esy)

Ce postulat exprime le fait que si une opinion a une large audience, ce sera alors
I’opinion du groupe. On peut remarquer que cette propriété est trés générale. Elle ne dit
pas exactement le nombre de répétitions nécessaires d’un profil pour s’imposer (cela
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dépend de I’opérateur), mais elle impose 1’existence d’un tel seuil. Les opérateurs de
fusion majoritaire tentent donc de satisfaire au mieux le groupe dans son ensemble.
D’un autre cdté, les opérateurs d’arbitrage tentent de satisfaire chacun des éléments
du groupe pris individuellement du mieux possible. Un opérateur d’arbitrage est un
opérateur de fusion contrainte qui satisfait la propriété suivante :

ANI (Kl) = AN? (KQ)

Auﬁ—huz ({KviQ}) = (:ul A _',UQ)
pa ¥ pue

2 ¥ pa

(Al‘b) = A;n\/ug({Klv KQ}) = Alﬂ (K1>

Ce postulat dit que si un ensemble d’alternatives préférées sous un ensemble de
contraintes d’intégrité p; pour une base de croyances K; correspond a I’ensemble des
alternatives préférées par la base K5 sous les contraintes po, et si les alternatives qui
n’appartiennent qu’a un des deux ensembles de contraintes d’intégrité sont toutes aussi
crédibles pour le groupe ({K1, K»}), alors les alternatives préférées pour le groupe
parmi la disjonction des deux ensembles de contraintes seront celles préférées par
chacune des bases sous leurs contraintes respectives. Ce postulat est bien plus intui-
tif lorsqu’il est exprimé sous la forme d’assignement syncrétique (voir condition 8). Il
exprime le fait que ce sont les alternatives médianes qui sont favorisées.

A présent que nous disposons d’une définition logique des opérateurs de fusion
contrainte, nous allons donner un théoréeme de représentation qui permet de définir
ces opérateurs de maniere bien plus intuitive. Ce théoréme montre qu’un opérateur de
fusion contrainte correspond a une famille de pré-ordres sur les interprétations.

Définition 19 Un assignement syncrétique est une fonction qui associe a chaque pro-
fil E un pré-ordre <g sur les interprétations telle que pour tous profils I, E1, E5 et
pour toutes bases K, K' les conditions suivantes sont satisfaites :

1. SiweE ANEetw =EN\E, alorsw ~g '
SiwEAFEetw = NE, alorsw <g o'
Si By = Ey, alors <p,=<pg,
YVwEK3IW EK W <gg w

AN

Siw<p, Wetw<g, W, alorsw <g, g, W
6. Siw<p, wetw<g, W, aorsw <p,ug, W

Un assignement syncrétique majoritaire est un assignement syncrétique qui satisfait
la condition suivante :

7. Siw <p, ', alors In w <p,upy W'

Un assignement syncrétique juste est un assignement syncrétique qui satisfait la
condition suivante :

w<pg, w

8 w<k,w
/N
w —KiUKo w

/ /
= W <K,UK, W

"
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La condition 1 dit que deux modeles du profil sont équivalents pour le pré-ordre
associé et la condition 2 dit qu’un modele du profil est toujours préféré a un contre-
modele. La condition 3 dit que si deux profils sont équivalents alors les deux pré-ordres
associés sont équivalents. Ces trois conditions sont une généralisation des conditions
de I’assignement fidele pour les opérateurs de révision [ ]. La condition 4 dit
que pour le pré-ordre associé a un profil composé de deux bases de croyances, pour
chaque modele de I'une, il existe un modele de 1’autre qui est au moins aussi bon. La
condition 5 dit que si une interprétation est au moins aussi bonne qu’une autre pour
un profil Ey, et que cette interprétation est également au moins aussi bonne pour un
profil Es, alors elle sera au moins aussi bonne que 1’autre pour la réunion des deux
profils. La condition 6 renforce un peu ce résultat en exigeant que si une interprétation
est strictement meilleure qu’une autre pour un profil £, et que cette interprétation est
au moins aussi bonne pour un profil Fs, alors cette interprétation doit &tre strictement
meilleure que 1’autre pour la réunion des deux profils. La condition 7 dit que si ’on
répete un groupe E suffisamment de fois alors les préférences strictes de ce groupe
seront respectées. La condition 8 dit que ce sont les choix médians qui sont préférés
pour le groupe. Ce comportement est illustré figure (les interprétations les plus
basses sont les interprétations préférées, par exemple pour K : w”’ <g, w <g, w').
L’interprétation w, qui n’est jamais aussi mauvaise que w’ et w’’ est préférée a celles-ci
pour le résultat de la fusion.

w W w
Bl

(a) K] (b) KQ (C) Kl |_|K2

FIGURE 5.1 — Arbitrage

Nous pouvons a présent énoncer le théoreme de représentation pour les opérateurs
de fusion contrainte :

Théoreme 17 ([18, 77]) Un opérateur /\ est un opérateur de fusion contrainte (res-
pectivement un opérateur majoritaire ou un opérateur d’arbitrage) si et seulement si il
existe un assignement syncrétique (respectivement un assignement syncrétique majori-
taire ou un assignement syncrétique juste) qui associe a chaque profil £ un pré-ordre
total <g tel que

mod(£5,,(E)) = min(mod(y), <p)

Voir [ ] pour une généralisation de ce théoréme dans le cas infini.

5.2. Familles d’opérateurs de fusion

Nous allons présenter dans cette section un panorama des principales familles d’opé-
rateurs de fusion de la litterature.
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5.2.1. Opérateurs a base de modeles

Nous avons donné une définition générale des opérateurs de fusion a base de mode-
les, paramétrés par une distance et une fonction d’agrégation. Les opérateurs étudiés
par [ , ] sont des cas particuliers utilisant la distance de Hamming et les
fonctions d’agrégation 3 ou max. Nous avons montré que les propriétés de ces opéra-
teurs étaient les mémes quelle que soit la distance utilisée. Nous avons également pro-

posé 1'utilisation de la fonction d’agrégation GMAX (leximax) [17, 2] et les fonctions
utilisant la somme des puissances, qui permettent de choisir le degré de consensualité
de I’opérateur [0, 23].

Nous allons rapidement rappeler la définition de ces opérateurs.

Définition 20 Une (pseudo-)distance ' entre interprétations est une fonction d : VV x
W s R telle que pour tout w, w' € W :

o d(w,w') =dWw,w), et

o d(w,w’) = 0 si et seulement si w = W'

Définition 21 Une fonction d’agrégation f est une fonction qui associe un réel positif

a tout n-uplet ple fini de réels positifs tel que pour tout 1, . .., T, z,y € R :
o sixz <y, alors f(z1,...,2,...,2,) < f(z1,...,Y,...,Tpn) (monotonie)
o f(x1,...,x,) = 0siet seulementsizy = ... =z, =0 (minimalité)
o flx)=1x (identité)

Définition 22 Soit une distance entre interprétations d et une fonction d’agrégation f.
L’opérateur de fusion a base de modeles A%/ est défini par :

mod(A%S (E)) = min(mod(p), <p)

ou le pré-ordre < sur VW est défini par :
o w <p W sietseulement si d(w, E) < d(w', E), oit
o d(w,F) = fld(w, K1) ...,dw,K,)), on E={Ky,...,K,}.

Si la fonction d’agrégation f a de bonnes propriétés, comme les fonctions usuelles
(comme le maximum, la somme, le leximax, la somme des puissances niemes le lexi-
min), les opérateurs a base de modeles générés (quelle que soit la distance) sont des
opérateurs de fusion contrainte (ils satisfont toutes les propriétés (IC0O-IC8)).

Plus exactement on a les résultats suivants [5] :

Théoreme 18 Soit une distance entre interprétations d et une fonction d’agrégation
f, Vopérateur AN%F satisfait les propriétés (IC0), (IC1), (IC2), (IC7) et (IC8).

Théoreme 19 Soit une distance entre interprétations d et une fonction d’agrégation
f, Vopérateur N1 satisfait les propriétés (ICO-ICS) si et seulement si la fonction
d’agrégation f satisfait les propriétés suivantes :

e Pour toute permutation o, f(x1,...,2,) = f(o(x1,...,2y)) (symétrie)
L4 Slf(l'l,,.’L‘n) S f(yla""y’ﬂ)’ alorsf(a:l,...,xn,z) S f(ylv"'ayﬂmz)‘
(composition)
o Sif(x1,. .., xn,2) < fyry.- Yn,2), alors f(z1,...;2,) < f(Y1,-- -, Yn)-
(décomposition)

1. L’inégalité triangulaire n’est pas nécessaire.
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5.2.2. Opérateurs a base de formules

Les opérateurs a base de formules sont des opérateurs syntaxiques, c’est-a-dire que
le résultat dépend de la présentation syntaxique des bases de croyances intervenant
dans la fusion. Lorsque les bases de croyances sont des ensembles de formules, les
opérateurs de fusion a base de formules usuels sélectionnent, dans I’union des bases,
des sous-ensembles maximaux cohérents de formules [ s ]. Ces mé-
thodes ont I’inconvénient de perdre 1’origine des informations et ne permettent donc
pas de tenir compte de la distribution de I’information pour la fusion. Ceci est tres
g€nant pour tenir compte de la majorité par exemple.

Nous avons donc proposé [20], apreés avoir étudié les propriétés logiques de ces
opérateurs, 'utilisation de fonctions de sélection, inspirées des transitively relational
partial meet contractions functions (voir section ) dans le cadre de la révision,
pour tenir compte de cette distribution. Nous avons montré que cela permet d’obtenir
des opérateurs avec de meilleures propriétés logiques et donc un meilleur comporte-
ment. Ces résultats illustrent 1’utilité de la caractérisation logique des opérateurs. Cette
caractérisation permet de classer les différents opérateurs existants selon les propriétés
satisfaites ou non, et de proposer des améliorations pour certains de ces opérateurs.

La définition formelle de ces opérateurs est la suivante :

Définition 23 Soit MAXCONS(K, 11) I’ensemble des maxcons de K U{u} qui contien-
nent i, i.e., les sous-ensembles maximaux (pour Uinclusion ensembliste) de K U {u}
qui contiennent 1. Formellement, MAXCONS (K, ) est I’ensemble de tous les M tels
que :

e M C KU{u},

o e M,

o si M C M'C KU{u},alors M'+ L.
Soit MAXCONS(E, 1) = MAXCONS(Uy, ¢ s Ki, p). Lorsque la maximalité des en-
sembles est défini en termes de cardinalité on utilisera l'indice « card », i.e. on notera
I’ensemble MAXCONS crd(E, 11).

On peut alors définir les opérateurs de fusion a base de formules suivants :

Définition 24 Soit un profil E et une formule i :
ASHE) =\ MAXCONS(E, ).

c - : )
AG(E) = \/{M : M € MAXCONS(E, T) et M U {p} cohérent}.
ASH(E) = \/ MAXCONS card(E, ).

AT(E) =\V{M U{u} : M € MAXCONS(E, T) et M U {p} cohérent}

si cet ensemble est non vide et | sinon.

Les opérateurs AG!(E), AT3(E) et AT*(E) correspondent respectivement aux
opérateurs Combl(E, p), Comb3(E, n) et Comb4d(E, p) définis dans [ 1.
L opérateur A% est une légére modification de A3 afin d’obtenir de meilleures pro-
priétés logiques [20].

Ces opérateurs effectuent une union des bases, puis tentent d’extraire une infor-
mation cohérente a partir de cette union incohérente. C’est-a-dire qu’ils utilisent les
approches d’inférence a partir de base incohérente décrites a la section . Du point
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de vue de la fusion c’est assez insatisfaisant car on n’utilise pas les informations sur la
localisation des informations parmi les différentes bases, c’est-a-dire justement ce qui
différencie la fusion de I’inférence en présence d’incohérence.

Nous avons appelé ces opérateurs opérateurs de combinaison -, pour les dif-
férencier des opérateurs de fusion.

Nous avons également proposé [20] de ne sélectionner que les maxcons qui satis-
font au mieux un critere de fusion. Ces fonctions de sélections sont inspirées de celles
utilisées dans le cadre de la révision pour la définition des partial meet contraction
functions (voir section ). Dans les deux cas, ces fonctions de sélection ont pour
but de ne sélectionner que les « meilleurs » maxcons. L’idée dans ce cadre de fusion est
que ces fonctions apportent une évaluation sociale (i.e. tenant compte de la distribution
de I’information parmi les bases).

Dans [20] nous avons étudié trois critéres particuliers. Le premier (A%) sélectionne
les maxcons qui sont cohérents avec le plus de bases possibles. Le deuxieme (AS>)
sélectionne les maxcons qui ont la plus petite différence (symétrique) pour la cardina-
lité avec les bases. Le troisieme (A™*) sélectionne les maxcons qui ont la plus grande
intersection (pour la cardinalité) avec les bases.

En terme de propriétés logiques on obtient les résultats suivants pour les opérateurs
de combinaison (v signifie que le postulat est vérifié) :

ICO ICI IC2 IC3 IC4 IC5 IC6 IC7 IC8 MI Maj

AL, v v - v v =y =y =
NG - - - = =y =
AL v v - - = =y v v -
N N N N A A A

TABLE 5.1 — Propriétés des opérateurs de combinaison

Sil’on utilise les fonctions de sélection, on obtient de meilleures propriétés qu’avec
les opérateurs de combinaison :

ICO IC1 IC2 IC3 IC4 IC5 IC6 IC7 IC8 MI Maj

NG, v v - v v - N
N v v v - v VR v - v
ASE v v - v - - v v -
ADE v v - = v v v v -

TABLE 5.2 — Propriétés des opérateurs i base de fonction de sélection basés sur A1

On peut constater qu’aucun opérateur a base de formules ne parvient a satisfaire
I’ensemble des propriétés logiques de la fusion contrainte. C’est pour cette raison que
nous avons proposé une alternative décrite a la section

2. Terme employé dans les articles [ , 1.
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Nous pensons qu’il pourrait étre intéressant de continuer cette piste pour étudier
plus systématiquement les autres opérateurs et autres fonctions de sélection. Une pers-
pective plus générale serait d’obtenir un théoréme de représentation avec ces fonctions
de sélection, qui serait une généralisation de celui des partial meet contraction func-
tions pour la révision.

5.2.3. Opérateurs DA?

Nous avons défini [5, 24, 63] une nouvelle famille d’opérateurs de fusion, para-
métrée par une distance et deux fonctions d’agrégation, appelés opérateurs de fusion
DAZ? (Pour 1 Distance et 2 fonctions d’Agrégation). Ces opérateurs sont une générali-
sation des opérateurs de fusion a base de modeles usuels, mais permettent également
de capturer certains opérateurs de fusion a base de formules. L’ inconvénient princi-
pal des opérateurs de fusion a base de modeles usuels est qu’ils ne permettent pas de
prendre en compte les bases incohérentes. Or, dans certains cas, il peut étre néces-
saire ou simplement utile d’utiliser ces informations. D’un autre c6té, les opérateurs
a base de formules permettent de prendre en compte les bases incohérentes, mais ne
tiennent pas compte de la distribution des informations. Les opérateurs de fusion DA?2
permettent d’éviter ces deux écueils. Ils sont définis similairement aux opérateurs a
base de modeles :

Définition 25 Soit une distance entre interprétations d et deux fonctions d’agrégation
f et g. L’opérateur de fusion DA% A%/9 est défini par :

mod(AZ’f"g(E)) = min(mod(u), <g)

ot le pré-ordre <g sur W est défini par :
o w <p w' sierseulement si d(w, F) < d(w', E), oui
e dw,FE) = f(dw,K1)...,d(w,Kp)),on E={Ky,...,K,}.
o dw,K;) =g(d(w,a1)...,dw,am,)), on K; = {a1,...,0m,}

La premiere fonction d’agrégation g permet d’extraire une information cohérente
de la base K; méme si celle-ci est incohérente. Puis la seconde fonction f réalise
I’agrégation entre sources.

Nous avons étudié ces opérateurs d’un point de vue logique et du point de vue de
la complexité algorithmique, a la fois pour des familles générales d’opérateurs mais
également pour des opérateurs particuliers. Ces résultats de complexité permettent
d’intéressantes conclusions, ils montrent en particulier que d’un point de vue calcu-
latoire, ces opérateurs de fusion a partir de distances ne sont pas plus durs que les
opérateurs a base de modeles usuels puisque 1’on reste au méme niveau de la hiérar-
chie polynomiale (la généralisation ne cofite donc rien au niveau de la complexité), et
ne sont pas plus durs que les opérateurs de révision.

Nous ne détaillons pas plus cette approche ici, puisque 1’article correspondant est
inclus dans la deuxieme partie du document (chapitre |3).
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5.2.4. Opérateurs disjonctifs

Nous avons défini une nouvelle [30, 49, 65] famille d’ opérateurs de fusion, les opé-
rateurs de fusion a quota. Ces opérateurs sont proches de méthodes de vote, appelées
votes par comités [ ]. L’idée est qu’une interprétation est modele du résultat si
elle est modele d’un nombre suffisant de bases. Nous avons montré que ces opérateurs
proposent un bon compromis entre un ensemble de criteres importants pour des opé-
rateurs de fusion : les propriétés logiques (section 5.1), la complexité algorithmique,
la (non-)manipulabilité (voir section 5.4) et la puissance inférentielle. Nous avons éga-
lement proposé une nouvelle famille d’opérateurs, appelés opérateurs GMIN ~, et nous
avons montré qu’ils sont plus intéressants que les opérateurs de fusion a quota, car ils
sont moins prudents et satisfont plus de propriétés logiques (d’un autre coté cela se
paye par une complexité algorithmique plus élevée).

Le point commun de tous ces opérateurs est qu’ils sont disjonctifs, c’est-a-dire que
le résultat de la fusion est choisi parmi la disjonction des bases.

Cette propriété n’est pas (et ne doit pas étre) satisfaite par tous les opérateurs de fu-
sion, car cela empéche de trouver des solutions de compromis, qui n’ont été proposées
par aucune des bases.

Mais dans certains cas, il est justifié d’imposer cette propriété de « disjonction »,
en particulier en ce qui concerne la fusion de croyances *. Supposons par exemple que
plusieurs médecins proposent des traitements possibles pour une pathologie donnée,
il semble clair qu’il vaut mieux choisir parmi les traitements possibles, plutdt que de
mélanger les traitements...

Une autre justification de cette propriété de disjonction est qu’elle peut-étre expli-
quée comme 1’expression d’une propriété d’unanimité. L' unanimité est une propriété
classique lorsque 1’on agrege des informations, et elle est considérée comme une pro-
priété indispensable pour les méthodes de vote par exemple. Cette propriété signifie
intuitivement que si tous les agents considérent qu’un candidat est le meilleur, alors il
doit étre considéré comme le meilleur pour le groupe. Si I’on considere 1’expression
de cette condition d’unanimité en fusion, il y a deux interprétations possibles. La plus
directe est I’expression de I’'unanimité sur les interprétations. Ce qui s’exprime de la
facon suivante :

(UnaM) Siw =petVK € E,w = K, alorsw = A (E)

Cette condition est une conséquence de la propriété (IC2), elle est donc satisfaite
par tout opérateur de fusion contrainte.

Mais, si I’on considere qu’une base est I’ensemble de ses conséquences, on peut
exprimer I’unanimité sur les formules :

(UnaF) Si3K € Etq. uAK estcohérent, alors si VK € E, K |= a, alors A, (E) |=
«

La condition de (UnaF) s’assure juste qu’il est possible de sélectionner un résultat
dans la disjonction des bases qui soit compatible avec les contraintes d’intégrité.
Et cette condition est équivalente au fait d’&tre un opérateur disjonctif :

3. Ces opérateurs sont des opérateurs a base de modele (section ), avec une nouvelle fonction d’agré-
gation GMIN (leximin).
4. Voir la section fusion de croyances versus fusion de but (section 5.3).
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(Disj) Si\/ E est cohérent avec p, alors A, (E) =\ E

Cette propriété (Disj) est la principale raison pour justifier ’utilisation des opéra-
teurs de fusion a base de formules (voir section ). En effet, comparés aux opéra-
teurs a base de modeles, ces opérateurs satisfont bien moins de propriétés logiques et
ont une complexité algorithmique souvent plus importante.

Ce travail suggere donc que les opérateurs GMIN sont un bon substitut aux opé-
rateurs a base de formules : comme eux ils satisfont la propriété de disjonction, mais
ils présentent de bien meilleures propriétés logiques (ce sont des opérateurs de fusion
contrainte), et une meilleure complexité algorithmique.

5.2.5. Opérateurs a base de conflits

Les opérateurs a base de modeles (section ) sont basés sur une notion de proxi-
mité entre modeles. Cette notion de proximité est capturée par une distance (numé-
rique), telle que la distance de Hamming par exemple. Une autre possibilité est de
considérer comme « distance » I’ensemble des variables propositionnelles qui difféerent
entre deux interprétations (cette distinction existe dans le cadre de la révision, si on
examine le lien entre I’opérateur de révision de Dalal [ ] et ’opérateur de Borgida
[ 1). On est donc alors beaucoup plus précis qu’avec la distance de Hamming.
Cela nous a conduit a définir un premier opérateur de fusion [38, 52], puis une famille
entiere d’opérateurs de fusion basée sur les vecteurs de conflits [39]. Cette famille est
beaucoup plus générale que les opérateurs basés sur les modeles usuels (qui sont donc
un cas particulier de cette classe), et permettent méme de raffiner ces opérateurs.

Voyons un petit exemple illustrant en quoi définir un vecteur de conflit permet une
meilleure discrimination des interprétations que lorsque 1’on résume le conflit par une
distance numérique.

Exemple 6 Soit un langage contenant les variables a, b, c,d, un profil E = {K;, ...,
K4} et une contrainte d’intégrité p telle que mod(p) = {w1,ws}
diff(w,w’) = {a € P |w(a) # '(a)}, et diff(w, K) = min,x (diff (w,w’), C).

diff(w, K1) | diff(w, K2) | diff(w, K3) | diff(w, Ky)
wi | {{a}} {{a}} {{a}} {{a}}
wy | {{a}} (b3} {{c}} {{d}}
TABLE 5.3 — Différence entre w; et wo ?
La table indique le conflit minimal entre chaque modéle des contraintes et

chaque base du profil. Par exemple le conflit entre wy et K porte sur la variable
a, c’est-a-dire que le modele de K1 qui présente le moins de différence par rapport a
w1 est simplement en désaccord avec la valeur de vérité de la variable a.

Clairement la distance de Hamming ne permet pas de discriminer entre ces deux
interprétations, car elles sont toutes deux a une distance 1 de chaque base. On obtient
deux vecteurs (1,1,1,1) qui sont indiscernables quelle que soit la fonction d’agréga-
tion utilisée.

56



Si I’on utilise les vecteurs de conflits on obtient dans un cas le vecteur (a, a, a, a)
et dans I"autre {(a, b, ¢, d), ce qui montre une claire différence entre les deux situations.

Dans le cas de w; tous les agents s’accordent sur le fait que la variable « problémati-
que » est a, alors que ce n’est pas le cas pour wa. Ces deux interprétations peuvent donc
étre traitées différemment par les opérateurs de fusion a base de vecteurs de conflits.

5.2.6. Opérateurs a base de défauts

Delgrande et Schaub ont proposé deux opérateurs de fusion a base de défauts
[ ]. L’idée est d’utiliser un langage spécifique pour chaque base, afin d’assurer
que I'union de ces bases soit cohérente, et ensuite d’ajouter autant de regles de défaut
que possible afin d’identifier les variables correspondantes dans les différents langages
(ce qui rappelle I’approche de Besnard et Schaub pour I’inférence en présence d’inco-
hérence décrite section ).

Ces opérateurs sont proches dans I’idée des opérateurs a base de conflits, puisqu’ils
examinent les conflits existants variable par variable, mais ils les traitent de maniere
différente. Ces opérateurs ne sont donc pas définissables a partir d’une des familles
précédentes.

La définition formelle de ces opérateurs est la suivante :

Définition 26 Un i-renommage d’un langage L est le langage L, construit & partir
de I’ensemble de variables propositionnelles P* = {p' | p € P}, oit pour chaque
a € L, o est le résultat du remplacement dans « de chaque variable propositionnelle
p € P par la variable correspondante p* € P*. Soit une base K, le i-renommage de
(des formules de) K, est noté K'.

Définition 27 Soit un profil E = {K1, ..., K,}.

e Soit EQ un sous-ensemble de {p* < p' | p € Letk,l € {1...n}} maximal
(pour Uinclusion ensembliste) tel que (\ . cp K. N A EQ est cohérent.
Alors {a | Vj € {1...n} (Agk,cx Ki) N EQ |= o’} est une extension cohé-
rente symétrique de F.
La fusion sceptique \s(E) de E est Uintersection de toutes les extensions cohé-
rentes symétriques de L.

o Soit EQ un sous-ensemble de {p’ < p|p € Letj € {1...n}} maximal (pour
Iinclusion ensembliste) tel que ()\ .z K}) N EQ est cohérent.
Alors (Ng,ep K ) A EQ est une extension cohérente projetée de E.
La fusion sceptique V ;(E) de E est Iintersection de toutes les extensions cohé-
rentes projetées deE.

Exemple 7 Soit le profil E = {K, Ko, K3}, avec K1 = (pAgA—1r)V (-pAgAT),
Ko=(pAN—-gAN-1)V(—pAgA-r)et K3=—gA .
Il'y a quatre ensembles maximaux d’équivalences pour Ag(E) :

1 2 .1 2 1 2 .1 2 2
EQi= {p' & pp sppPeprlrerrlerrreryg <:>q3}
EQ:= {pt epdrterrlterr?er dsd®l
EQ:= (PP epdrterrterr?er dsd®l
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EQ:i= {p' e pipt e p’p’ e pdrter ¢ e ¢?)
Donc, As(E) = —rV (=p A q).

Pour Vg, les ensembles maximaux d’équivalences sont les suivants :
(p & p' < p? & p3 sera utilisé comme abbréviation pour p < p*,p < p?,p < p3)

EQi={pepepPeprrerrerler jsd® s}
EQi={pepepPeprrerrerlaer gsqdl,
EQ:= {pepeprerrerer gsqd ¢}
EQs={pepreprererer gsqd ¢}
EQi={pepepPesprrerergsd s ¢®}
EQ,= {pepepesprergsqd ¢}

Done, Vi(E) = (pA—r)V (mpAQ).

Ces opérateurs de fusion ont été€ implémentés dans le cadre de la plate-forme COBA
[ I

Une critique que I’on peut adresser a cette approche est que, tout comme les opéra-
teurs a base de formules, ces opérateurs ne tiennent pas compte de la distribution des
informations parmi les sources. En particulier ils ne sont pas majoritaires, et une infor-
mation qui serait crue par toutes les bases sauf une ne sera par exemple pas retenue dans
le résultat. Mais, comme pour les opérateurs a base de formules (voir section ),
il nous semble possible de définir des politiques additionnelles afin de prendre ce type
d’arguments en compte en utilisant des fonctions de sélection sur les sous-ensembles
maximaux F'Q. Nous pensons donc qu’il reste des pistes intéressantes a explorer dans
ce cadre.

5.2.7. Opérateurs a base de similarité

Récemment Schockaert et Prade [ ] ont proposé des opérateurs de fusion ba-
sés sur une relation de similarité qualitative : pour chaque variable propositionnelle
on associe un pré-ordre partiel sur les interprétations, dont cette variable est I’unique
minimum, et qui représente la similarité des autres variables. Deux variables peuvent
évidemment ne pas étre en relation, d’ou le pré-orde partiel.

Cette relation peut-&tre extraite d’un graphe entre variables propositionnelles, com-
me sur la figure extraite de [ ], ol la similarité entre deux variables se compte
en nombre d’arcs parcourus.

Shockaert et Prade se servent alors de cette relation de similarité pour tenter de
trouver les meilleurs compromis lors de la fusion. La justification est alors de supposer
que le conflit n’est pas issu d’avis divergents (donc d’un conflit réel), mais en quelque
sorte de problemes d’ontologie, ou d’approximations (par exemple un agent qui ne fait
pas de distinction entre Single(x) et Divorced(x).

Lutilisation d’une telle relation de similarité permet d’utiliser des techniques plus
fines pour la résolution de conflit, qui ont des points communs avec les techniques
utilisées pour la fusion de systémes de contrainte (voir section ).
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CivilUnioned(x)

Married(x)
Cohabitating(x)

(Widowed(x)) (Divorced(x))

FIGURE 5.2 — Relation de similarité

L’inconvénient est que cette approche nécessite la donnée additionnelle d’une rela-
tion de similarité, qui n’est pas toujours disponible.

Cet article est a notre connaissance le premier a aborder 1’utilisation de cette no-
tation de similarité pour la fusion de croyances. Nous pensons qu’il reste beaucoup
a faire dans cette voie. Il semble intéressant en particulier de tenter de combiner les
approches de fusion a base de modeles et cette approche a base de similarité.

5.3. Fusion de croyances versus fusion de buts

Depuis le début du chapitre nous utilisons le terme de « fusion de croyances » de
maniere générique. Mais les travaux réalisés sur la caractérisation des opérateurs de
fusion sont valables autant pour la fusion de croyances proprement dite que pour la
fusion de buts. En effet, tous les postulats présentés sont aussi valables dans un cas
que dans 1’autre. Méme s’il peut sembler étrange a premiere vue que des concepts
si différents (croyances ou buts) puissent étre traités de facon identique du point de
vue de 1’agrégation, la pertinence des opérateurs de fusion contrainte pour la fusion
propositionnelle (que ce soit de buts ou de croyances) n’a pas encore été remise en
cause par 1’adjonction de nouveaux postulats qui permettraient de séparer les deux
types de fusion.

Les seules nuances que I’on peut trouver est qu’il est plus facile de justifier les
opérateurs de fusion disjonctive pour la fusion de croyances que pour la fusion de buts.

Dans I'idée d’étudier plus avant les liens entre fusion et théorie du choix social,
nous nous sommes intéressés [71] au probleme de 1’identification du monde réel (truth
tracking). Cela permet d’identifier deux types de fusion : le point de vue synthétique et
le point de vue épistémique :

Vue synthétique : Sous le point de vue synthétique la fusion a pour objectif de carac-
tériser une base qui représente au mieux les croyances du profil initial. C’est la
vue considérée dans les travaux précédents concernant la fusion de croyances.

Vue épistémique : Sous le point de vue épistémique, le but d’un processus de fusion
est d’estimer au mieux le monde réel, donc de supprimer autant que possible
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I’incertitude du groupe d’agents a son sujet.

Il est intéressant de remarquer que la vue épistémique, c’est-a-dire la recherche du
monde réel, est un moyen de différencier la fusion de croyances de la fusion de buts.
En effet, alors que la recherche du monde réel peut étre demandée lors de la fusion de
croyances, le concept de recherche du monde réel n’a pas de sens pour des buts. Il est
en effet assez clair que la notion de « vrai but », équivalent dans le cadre des buts du
monde réel, ne signifie rien.

Nous avons étudié quels opérateurs de fusion étaient adéquats pour la vue épistémi-
que (nous avons proposé un nouveau postulat pour cette recherche du monde réel).

En théorie du choix social, le résultat qui justifie les décisions prises a la majorité
est le théoreme du jury de Condorcet, qui énonce que si, pour répondre a une question
binaire (de type Oui/Non), on dispose d’agents fiables (qui ont moins d’une chance sur
deux de se tromper) et indépendants, alors se fier a la majorité est la bonne chose a
faire (en particulier quand le nombre d’agents tend vers I’infini, la probabilité d’erreur
de cette procédure tend vers 0).

C’est ce résultat théorique qui justifie 1’utilisation de comités pour prendre des
décisions. Or, il est facile de constater que ses hypotheses sont tres restrictives. En
particulier, on ne peut choisir qu’entre 2 alternatives, et les agents ne peuvent pas avoir
d’incertitude (ils ne peuvent pas étre indifférents/hésitants entre Oui et Non).

Nous avons démontré, afin de pouvoir I'importer dans le cadre de la fusion, une
généralisation du théoréme du jury de Condorcet, que nous avons appelé théoréme du
jury sous incertitude, lorsqu’il y a un nombre quelconque d’alternatives et lorsque
les agents peuvent étre incertains (ils fournissent un ensemble d’alternatives et pas une
alternative unique). Nous avons montré que le vote par approbation (approval voting)
[ ], qui permet aux individus de voter pour un nombre quelconque de candidats et
qui élit le candidat ayant recu le plus de voix, est la méthode a utiliser dans ce cas.

5.4. Manipulation

Nous avons étudié [9, 27, 64] la résistance a la manipulation des opérateurs de
fusion. Les opérateurs existants de fusion permettent de définir les croyances/buts du
groupe d’agents. Mais, si un agent est capable de conduire des raisonnements sur le ré-
sultat de cette opération et sur I’'impact qu’il peut avoir sur celui-ci, il peut étre tenté de
mentir sur ses véritables croyances (ou buts), afin de modifier le résultat conformément
a ses intéréts. Nous avons défini des notions de manipulabilité pour la fusion, et nous
avons étudié la manipulabilité des principales méthodes de fusion de la littérature.

De maniére non surprenante, il est assez difficile d’obtenir des garanties de non
manipulabilité. En effet, 1a fusion de croyances est trés proche techniquement de 1’agré-
gation de préférences. Or, un résultat important en choix social, le théoréme de Gibbard-
Sattherwaite [ , ], montre qu’il est impossible de définir une méthode d’agré-
gation de préférences non manipulable. Il n’est donc pas étonnant d’avoir trés peu de
cas de non manipulabilité dans le cas de la fusion.

Nous avons défini la manipulabilité comme suit [9, 27, 64] :

Définition 28 Soir un indice de satisfaction i, i.e., une fonction de L x L dans IR.
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e Un profil E est manipulable par une base K pour l'indice i étant donné I’opéra-
teur /\ et la contrainte d’intégrité 1 si et seulement si il existe une base K' telle
que

(K, A(BEU{K'}) > i(K, Au(EU{K}))

e Un opérateur de fusion A est non manipulable pour i si et seulement si il n’y
a pas de contrainte d’intégrité i et de profil E = {K,...,K,} tel que E est
manipulable pour 1.

Cette définition de la manipulabilité est assez standard. La différence avec le cas de
I’agrégation de préférence ol la comparaison des situations est directe, est que dans le
cas de la fusion on doit utiliser un indice de satisfaction.

Nous nous sommes concentrés sur trois indices différents (qui sont les plus naturels
si I’on ne dispose pas d’informations complémentaires) :

Définition 29

o Indice drastique faible :

. 1  si K AN Ka est cohérent
idw (K, KA) :{ 0 =

sinon
¢ Indice drastique fort -
. 1 siKa EK,
tas (K Kn) :{ 0 sinon |

e Indice probabiliste
. KIN[K

paN

On considere qu’un agent est satisfait par le résultat de la fusion (K o) avec I’indice
drastique faible si ce résultat est cohérent avec sa base. Avec I’indice drastique fort, le
résultat doit impliquer sa base. L’indice probabiliste permet une mesure plus progres-
sive de la satisfaction, qui dépend de la proportion des modeles en commun entre le
résultat de la fusion et la base de 1’agent.

On obtient alors les résultats de manipulabilité pour les opérateurs usuels ° décrits
a la table 5.4. La premiere colonne indique avec quel indice on travaille, la deuxieme
si I’on restreint la cardinalité du profil a 2 bases ou pas, la troisieme si I’on contraint
les bases a étre completes (C) ou pas, et la quatrieme indique si on autorise (i) ou
pas (T) I'utilisation de contraintes d’intégrité. Les cases oll un m apparait indiquent un
cas de non manipulabilité. Les lignes en orange indiquent le cas général (sans aucune
restriction). On peut remarquer que dans ce cas général trés peu d’opérateurs sont non
manipulables (en particulier 2 seulement avec I’indice probabiliste).

D’autres résultats ont été€ obtenus avec d’autres indices et d’autres restrictions (voir

[9, 27, 64]).

5. Lorsque |[KA]| = 0, alors i (K, Ka) = 0.
6. Les opérateurs A% sont une petite modification des opérateurs a base de formules A€? o1 on effec-
tue d’abord la conjonction de toutes les formules de chaque base K; du profil avant la fusion.
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ACT

AC’S

AC4

ACS

AdH,E AdH,Gmax ACI

NC

NC

NC

NC

NC

#| K| p AdDf

4

ldw

ids

ip

TABLE 5.4 — Résultats de manipulabilité
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5.5. Fusion dans d’autres cadres

La fusion a également été étudiée dans d’autre cadres de représentation. Les opéra-
teurs de fusion présentés jusqu’ici étaient tous définis dans le cadre de la logique propo-
sitionnelle et dans le cas ou toutes les bases ont la méme importance/priorité/fiabilité.
On peut avoir besoin de fusionner des informations plus structurées que celles que 1’on
exprime en logique classique, ce qui génére des problemes, et des possibilités, supplé-
mentaires.

Nous allons donner un apercu des travaux les plus proches dans cette section.

5.5.1. Fusion prioritaire, fusion et révision itérée

Dans [ ] Delgrande, Dubois et Lang proposent une discussion intéressante
sur les opérateurs de fusion prioritaire. L’idée est de fusionner un ensemble de for-
mules ' pondérées. La pondération sert a stratifier ces formules (une formule avec un
poids plus grand est plus importante, et le nombre de formules moins prioritaires la
contredisant n’importe pas).

Delgrande, Dubois et Lang motivent alors la généralité de leur approche en mon-
trant que les opérateurs de fusion propositionnelle « classiques » (i.e. sur des bases non
pondérées) et les opérateurs de révision itérée (a la Darwiche et Pearl) peuvent étre
considérés comme les deux cas extrémes de ces opérateurs de fusion prioritaire.

Leur discussion sur les opérateurs de révision itérée est particulierement intéressan-
te, et rappelle les mise en garde de Friedman et Halpern sur les dangers de définir des
opérateurs de changement sans spécifier leur ontologie [ ]. L’argument principal
est que si on fait I’hypothese que les nouvelles informations qui arrivent successivement
lors d’une suite de révisions concernent un monde statique (hypothese usuelle), alors il
n’y a a priori aucune raison de préférer la derniere. Si ces informations ont des fiabilités
différentes, il est possible de représenter ces fiabilités explicitement, afin de les prendre
correctement en compte dans le processus de « révision » si elles n’arrivent pas dans
I’ ordre de leur fiabilité. Et 1a facon correcte de faire est de réaliser leur fusion prioritaire.

Cette discussion est intéressante car dans un certain nombre de papiers portant sur
la révision itérée, il semble que les auteurs confondent I’hypothese d’informations de
plus en plus fiables, avec celle d’informations de plus en plus récentes.

Le cadre de Delgrande, Dubois et Lang suppose que 1’on identifie un état épis-
témique avec la suite de formules que 1’agent a recues jusqu’ici, hypothese qui avait
été proposée dans la définition de révision itérée de Lehmann [ ] et dans notre
proposition d’opérateurs a mémoire [1, 21].

Delgrande, Dubois et Lang montrent ensuite que les postulats des opérateurs de ré-
vision itérée peuvent étre retrouvés a partir des postulats de base qu’ils proposent pour
la fusion prioritaire. Ils montrent également que I’on obtient une partie des postulats de
la fusion contrainte.

Cette proposition est intéressante car elle offre une piste pour la caractérisation lo-
gique des opérateurs de fusion prioritaire. Nous pensons qu’il y a encore beaucoup a

7. Chaque formule pouvant représenter une base si on veut faire le parallele avec la fusion dans le cadre
propositionnel.
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montrer en suivant cette voie. Les auteurs n’ont en particulier pas donné de théoréeme
de représentation pour leurs opérateurs, et n’ont pas donné 1’équivalent dans leur cadre
de I’ensemble des postulats de la fusion contrainte. De plus, une de leur hypothese de
base est que la hiérarchisation des formules est stricte, c’est-a-dire qu’une seule for-
mule de poids supérieur I’emporte sur un nombre quelconque de formules de poids
inférieur. Cela peut se justifier dans certaines applications, mais dans le cas général, il
pourrait étre intéressant d’avoir une possible compensation entre formules de différents
poids. Finalement, rien dans leur axiomatique n’indique comment doivent étre traités
les conflits entre formules de méme poids, ce qui est 1’objet de la fusion proposition-
nelle. La fusion classique étant présentée comme cas particulier de fusion prioritaire,
cela peut donc sembler paradoxal.

Bref, cet article a ouvert une voie intéressante, qui n’a malheureusement pas été
exploitée depuis.

5.5.2. Fusion de bases pondérées

Lorsque les informations contenues dans les bases de croyances ne sont pas toutes
de méme importance, on utilise des approches pondérées. L’ approche la plus qualitative
est de considérer, pour chaque source/agent, un ensemble de bases (totalement) ordon-
nées en différentes strates, de la plus importante a la moins importante. Cette situation
est habituellement codée en utilisant la logique possibiliste [ ] ou les fonctions
ordinales conditionnelles [ ]. Dans ce cas on associe un ordinal (habituellement
fini, i.e, un entier naturel °) a chaque formule.

Dans le cadre de la logique possibiliste Benferhat, Dubois, Kaci et Prade ont étu-
dié plusieurs opérateurs de fusion [ , ]. Ils ont en particulier étudié
I’extension de nos propriétés logiques dans ce cadre [ ]. (voir également [ ]
pour une généralisation de nos opérateurs dans un cadre pondéré).

Dans le cadre des fonctions ordinales conditionnelles, Meyer a également défini
différents opérateurs de combinaison [ ]. Certains d’entre eux sont la traduction
des opérateurs de fusion a base de modeles usuels dans ce cadre pondéré,mais d’autres
semblent trés loin de ce que I’on attend d’un opérateur de fusion.

Tous ces travaux utilisant des bases pondérées reviennent sémantiquement a utili-
ser pour chaque agent une distribution de possibilités sur les mondes (ou de maniere
équivalente une fonction ordinale conditionnelle), c’est-a-dire que chaque interpréta-
tion est associée a un nombre par I’agent, ce nombre exprimant a quel point 1’agent
estime I’interprétation plausible.

Les fonctions d’agrégation utilisées pour définir les opérateurs de fusion réalisent
donc un calcul a partir de ces nombres. Il se pose alors un probleme de comparaison
interpersonnelle des utilités, c’est-a-dire que cette opération suppose que le nombre
4 chez un agent a la méme valeur (i.e. a le méme sens) que chez n’importe quel autre
agent. C’est ce que I’on appelle I’hypothése de commensurabilité.

Pour étre fondée, cette approche nécessite cette hypothese de commensurabilité. 11
y a des cas ou cela est parfaitement naturel, par exemple si les sources sont des capteurs
identiques. Mais dans des applications ou les sources sont des agents autonomes, cette

8. Voir [40] pour une discussion.
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hypotheése semble clairement irréaliste. En particulier, lorsque 1’on travaille avec des
bases pondérées, on est tres proche des hypotheses faites en théorie du choix social
pour les méthodes de vote. Et il est communément accepté que cette hypotheése de
commensurabilité n’est pas acceptable dans ce cas [ ]. Dans le cadre du vote seule
la préférence ordinale de chaque agent est prise en compte, c’est-a-dire I’ordre associé
a ces nombres.

Il nous semble que 1’étude générale, sans cette hypothese de commensurabilité,
de la fusion de bases pondérées, surtout si on considere des opérateurs majoritaires,
revient a étudier des méthodes de vote, et qu’il faut alors se référer a la littérature de
choix social [ s ].

Benferhat, Lagrue et Rossit ont étudié des opérateurs de fusion de bases pondé-
rées non majoritaires sans I’hypothese de commensurabilité [ , ]. Evi-
demment, cela conduit a des opérateurs beaucoup plus prudents que les opérateurs que
I’on définit dans le cas commensurable. Une question intéressante serait alors d’étu-
dier si les opérateurs proposés dans le cadre non commensurable correspondent a des
méthodes de vote connues.

5.5.3. Fusion en logique du premier ordre

Lang et Bloch ont proposé de définir les opérateurs de fusion a base de modele
Admax ytilisant le maximum comme fonction d’agrégation, grice a un processus de
dilatation [ ]. On peut d’ailleurs noter que dans I’article de Dalal [ 1, son
opérateur de révision n’est pas défini a base de distance, mais a partir d’une telle fonc-
tion de dilatation.

Gorogiannis et Hunter [ ] ont étendu cette approche afin de définir les opéra-
teurs de fusion a base de modeles usuels en terme de dilatations. En plus de Admax
ils ont exprimé la définition de A%> ALGmaz o pAd.Gmin

L’intérét de cette caractérisation de ces opérateurs est que celle-ci peut-étre expor-
tée a la logique du premier ordre. En effet, la définition usuelle des opérateurs a base
de modeles demande le calcul de distances entre I’ensemble des interprétations. Or
deés que I’on passe dans des logiques plus expressives que la logique propositionnelle,
comme la logique du premier ordre, le nombre de modeles devient trés souvent in-
fini. Lintérét de la définition en termes de dilatation est que celle-ci peut-&tre calculée
méme dans ces cadres. Cela nécessite simplement de choisir la bonne fonction de di-
latation. Voir [ ] pour une discussion et quelques exemples sur ces fonctions de
dilatation dans le cadre de la logique du premier ordre.

5.5.4. Fusion de programmes logiques

Certains travaux ont étudié des opérateurs de fusion pour des bases exprimées en
programmation logique avec sémantique des modeles stables (Answer Set Program-
ming). C’est une question assez naturelle lorsque 1’on considere qu’il y a eu beaucoup
de travaux sur la révision / mise a jour de programmes logiques (voir par exemple
[ s s X 1), mais jusqu’a récemment aucun sur la fusion.

L approche de Hué, Papini et Wiirbel [ ] repose sur la suppression d’un
certain nombre de formules dans I’union des bases, sélectionnées grace a une fonction
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de sélection (un peu comme pour sélectionner les maximaux cohérents dans [20]). Ces
opérateurs ne satisfont que trés peu des propiétés logiques de la fusion contrainte.
Delgrande, Schaub, Tompits et Woltran [ ] ont également étudié la fusion
dans ce cadre. Leurs opérateurs sont basés sur la définition d’une distance entre les
modeles stables. Leurs opérateurs satisfont beaucoup plus de propriétés logiques.
Pour comparer rapidement ces deux approches, on peut dire que dans le cadre de
la programmation logique, les opérateurs de Hué, Papini et Wiirbel correspondent aux
approches a base de formules, alors que les opérateurs de Delgrande, Schaub, Tompits
et Woltran correspondent aux approches a base de modeles. Il n’est donc pas éton-
nant que ces derniers satisfassent, comme dans le cas de la logique propositionnelle,
plus de propriétés logiques. Ces opérateurs étant facilement implémentables, il serait
intéressant de comparer leur temps de réponse sur des problemes pratiques.

5.5.5. Fusion de réseaux de contraintes

Condotta, Kaci, Marquis et Schwind ont proposé des méthodes pour fusionner des
réseaux de contraintes qualitatives [ s ]. Ces méthodes peuvent étre
tres utiles pour fusionner des réseaux de contraintes représentant des régions spatiales ;
par exemple dans le cadre de systemes d’information géographiques (SIG), il peut
étre nécessaire de tenter de fusionner des bases de données spatiales issues de sources
différentes.

Les conflits qui apparaissent sont plus subtils que ceux issus de problémes exprimés
en logique propositionnelle. Dans ce dernier cas, les conflits sont de type vrai/faux,
alors que dans le cas des réseaux de contraintes on peut avoir différents types de conflits
plus ou moins graves. Par exemple, si I’on s’intéresse a I’algebre d’Allen, qui permet
de représenter les informations spatiales a propos de segments situés sur une droite, on
dispose des relations décrites figure

Un conflit entre les assertions du type « Le segment A est avant le segment B » (A
BEFORE B) et « Le segment A touche le segment B » (A MEET B) semble beaucoup
moins fort que le conflit entre « Le segment A est avant le segment B » (A BEFORE B)
et « Le segment B est avant le segment A » (A iBEFORE B).

Cette « intensité » que I’on sent naitre entre les différents conflits permet d’imaginer
des politiques de fusion plus variées que dans le cadre propositionnel.

5.5.6. Fusion de systémes d’argumentation

Nous nous sommes intéressés au probleme de la fusion de systemes d’argumenta-
tion [&, 29]. Beaucoup de travaux ont étudié I’argumentation comme moyen de raison-
ner a partir d’informations contradictoires. Fondamentalement on utilise un ensemble
d’arguments et une relation de contrariété (attaque) entre les arguments. Un cadre gé-
néral pour 1’argumentation a été proposé par Dung [ ]. Mais ces travaux sur
I’argumentation ne se préoccupent que d’un seul agent. Nous avons étudié comment
généraliser ces cadres pour prendre en compte le fait que les arguments sont distri-
bués parmi un ensemble d’agents. Nous avons examiné le probleme posé par le fait
que différents agents puissent avoir des systemes d’argumentation construits a partir

66



B
—— 1 A BEFORE B

_ A MEET B
_ A OVERLAP B
_ A START B
R A DURING B
_ A FINISH B
_— A EQUAL B
— A iFINISH B
— A iDURING B
—_— A iSTART B
_ A iOVERLAP B
_ A IMEET B
_ A iBEFORE B

FIGURE 5.3 — Algebre des intervalles d’ Allen

d’arguments différents. Nous avons étudié comment représenter ces systemes d’argu-
mentation pour pouvoir les comparer, et comment les fusionner, afin de déterminer les
arguments acceptables pour le groupe.

Cela nécessite en particulier la définition d’un nouveau cadre d’argumentation, les
PAF (pour Partial Argumentation Framework ou cadre d’argumentation partiel). En
effet la définition d’un cadre d’argumentation de Dung est simplement la donnée d’un
ensemble d’objets (les arguments) et d’une relation entre ces objets (la relation d’at-
taque). Ce que signifie 1’absence de relation entre deux arguments n’est pas clair. Est-ce
que cela signifie que 1’agent sait (croit) qu’il n’y a pas d’attaque entre ces deux argu-
ments ou qu’il ne sait pas s’il y a une attaque entre ces deux arguments ? Lorsque I’on
regarde la définition des solutions (extensions) dans ce cadre, on se rend compte que
I’interprétation par défaut est que 1’agent sait qu’il n’y a pas d’attaque entre les argu-
ments. Nous avons donc défini un cadre ou au lieu de la dichotomie habituelle attaque
/ pas d’attaque, on a une trichotomie attaque / pas d’attaque / indéterminé. Cela est
nécessaire pour pouvoir représenter 1’absence d’information d’un des agents a propos
d’un argument.

Nous ne détaillons pas plus cette approche ici, puisque ’article correspondant est
inclus dans la deuxieme partie du document (chapitre 14).
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Chapitre VI

NEGOCIATION

[l faut jouer pour devenir sérieux.
(Aristote)

a problématique de la négociation est une question complexe. Elle a été beau-

coup étudiée en économie, ou des modeles de théorie des jeux (en particulier

dans le cadre des jeux coopératifs), comme le modele du marchandage (bar-
gaining) étudié par Nash [ ], ont apporté quelques réponses. Elle est étudiée égale-
ment depuis longtemps en intelligence artificielle et plus particulierement dans le cadre
des systemes multi-agents. Mais ce qui est étudié dans la plupart de ces travaux est la
mise en oeuvre de procédures de négociation, c’est-a-dire la proposition de méthodes
ad hoc. Ces méthodes utilisent une palette d’outils tres différents puisque se posent des
problémes de communication, d’argumentation, de modélisation des préférences et des
croyances, de recherche de compromis, etc.

Nous pensons qu’avant d’étudier un probleme mélangeant des notions aussi diffé-
rentes, il serait utile de I’abstraire, afin de tenter dans un premier temps de résoudre le
probleme central, avant d’y ajouter des modalités pratiques qui complexifient beaucoup
I’étude.

Nous souhaitons étudier et caractériser des procédures de négociations abstraites,
c’est-a-dire des fonctions qui prennent comme donnée un profil de bases (une par
agent) et qui produit un nouveau profil, ou les conflits ont disparu, ou tout au moins ont
été réduits. Nous avons appelé ces procédures de négociations abstraites, des opérateurs
de conciliation.

Nous avons déja exploré des opérateurs particuliers de conciliation que nous détail-
lons dans les sections ci-dessous. Ainsi, nous n’avons étudié jusqu’ici que la deuxieme
étape pour ce probleme : la proposition de méthodes ad hoc. D’autres auteurs ont
également proposé des méthodes pour résoudre ce type de probleme de négociation
[ , ; , ; , , 1.

Ce que nous comptons faire dans le futur est de passer a la troisieme étape, c’est-a-
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dire la caractérisation logique de ces opérateurs de conciliation. Nous reviendrons sur
cette perspective a la dernire section.

6.1. Fusion itérée

Une partie de nos travaux a glissé de la problématique de la fusion de croyances
a celle de la négociation. L’exemple symptomatique de ce glissement est celui de la
fusion itérée que nous détaillons dans cette section, avant d’évoquer dans les deux
sections suivantes d’autres travaux utilisant les outils issus de la fusion de croyances
pour définir des opérateurs de conciliation.

Nous avons voulu définir des opérateurs de fusion améliorés. L’idée est que si I’on
considere le résultat de la fusion comme la croyance « moyenne » du groupe, il doit
alors étre possible de trouver un résultat plus précis a la fusion de croyances en réalisant
une fusion itérée : le principe est, a partir d’un profil de bases de croyances, de calculer
le résultat de la fusion de ces bases, puis de répercuter cette fusion dans les croyances
de chaque agent (donc chaque agent tient compte des positions des autres) en utilisant
un opérateur de révision. On itére ce processus jusqu’a ce que 1’on atteigne un point
fixe [7, 31, 50]. Malheureusement les opérateurs de fusion itérée ainsi définis n’ont pas
de trés bonnes propriétés logiques, en tant qu’opérateurs de fusion. En revanche, il peut
étre intéressant de considérer ce processus comme une opération de conciliation.

6.2. Fusion de croyances comme un jeu entre sources

Nous avons défini une nouvelle famille d’opérateurs de fusion de croyances (ou
de buts), basée sur un jeu entre les sources prenant part a la fusion [4, 47, 55]. Le
principe de ce jeu est le suivant : a chaque tour, un ensemble de perdants est défini
(intuitivement, les perdants sont les sources dont les croyances (ou les buts) sont le
plus loin de celles du groupe), ces perdants doivent affaiblir leurs croyances (buts). Le
jeu s’arréte lorsque le profil des croyances/buts des agents est cohérent. Un opérateur
particulier est donc défini par la méthode de désignation des perdants et par la méthode
d’affaiblissement choisie. Cette famille d’opérateurs est intéressante, puisqu’elle peut
étre vue comme un compromis entre fusion de croyances et négociation. Nous avons
comparé ces opérateurs aux opérateurs existants et étudié les propriétés logiques de
fusion contrainte satisfaites. Nous ne détaillons pas plus cette approche ici, puisque
I’article correspondant est inclus dans la deuxiéme partie du document (chapitre 15).

Il reste a trouver une caractérisation logique de ces opérateurs et a étudier plus
profondément cette piste d’utilisation de la théorie des jeux (qui pour le moment est
réduite a sa plus simple expression), afin de fournir un cadre formel a des opérateurs
de négociation, ou pour étudier plus finement des phénomenes de coalitions ou de
manipulation dans des cadres de fusion.

En particulier nous avons proposé d’utiliser les mesures d’incohérence que nous
avons développées (section ) pour sélectionner comme perdants les sources les
plus conflictuelles [51]. Nous pensons que cette voie est prometteuse.
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6.3. Opérateurs de confluence

Beaucoup d’opérateurs de changement ont été étudiés ces dernieres années. Un cer-
tain nombre d’entre eux sont a présent assez bien cernés, tels que la révision, qui permet
d’incorporer de nouvelles informations sur le monde, la mise-a-jour [ s ],
qui permet d’actualiser les croyances de 1’agent pour prendre en compte une évolu-
tion du monde, et la fusion qui permet de produire une information cohérente a partir
d’un ensemble d’informations contradictoires. Il existe de forts liens entre révision et
mise-a-jour et entre révision et fusion. En effet, techniquement, la mise-a-jour peut étre
vue comme une révision « ponctuelle », et la révision peut étre vue comme un cas par-
ticulier de fusion. Ces liens suggéraient la possibilité de définir une nouvelle famille
d’opérateurs qui sont a la mise-a-jour ce que la fusion est a la révision, et qui pour-
raient donc €tre vus comme des opérateurs de fusion « ponctuelle ». Cela est résumé a
la figure

Mise-a-jour

|

Fusion ¥ Confluence

Révision

FIGURE 6.1 — Révision - Mise-a-jour - Fusion - Confluence

Nous avons défini et caractérisé ces opérateurs, que nous avons nommés opéra-
teurs de confluence [37, 54, 72]. 1l apparait que ces opérateurs sont beaucoup moins
sélectifs que les opérateurs de fusion, et qu’ils peuvent étre utilisés pour définir des opé-
rateurs de négociation en fournissant I’ensemble des points d’accord possibles entre les
opinions des différents agents.

Nous ne détaillons pas plus cette approche ici, puisque ’article correspondant est
inclus dans la deuxieme partie du document (chapitre 16).

6.4. Vers une caractérisation de la conciliation

Nous souhaitons caractériser les opérateurs de conciliation, c’est-a-dire les pro-
cédures de négociation abstraite qui prennent comme donnée un profil de bases de
croyances (une par agent) et qui produisent un nouveau profil, ot les conflits ont dis-
paru, ou tout au moins ont été réduits.

Il peut sembler ambitieux, voire utopique, de vouloir caractériser aussi simplement
un processus aussi compliqué que la négociation, nécessitant des échanges entre agents,
de I’argumentation, des compromis, etc. Mais on peut remarquer qu’un probleme simi-
laire de négociation a été résolu de maniere abstraite dans le domaine de la théorie des
jeux. Le probleme du marchandage (bargaining) s’énonce comme suit : étant donné
un ensemble (convexe et compact) d’issues possibles a la négociation, et un point de
désaccord (qui sera le résultat par défaut si les joueurs ne se mettent pas d’accord sur
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une issue), est-il possible de trouver une issue unique résultat de la négociation ? Nash
a montré que cela était possible et a caractérisé axiomatiquement cette solution [ ].

Dans I’étude des jeux de coalitions, un autre probléme abstrait a été résolu. Le
but est, étant donné un ensemble de joueurs pouvant former les coalitions qu’ils sou-
haitent, chacune de ces coalitions gagnant un certain montant, de trouver le juste mon-
tant devant revenir a chaque joueur (une allocation). Ce probléme semble également
compliqué, parce que, pour se mettre d’accord sur une allocation, les joueurs doivent
discuter, argumenter, etc. Mais Shapley a montré qu’il était possible de déterminer une
telle allocation et il I’a caractérisée axiomatiquement [ ].

Ces deux exemples illustrent le fait que I’on peut résoudre ce type de problémes
compliqués de maniére convaincante, en capturant 1’essence du probléme, et en ne se
laissant pas encombrer par des modalités pratiques non fondamentales.

Nous souhaitons tenter de trouver une solution similaire pour le probleme de la
négociation abstraite en logique (conciliation).

Outre le défi scientifique que cela représente, nous pensons que trouver une telle ca-
ractérisation est importante pour toutes les personnes travaillant sur la négociation. En
effet, la plupart des travaux sur la négociation en intelligence artificielle, notamment
dans le domaine des systemes multi-agents, portent sur la proposition de méthodes
ad hoc, utilisant différentes techniques (argumentation, etc.). Il est difficile de compa-
rer ces travaux, utilisant souvent des hypotheses ou des techniques assez différentes.
Disposer d’une caractérisation logique, et donc d’un ensemble de propriétés logiques
caractérisant le processus de conciliation (négociation), permettrait de comparer ces
méthodes, en examinant les propriétés satisfaites par chacune d’elles.
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Chapitre VI

CONCLUSION ET PERSPECTIVES

La science consiste a passer d’un étonnement a un autre.
(Aristote)

Nous avons insisté sur la nécessité d’obtenir des caractérisations logiques pour les
différents problemes étudiés en intelligence artificielle. En ce qui concerne les diffé-
rents cadres que nous avons étudié, nous avons en particulier obtenus les caractérisa-
tions suivantes :

e Incohérence : nous avons proposé la premiere caractérisation d’une valeur d’in-
cohérence. Nous pensons qu’il reste beaucoup a faire dans ce domaine. Ces pers-
pectives seront détaillées ci-dessous.

e Révision : nous avons défini et caractérisé les opérateurs d’amélioration, qui sont
une généralisation des opérateurs de révision itérée usuels, et qui ouvrent la voie
a la définition de nouveaux opérateurs de changement.

e Fusion : nous avons caractérisé les opérateurs de fusion contrainte, et étudié
d’autres propriétés comme la non manipulabilité ou le « truth tracking ».

e Négociation : la caractérisation des opérateurs de conciliation est notre princi-
pale perspective. Nous avons pour le moment étudié des méthodes particulieres.
Nous avons caractérisé les opérateurs de confluence. Cela peut peut-tre ser-
vir de point de départ pour la recherche d’une caractérisation des opérateurs de
conciliation.

Nous avons énuméré dans les chapitres correspondants les pistes principales qui
nous semblaient prometteuses dans les différents travaux présentés. Nous ne répéterons
donc pas ici les perspectives de chacun de ces chapitres.

Nous allons plutdt nous focaliser dans ce chapitre sur I’orientation générale que
nous comptons donner a nos travaux, et donc les perspectives que nous comptons étu-
dier. On peut résumer notre projet scientifique sous la formule :

Du conflit entre formules logiques vers le conflit entre agents

En effet, I’orientation générale de notre projet de recherche consiste a continuer a
suivre la méme démarche scientifique, et principalement les aspects de caractérisation
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logique de différents problémes, mais en glissant de problémes de raisonnement (et de
« conflits entre formules logiques ») vers des problématiques de conflits entre agents,
et particulierement vers la négociation et plus généralement la théorie des jeux.

Plus précisément, on peut décrire ces perspectives selon quatre axes principaux :

e Le développement de méthodes de mesure de conflit.

e [’étude des liens qui existent entre la fusion et la théorie du choix social.

e La caractérisation logique de la négociation.

e La théorie des jeux dans des cadres d’incertitude qualitative.

Ces points sont ordonnés selon leur proximité avec nos themes de recherche actuels.

Les deux premiers points, concernant les mesures de conflit et les liens entre fusion
et théorie du choix social, représentent la continuation de nos travaux actuels, mais en
se tournant un peu plus vers la théorie du choix social.

Le troisieme point, qui nous semble étre le plus prometteur et qui est celui sur lequel
nous allons nous concentrer en priorité, concerne la négociation, qui est a I’intersection
de problématiques d’intelligence artificielle et d’économie. Nous ne le détaillerons pas
ci-dessous puisqu’il a déja été 1’objet du chapitre précédent (voir la section 6.4).

Le dernier point est réellement un probleme d’économie (théorie des jeux) pour
lequel nous souhaitons apporter un éclairage venant de 1’intelligence artificielle (pro-
blemes de représentation de I’incertitude, d’incertitude qualitative, et d’ordinalité).

7.1. Mesures de conflit

La mesure du degré de conflit n’est pas treés développée pour le moment, malgré le
réel besoin de telles mesures. En effet, pouvoir estimer a quel point un ensemble d’in-
formations (ou d’agents) est conflictuel est aussi important que d’estimer a quel point
il est informatif. Or, alors que les mesures d’informations sont étudiées depuis long-
temps (citons Shannon (1950)), les premiers travaux sur des mesures de conflits sont
tres récents. Les perspectives principales de 'utilisation de telles mesures de degré de
conflit concernent les coalitions d’agents. Si les coalitions sont déja fixées, ces mesures
peuvent permettre d’indiquer a quel point les coalitions sont proches, ou opposées ; et
de quelles coalitions une coalition donnée est la plus proche. Elle peut également ren-
seigner sur la robustesse des différentes coalitions. Si les coalitions ne sont pas encore
déterminées, c’est-a-dire que 1’on a comme donnée un ensemble d’agents qui peuvent
former des coalitions quelconques, les mesures de degré de conflit peuvent renseigner
sur la coalition la plus intéressante pour un agent, sur les coalitions les plus probables
ou sur les points posant le plus probleme entre deux coalitions dans une optique de
résolution de conflits par exemple. Ces mesures de conflits peuvent également nous in-
diquer les agents (ou les coalitions d’agents) qui engendrent le plus de conflits pour le
groupe dans son ensemble. Elles peuvent donc étre utilisées pour guider un processus
de négociation, afin de se concentrer sur les points/agents les plus conflictuels.

Nous avons déja travaillé a la définition de telles mesures (section 3.2), mais il
reste encore beaucoup a faire. Nous comptons continuer a travailler sur ce sujet. Nous
sommes convaincus qu’il reste beaucoup de mesures a définir et a caractériser (pour le
moment la seule caractérisation d’une mesure d’incohérence est celle de [30]).
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Une autre piste concerne le conflit potentiel. Les mesures définies pour le moment
s’intéressent au conflit logique déja contenu dans les bases. Il peut étre intéressant
dans de nombreux cas de ne pas mesurer le conflit actuel, mais le conflit potentiel, qui
permettra d’évaluer a quel point les exigences de différents agents peuvent étre (po-
tentiellement) problématiques. En effet, détecter et résoudre les confits potentiels avant
qu’ils ne surviennent et qu’il ne soit trop tard est une problématique intéressante. Cela
peut étre tres utile dans des cas de conception de logiciels, lorsque les spécifications
proviennent de plusieurs utilisateurs. Il peut étre inutile et coliteux de développer le
logiciel pour se rendre compte trop tard que les spécifications demandées n’étaient pas
compatibles. Il est donc intéressant d’identifier au plus tot les points susceptibles de
générer un conflit potentiel, afin de clarifier les spécifications et d’éviter des problemes
ultérieurs. Plus généralement, la détection de conflits potentiels peut étre utile pour les
processus de négociation entre agents.

Une derniere piste est de travailler sur des mesures de conflits pour des informations
plus «riches », plus structurées, que la logique propositionelle, comme les pré-ordres
par exemple. Les préférences des agents sont souvent représentées avec des pré-ordres.
Nous souhaitons étudier les mesures de conflits entre pré-ordres, afin de pouvoir éga-
lement mesurer le conflit entre les préférences de différents agents. Cela nécessitera
de se tourner vers la théorie du choix social, en particulier les méthodes de vote qui
considerent de tels pré-ordres.

7.2. Fusion et choix social

Nous désirons continuer a étudier les liens entre fusion et choix social. Nous avons
déja obtenu des résultats intéressants en étudiant ce que la manipulabilité, une notion
bien étudiée en choix social, a comme conséquences pour la fusion de croyances [9,

]. D’autres notions issues du choix social peuvent se montrer intéressantes pour la
fusion de croyances.

Il s’est développé ces dernieres années en théorie du choix social une théorie de
I’agrégation de jugement, qui est un probleme proche de la fusion. Pour la fusion de
croyances, on dispose comme données de I’ensemble des bases des agents, alors que
pour 1’agrégation de jugements, on ne dispose que de la réponse des agents a un cer-
tain nombre de questions (jugements). Cela change assez sensiblement les données
du probleme. En particulier la plupart des résultats en agrégation de jugement sont
des théoremes d’impossibilité (voir par exemple [ , 1), alors qu’en fusion
de croyances des caractérisations logiques montrent la faisabilité de 1’approche. 1l a
d’ailleurs déja été proposé d’utiliser nos opérateurs de fusion contrainte pour définir
des méthodes d’agrégation de jugement [ ]. Nous souhaitons examiner les liens
entre les deux problemes, et étudier si les méthodes issues de la fusion de croyances
peuvent apporter un nouvel éclairage aux questions posées par 1’agrégation de juge-
ment.

Finalement, il nous semble intéressant d’examiner si, parmi I’ensemble important
de méthodes de vote existantes, certaines peuvent nous permettre de définir des opé-
rateurs de fusion intéressants. En particulier, en dehors des méthodes de votes majo-
ritaires classiques, il existe un grand nombre de méthodes définissables a partir des
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graphes de majorité. Ces méthodes définissent des ensembles de « bons » candidats a
partir de ces graphes. Nous souhaitons étudier si I’application de ces méthodes dans
le cadre de la fusion de croyances conduit a des opérateurs possédant des propriétés
intéressantes.

7.3. Economie et représentation des connaissances

Les points précédents étaient consacrés aux apports possibles de 1I’économie (théo-
rie du choix social et théorie des jeux) a I'intelligence artificielle. Ce dernier point
concerne le chemin inverse, ¢’est-a-dire d’étudier les apports possibles de I’intelligence
artificielle en économie.

Nous avons déja quelques résultats a ce sujet, mais nous ne les avons pas discutés
dans cette synthese car ils ne concernent pas le raisonnement mais la théorie de la
décision ou la théorie des jeux [53, 34, 57, 70, 33, 69].

Il s’agit en particulier d’étudier comment les concepts de théorie des jeux sup-
portent des cadres qualitatifs.

En ce qui concerne ’incertitude, la quasi-totalité des travaux en théorie des jeux
se basent sur un modele d’incertitude bayésien (probabiliste). Nous avons déja étudié
deux cas particuliers : la décision sous ignorance totale [53] et la théorie des jeux (non
coopérative) sous incertitude stricte [34, 57, 33]. Nous souhaitons continuer dans cette
voie et étudier ce que ce changement de cadre d’incertitude a comme conséquences
dans d’autres cadres de théorie des jeux, notamment dans le cadre de la théorie des
jeux coopérative.

Il est également intéressant d’étudier ce qui survient lorsque 1’on utilise un modele
qualitatif (ordinal) pour représenter les préférences des agents. Il est d’usage en théorie
des jeux de représenter les préférences des agents a 1’aide de fonctions d’utilité numéri-
ques. Ce choix permet d’utiliser facilement des fonctions et résultats mathématiques.
En particulier un certain nombre de résultats importants dépendent des hypotheses de
continuité, de convexité et de compacité obtenues grace a ce choix de fonctions d’uti-
lit¢ numériques. Nous souhaitons étudier ce que deviennent ces résultats lorsque 1’on
abandonne ces hypotheses et que I’on se place dans un cadre discret (et qualitatif).
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Abstract

There are relatively few proposals for inconsistency measures
for propositional belief bases. However inconsistency mea-
sures are potentially as important as information measures
for artificial intelligence, and more generally for computer
science. In particular, they can be useful to define various
operators for belief revision, belief merging, and negotiation.
The measures that have been proposed so far can be split into
two classes. The first class of measures takes into account the
number of formulae required to produce an inconsistency: the
more formulae required to produce an inconsistency, the less
inconsistent the base. The second class takes into account
the proportion of the language that is affected by the incon-
sistency: the more propositional variables affected, the more
inconsistent the base. Both approaches are sensible, but there
is no proposal for combining them. We address this need in
this paper: our proposal takes into account both the number of
variables affected by the inconsistency and the distribution of
the inconsistency among the formulae of the base. Our idea
is to use existing inconsistency measures (ones that takes into
account the proportion of the language affected by the incon-
sistency, and so allow us to look inside the formulae) in order
to define a game in coalitional form, and then to use the Shap-
ley value to obtain an inconsistency measure that indicates
the responsibility/contribution of each formula to the overall
inconsistency in the base. This allows us to provide a more
reliable image of the belief base and of the inconsistency in
it.

Introduction

There are numerous works on reasoning under inconsis-
tency. One can quote for example paraconsistent logics,
argumentation frameworks, belief revision and fusion, etc.
All these approaches illustrate the fact that the dichotomy
between consistent and inconsistent sets of formulae that
comes from classical logics is not sufficient for describing
these sets. As shown by these works two inconsistent sets
of formulae are not trivially equivalent. They do not con-
tain the same information and they do not contain the same
contradictions.

Measures of information a /a Shannon have been stud-
ied in logical frameworks (see for example (Kemeny 1953)).
Roughly they involve counting the number of models of

Copyright (© 2006, American Association for Artificial Intelli-
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the set of formulae (the less models, the more informa-
tive the set). The problem is that these measures give a
null information content to an inconsistent set of formulae,
which is counter-intuitive (especially given all the proposals
for paraconsistent reasoning). So generalizations of mea-
sures of information have been proposed to solve this prob-
lem (Lozinskii 1994; Wong & Besnard 2001; Knight 2003;
Konieczny, Lang, & Marquis 2003; Hunter & Konieczny
2005).

In comparison, there are relatively few proposals for in-
consistency measures (Grant 1978; Hunter 2002; Knight
2001; Konieczny, Lang, & Marquis 2003; Hunter 2004;
Grant & Hunter 2006). However, these measures are po-
tentially important in diverse applications in artificial in-
telligence, such as belief revision, belief merging, and ne-
gotiation, and more generally in computer science. Al-
ready measuring inconsistency has being seen to be a use-
ful tool in analysing a diverse range of information types
including news reports (Hunter 2006), integrity constraints
(Grant & Hunter 2006), software specifications (Barragans-
Martinez, Pazos-Arias, & Ferndndez-Vilas 2004; 2005; Mu
et al. 2005), and ecommerce protocols (Chen, Zhang, &
Zhang 2004).

The current proposals for measuring inconsistecy can be
classified in two approaches. The first approach involves
“counting” the minimal number of formulae needed to pro-
duce the inconsistency. The more formulae needed to pro-
duce the inconsistency, the less inconsistent the set (Knight
2001). This idea is an interesting one, but it rejects the pos-
sibility of a more fine-grained inspection of the (content of
the) formulae. In particular, if one looks to singleton sets
only, one is back to the initial problem, with only two val-
ues: consistent or inconsistent.

The second approach involves looking at the propor-
tion of the language that is touched by the inconsistency.
This allows us to look inside the formulae (Hunter 2002;
Konieczny, Lang, & Marquis 2003; Grant & Hunter 2006).
This means that two formulae (singleton sets) can have dif-
ferent inconsistency measures. But, in these approaches one
can identify the set of formulae with its conjunction (i.e. the
set {¢, ¢’} has the same inconsistency measure as the set
{© A ¢'}). This can be sensible in several applications, but
this means that the distribution of the contradiction among
the formulae is not taken into account.



What we propose in this paper is a definition for incon-
sistency measures that allow us to take the best of the two
approaches. This will allow us to build inconsistency mea-
sures that are able to look inside the formulae, but also to
take into account the distribution of the contradiction among
the different formulae of the set. The advantage of such a
method is twofold. First, this allows us to know the degree
of blame/responsability of each formula of the base in the
inconsistency, and so it provides a very detailed view of the
inconsistency. Second, this allows us to define measures of
consistency for the whole base that are more accurate, since
they take into account those two dimensions.

To this end we will use a notion that comes from coali-
tional game theory: the Shapley value. This value assigns
to each player the payoff that this player can expect from
her utility for each possible coalition. The idea is to use ex-
isting inconsistency measures (that allow us to look inside
the formulae) in order to define a game in coalitional form,
and then to use the Shapley value to obtain an inconsistency
measure with the wanted properties. We will study these
measures and show that they are more interesting than the
other existing measures.

After stating some notations and definitions in the next
section, we introduce inconsistency measures that count the
number of formulae needed to produce an inconsistency.
Then we present the approaches where the inconsistency
measure is related to the number of variables touched by
the inconsistency. The next section gives the definition of
coalitional games and of the Shapley value. Then we intro-
duce the inconsistency measures based on the Shapley value.
The penultimate section sketches the possible applications
of those measures for belief change operators. In the last
section we conclude and give perspectives of this work.

Preliminaries

We will consider a propositional language £ built from a fi-
nite set of propositional symbols P. We will use a, b, c, ...
to denote the propositional variables, and Greek letters
a, B, p,... to denote the formulae. An interpretation is a
total function from P to {0, 1}. The set of all interpretations
is denoted WV. An interpretation w is a model of a formula
, denoted w = ¢, if and only if it makes ¢ true in the usual
truth-functional way. Mod(y) denotes the set of models of
the formula ¢, i.e. Mod(p) = {w € W |w | ¢}. We
will use C to denote the set inclusion, and we will use C to
denote the strict set inclusion, i.e. A C Biff A C B and
B Z A. We will denote the set of real numbers by IR.

A belief base K is a finite set of propositional formulae.
More exactly, as we will need to identify the different for-
mulae of a belief base in order to associate them with their
inconsistency value, we will consider belief bases K as vec-
tors of formulae. For logical properties we will need to use
the set corresponding to each vector, so we suppose that we
have a function such that for each vector K = (a1, ..., ay),
K is the set {1, ..., ay}. As it will never be ambigous, in
the following we will omit the ~ and write K as both the
vector and the set.

Let us note K the set of belief bases definable from for-
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mulae of the language £. A belief base is consistent if there
is at least one interpretation that satisfies all its formulae.

If a belief base K is not consistent, then one can define
the minimal inconsistent subsets of K as:

M(K)={K'CK|K'+ LandVK" C K',K" ¥ L}

If one wants to recover consistency from an inconsistent
base K by removing some formulae, then the minimal in-
consistent subsets can be considered as the purest form of
inconsistency. To recover consistency, one has to remove
at least one formula from each minimal inconsistent subset
(Reiter 1987).

A free formula of a belief base K is a formula of K that
does not belong to any minimal inconsistent subset of the
belief base K, or equivalently any formula that belongs to
any maximal consistent subset of the belief base.

Inconsistency Measures based on Formulae
When a base is not consistent the classical inference re-
lation trivializes, since one can deduce every formula of
the language from the base (ex falso quodlibet). Other-
wise in this case the use of paraconsistent reasoning tech-
niques allows us to draw non-trivial consequences from the
base. One possibility is to take maximal consistent sub-
sets of formulae of the base (cf (Manor & Rescher 1970;
Benferhat, Dubois, & Prade 1997; Nebel 1991)). This idea
can also be used to define an inconsistency measure. This is
the way followed in (Knight 2001; 2003).

Definition 1 A probability function on L is a function P :
P —[0,1] s.t.:

o if = a, then P(a) =1

o if=-(aAB), then P(aV ) = P(a) + P(B)

See (Paris 1994) for more details on this definition. In the
finite case, this definition gives a probability distribution on
the interpretations, and the probability of a formula is the
sum of the probability of its models.

Then the inconsistency measure defined by Knight (2001)
is given by:

Definition 2 Ler K be a belief base.
o K is n—consistent (0 < 1 < 1) if there is a probability

function P such that P(c) > n forall o € K.

o K is maximally n—consistent if n) is maximal (i.e. if y > 1
then K is not y—consistent).

The notion of maximal n-consistency can be used as an
inconsistency measure. This is the direct formulation of the
idea that the more formulae are needed to produce the in-
consistency, the less this inconsistency is problematic. As it
is easily seen, in the finite case, a belief base is maximally 0-
consistent if and only if it contains a contradictory formula.
And a belief base is maximally 1-consistent if and only if it
is consistent.

Example 1 Let Ky = {a,b, ~a V —b}.

K is maximally %—cansistent‘

Let Ko = {a Ab,~a A —b,a A —b}.

Ky is maximally éfwnsistenl, whereas each subbase of
cardinality 2 is maximally %7consistent.



For minimal inconsistent sets of formulae, computing this
inconsistency measure is easy:

Proposition1 If K’ € MI(K), then K' is maximally
|K'|-1
[K']

But in general this measure is harder to compute. How-
ever it is possible to compute it using the simplex method
(Knight 2001).

—consistent.

Inconsistency Measures based on Variables
Another method to evaluate the inconsistency of a belief
base is to look at the proportion of the language concerned
with the inconsistency. To this end, it is clearly not possible
to use classical logics, since the inconsistency contaminates
the whole language. But if we look at the two bases K| =
{an—anbAcAd} and Ko = {aA=aAbA=DACA=cAAAd},
we can observe that in K the inconsistency is mainly about
the variable a, whereas in K, all the variables are touched
by a contradiction. This is this kind of distinction that these
approaches allow.

One way to circumscribe the inconsistency only to the
variables directly concerned is to use multi-valued logics,
and especially three-valued logics, with the third “truth
value” denoting the fact that there is a conflict on the truth
value (true-false) of the variable.

We do not have space here to detail the range of differ-
ent measures that have been proposed. See (Grant 1978;
Hunter 2002; Konieczny, Lang, & Marquis 2003; Hunter
& Konieczny 2005; Grant & Hunter 2006) for more details
on these approaches. We only give one such measure, that
is a special case of the degrees of contradiction defined in
(Konieczny, Lang, & Marquis 2003). The idea of the defini-
tion of these degrees in (Konieczny, Lang, & Marquis 2003)
is, given a set of tests on the truth value of some formulae
of the language (typically on the variables), the degree of
contradiction is the cost of a minimum test plan that ensures
recovery of consistency.

The inconsistency measure we define here is the (normal-
ized) minimum number of inconsistent truth values in the
LP,, models (Priest 1991) of the belief base. Let us first
introduce the L P, consequence relation.

e An interpretation w for LP,, maps each propositional
atom to one of the three “truth values” F, B, T, the third
truth value B meaning intuitively “both true and false”.
3P is the set of all interpretations for LFP,,. “Truth val-
ues” are ordered as follows: F <; B <; T.

-w(T)=T,w(l)=F
- w(-a)=B iff w(a)=B
w-a) =T iff wla)=F

- w(awA B) = ming, (w(a),w(B))
- w(aV B) = max<, (w(@),w(B))
The set of models of a formula ¢ is:

Modpp(p) = {w e 37 |w(p) € {T,B}}
Define w! as the set of “inconsistent” variables in an inter-
pretation w, i.e.

w!={z € P|w(z) =B}
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Then the minimum models of a formula are the “most
classical” ones:
min(Modrp(p)) = {w € Modrp(p) |
P’ € Modrp(p) st w'! C w!}
The LP,, consequence relation is then defined by:
K Erp, ¢iffmin(Modpp(K)) C Modyp(p)
So ¢ is a consequence of K if all the “most classical”
models of K are models of .

Then let us define the LP,, measure of inconsistency,
noted I, p,,, as:

Definition 3 Ler K be a belief base.
mingerrod, p (k) (| W! )

[P
Example2 K, = {a A —a,b,—b,c}. ILp, (K4) = 2

Irp, =

In this example one can see the point in these kinds of
measures compared to measures based on formulae since
this base is maximally O-consistent because of the contradic-
tory formula a A —a. But there are also non-trivial formulae
in the base, and this base is not very inconsistent according
to Ime .

Conversely, measures based on variables like this one are
unable to take into account the distribution of the contradic-
tion among formulae. In fact the result would be exactly the
same with K; = {a A =a A b A =b A c}. This can be sen-
sible in several applications, but in some cases this can also
be seen as a drawback.

Games in Coalitional Form - Shapley Value

In this section we give the definitions of games in coalitional
form and of the Shapley value.

Definition4 Let N = {1,...,n} be a set of n players. A
game in coalitional form is given by a functionv : 2% — R,
with v(0) = 0.

This framework defines games in a very abstract way, fo-
cusing on the possible coalitions formations. A coalition is
just a subset of V. This function gives what payoff can be
achieved by each coalition in the game v when all its mem-
bers act together as a unit.

There are numerous questions that are worthwhile to in-
vestigate in this framework. One of these questions is to
know how much each player can expect in a given game v.
This depend on her position in the game, i.e. what she brings
to different coalitions.

Often the games are super-additive.

Definition 5 A game is super-additive if for each T,U C N
withTNU =0, v(TUU) >v(T) +v(U).

In super-additive games when two coalitions join, then
the joined coalition wins at least as much as (the sum of) the
initials coalitions. In particular, in super-additive games, the
grand coalition NV is the one that brings the higher utility for



the society N. The problem is how this utility can be shared
among the players'.

Example 3 Let N = {1,2,3}, and let v be the following
coalitional game:

o({1h) =1

v((2}) v((s) =1
oz =10 L3y

4 ({23 =11
1

This game is clearly super-additive. The grand coalition
can bring 12 to the three players. This is the highest util-
ity achievable by the group. But this is not the main aim
for all the players. In particular one can note that two coali-
tions can bring nearly as much, namely {1,2} and {2, 3}
that gives respectively 10 and 11, that will have to be shared
only between 2 players. So it is far from certain that the
grand coalition will form in this case. Another remark on
this game is that all the players do not share the same situa-
tion. In particular player 2 is always of a great value for any
coalition she joins. So she seems to be able to expect more
from this game than the other players. For example she can
make an offer to player 3 for making the coalition {2, 3},
that brings 11, that will be split in 8 for player 2 and 3 for
player 3. As it will be hard for player 3 to win more than
that, 3 will certainly accept.

A solution concept has to take into account these kinds of
arguments. It means that one wants to solve this game by
stating what is the payoff that is “due” to each agent. That
requires to be able to quantify the payoff that an agent can
claim with respect to the power that her position in the game
offers (for example if she always significantly improves the
payoft of the coalitions she joins, if she can threat to form
another coalition, etc.).

Definition 6 A value is a function that assigns to each game
v a vector of payoff S(v) = (S1,...,Sn) in R".

This function gives the payoff that can be expected by
each player ¢ for the game v, i.e. it measures i’s power in the
game .

Shapley proposes a beautiful solution to this problem. Ba-
sically the idea can be explained as follows: considering that
the coalitions form according to some order (a first player
enters the coalition, then another one, then a third one, etc),
and that the payoff attached to a player is its marginal util-
ity (i.e. the utility that it brings to the existing coalition), so
if C' is a coalition (subset of V) not containing i, player’s
¢ marginal utility is v(C' U {i}) — v(C). As one can not
make any hypothesis on which order is the correct one, sup-
pose that each order is equally probable. This leads to the
following formula:

Let o be a permutation on N, with o,, denoting all the
possible permutations on V. Let us note

pe =1 €N |a(j) <oli)}
That means that p’. represents all the players that precede

player ¢ for a given order o.

!One supposes the transferable utility (TU) assumption, i.e. the
utility is a common unit between the players and sharable as needed
(roughly, one can see this utility as some kind of money).
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Definition 7 The Shapley value of a game v is defined as:

1 ) .
Sil0) = = 37 ol U{i)) - o))
oEo,
The Shapley value can be directly computed from the pos-
sible coalitions (without looking at the permutations), with
the following expression:

>

CCN
where c is the cardinality of C.

Example 4 The Shapley value of the game defined in Exam-
ple 3is (A, 35 20),

These values show that it is player 2 that is the best placed
in this game, accordingly to what we explained when we
presented Example 3.

Besides this value, Shapley proposes axiomatic properties
a value should have.

(c=Dl(n—c)

Siw) = n!

(0(C) —v(C\{i}))

> ien Si(v) =v(N) (Efficiency)
e If ¢ and j are such that for all C st. i,j ¢ C,
v(C U {i}) =v(C U{j}), then S;(v) = S;(v)
(Symmetry)
o If 4 is such that VC v(C U {i}) = v(C), then S;(v) =0
(Dummy)
o Si(v+w) = S;(v) + S;i(w) (Additivity)

These four axioms seem quite sensible. Efficiency states
that the payoff available to the grand coalition N must be ef-
ficiently redistributed to the players (otherwise some players
could expect more that what they have). Symmetry ensures
that it is the role of the player in the game in coalitional
form that determines her payoff, so it is not possible to dis-
tinguish players by their name (as far as payoffs are con-
cerned), but only by their respective merits/possibilities. So
if two players always are identical for the game, i.e. if they
bring the same utility to every coalitions, then they have the
same value. The dummy player axiom says simply that if a
player is of no use for every coalition, this player does not
deserve any payoff. And additivity states that when we join
two different games v and w in a whole super-game v + w
(v + w is straightforwardly defined as the function that is
the sum of the two functions v and w, that means that each
coalition receive as payoff in the game v + w the payoff it
has in v plus the payoff it has in w), then the value of each
player in the supergame is simply the sum of the values in
the compound games.

These properties look quite natural, and the nice result
shown by Shapley is that they characterize exactly the value
he defined (Shapley 1953):

Proposition 2 The Shapley value is the only value that sat-
isfies all of Efficiency, Symmetry, Dummy and Additivity.

This result supports several variations : there are other
equivalent axiomatizations of the Shapley value, and there
are some different values that can be defined by relaxing
some of the above axioms. See (Aumann & Hart 2002).



Inconsistency Values using Shapley Value

Given an inconsistency measure, the idea is to take it as the
payoft function defining a game in coalitional form, and then
using the Shapley value to compute the part of the inconsis-
tency that can be imputed to each formula of the belief base.

This allows us to combine the power of inconsistency
measures based on variables and hence discriminating be-
tween singleton inconsistent belief base (like Coherence
measure in (Hunter 2002), or like the test action values of
(Konieczny, Lang, & Marquis 2003)), and the use of the
Shapley value for knowing what is the responsibility of a
given formula in the inconsistency of the belief base.

We just require some basic properties on the underlying
inconsistency measure.
Definition 8 An inconsistency measure I is called a basic

inconsistency measure if it satisfies the following properties,
VK,K' € Kz, Va,B € L:

o I(K) = 0 iff K is consistent (Consistency)
e 0<I(K)<1 (Normalization)
e [([KUK') > I(K) (Monotony)

o Ifais afree formula of KU{a}, then I( KU{a}) = I(K)
(Free Formula Independence)

elfat fanda¥ L, then (K U{a}) > I(K U{B})
(Dominance)

We ask for few properties on the initial inconsistency
measure. The consistency property states that a consistent
base has a null inconsistency measure. The monotony prop-
erty says that the amount of inconsistency of a belief base
can only grow if one adds new formulae (defined on the
same language). The free formula independence property
states that adding a formula that does not cause any inconsis-
tency cannot change the inconsistency measure of the base.
The Dominance property states that logically stronger for-
mulae bring (potentially) more conflicts. The normalization
property of the inconsistency measure is not mandatory, it is
asked only for simplification purposes.

Now we are able to define the Shapley inconsistency val-
ues :

Definition 9 Let I be a basic inconsistency measure. We
define the corresponding Shapley inconsistency value (SIV),
noted Sy, as the Shapley value of the coalitional game de-
fined by the function I, i.e. let o € K :

S (o) = 3 (e in ot

n!
CCK

(I(C) = 1(C\{a}))

where n is the cardinality of K and c is the cardinality of C.

Note that this SIV gives a value for each formula of the
base I, so if one considers the base K as the vector K =
(..., ), then we will use S;(K) to denote the vector
of corresponding SIVs, i.e.

S1(K) = (Sf (1), ..., Sf (an))
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This definition allows us to define to what extent a for-
mula inside a belief base is concerned with the inconsisten-
cies of the base. It allows us to draw a precise picture of the
contradiction of the base.

From this value, one can define an inconsistency value for
the whole belief base:

Definition 10 Let K be a belief base, 51(K) = max Si(a)
(&3

One can figure out other aggregation functions to define
the inconsistency measure of the belief base from the incon-
sistency measure of its formulae, such as the leximax for
instance. Taking the maximum will be sufficient for us to
have valuable results and to compare this with the existing
measures from the literature. Note that taking the sum as ag-
gregation function is not a good choice here, since as shown
by the distribution property of Theorem 3 this equals I (K),
“erasing” the use of the Shapley value.

We think that the most interesting measure is .Sy, since it
describes more accurately the inconsistency of the base. But
we define S ' since it is a more concise measure, that is of the
same type as existing ones (it associates a real to each base),
that is convenient to compare our framework with existing
measures.

Let us see see now two instantiations of SIVs.

Drastic Shapley Inconsistency Value

We will start this section with the simplest inconsistency
measure one can define:

Definition 11 The drastic inconsistency value is defined as:

0 if K is consistent
La(K) = { 1 otherwise

This measure is not of great interest by itself, since it
corresponds to the usual dichotomy of classical logic. But
it will be useful to illustrate the use of the Shapley incon-
sistency values, since, even with this over-simple measure,
one will produce interesting results. Let us illustrate this on
some examples.

Example 5 K7 = {a, —a,b}.
Then 1;({a, —a}) = I4({a, —a,b}) = 1, and the value is
de(Kl):(l 1 0) SOS]’I(KO:%.

202
As b is a free formula, it has a value of 0, the two other
formulae are equally responsible for the inconsistency.

Example 6 K> = {a,b,bAc,—bAd}.
Then the value is Sy, (K2) = (0,3, §, 3).
And 81, (I,) = 2.

The last three formulae are the ones that belong to some
inconsistency, and the last one is the one that causes the most
problems (removing only this formula restores the consis-
tency of the base).

Example 7 K, = {a A —a,b, b, c}.

The value is S1,(K4) = (4, %, %,0). So Sr,(Ky) = 2



LP,, Shapley Inconsistency Value
Let us turn now to a more elaborate value. For this we use

the LP,, inconsistency measure (defined earlier) to define a
SIV.

Example8 Ler K4={aA—-a,b,—b,c}
and Kj={aAN-aNbA-bAc}.
Then Si,p, (K1) = (5, %,4,0), and S1,,, (K4) = 3.
Whereas St ,, (K}) = (%) and gIme (K;) =2
As we can see on this example, the SIV value allows us to
make a distinction between K 4 and K, since S, po (K4) =

% whereas S'Ime (K4) = % This illustrates the fact that
the inconsistency is more distributed in K4 than in K. This
distinction is not possible with the original I, p,, value. Note
that with Knight’s coherence value, the two bases have the
worst inconsistency value (maximally O-consistent).

So this example illustrates the improvement brought by
this work, compared to inconsistency measures on formulae
and to inconsistency measures on variables, since none of
them was able to make a distinction between K4 and K},
whereas for § I1p,, K4 is more consistent than K.

Let us see a more striking example.

Example 9 Let K5 = {a,b,bAc,—bA—c}.

ThenASILPm () = (0, %-, %-, %),

and St .. (K5) = %

In this example one can easily see that it is the last for-
mula that is the more problematic, and that b A ¢ brings more
conflict than b alone, which is perfectly expressed in the ob-
tained values.

Logical properties
Let us see now some properties of the defined values.

Proposition 3 Every Shapley Inconsistency Value satisfies:

> er Si(a) = I(K) (Distribution)
o lfJa,f € K st. forall K' C K st. o, ¢ K/,
I(K'U{a}) = I(K'U{B}), then St(a) = S1(B)
(Symmetry)
o If ais a free formula of K, then S(a) =0
(Free Formula)
elfat fanda¥ L, then St(c) > S;(B) (Dominance)

The distribution property states that the inconsistency val-
ues of the formulae sum to the total amount of inconsis-
tency in the base (/(K')). The Symmetry property ensures
that only the amount of inconsistency brought by a formula
matters for computing the SIV. As one could expect, a for-
mula that is not embedded in any contradiction (i.e. does
not belong to any minimal inconsistent subset) will not be
blamed by the Shapley inconsistency values. This is what
is expressed in the Free formula property. The Dominance
property states that logically stronger formulae bring (poten-
tially) more conflicts.

The first three properties are a restatement in this logical
framework of the properties of the Shapley value. One can
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note that the Additivity axiom of the Shapley value is not
translated here, since it makes little sense to add different
inconsistency values.

Let us turn now to the properties of the measure on belief
bases.
Proposition 4
e S1(K) = 0ifand only if K is consistent (Consistency)
0 < 5(K)<1
o [f v is a free formula of K U {a}, then
S;(Ku{a}) =8;(K) (Free Formula Independence)

o $1(K) < I(K) (Upper Bound)

e $1(K) = I(K) > 0 ifonly if o € K s.t. v is inconsis-
tent and V3 € K, B # «, B is a free formula of K
(Isolation)

(Normalization)

The first three properties are the ones given in Definition
8 for the basic inconsistency measures. As one can easily
note an important difference is that the monotony property
and the dominance property do not hold for the SIVs on be-
lief bases. It is sensible since distribution of the inconsisten-
cies matters for SIVs. The upper bound property shows that
the use of the SIV aims at looking at the distribution of the
inconsistencies of the base, so the SIV on belief bases is al-
ways less or equal to the inconsistency measure given by the
underlying basic inconsistency measure. The isolation prop-
erty details the case where the two measures are equals. In
this case, there is only one inconsistent formula in the whole
base.

Let us see, on Example 10, counter-examples to
monotony and dominance for SIV on belief bases:

K¢ = {a,—a,~a A b},
K7 = {a,~a,~a Ab,aAb},
and Kgs = {a,~a,—a Ab,b}.

S1,(Ke) = 2, 81,(K7) = 5, Si,(Ks) = 2.

Example 10 Let

On this example one can see why monotony can not be
satisfied by SIV on belief bases. Clearly K¢ C K7, but
S'Id(Ke) > S'Id(K7). This is explained by the fact that the
inconsistency is more diluted in K7, than in Kg. In K7 the
formula a is the one that is the most blamed for the incon-
sistency (S}'S"’(a) = S51,(Kg) = %), since it appears in all
inconsistent sets. Whereas in K7 inconsistencies are equally
caused by a and by a A b, that decreases the responsability
of a, and the whole inconsistency value of the base.

For a similar reason dominance is not satisfied, we clearly
have a AbF b (and a A b¥ L), but §1,(K7) < S, (Ksg).

Applications for Belief Change Operators

As the measures we define allow us to associate with each
formula its degree of responsibility for the inconsistency of
the base, they can be used to guide any paraconsistent rea-
soning, or any repair of the base. Let us quote two such
possible uses for belief change operators, first for belief re-
vision and then for negotiation.



Iterated Revision and Transmutation Policies

The problem of belief revision is to incorporate a new piece
of information which is more reliable than (and conflicting
with) the old beliefs of the agent. This problem has re-
ceived a nice answer in the work of Alchourron, Gardenfors,
Makinson (Alchourrén, Girdenfors, & Makinson 1985) in
the one-step case. But when one wants to iterate revision
(i.e. to generalize it to the n-steps case), there are numer-
ous problems and no definitive answer has been reached
in the purely qualitative case (Darwiche & Pearl 1997;
Friedman & Halpern 1996). Using a partially quantitative
framework, some proposals have given interesting results
(see e.g. (Williams 1995; Spohn 1987)). Here “partially
quantitative” means that the incoming piece of information
needs to be labeled by a degree of confidence denoting how
strongly we believe it. The problem in this framework is to
justify the use of such a degree, what does it mean exactly
and where does it come from. One possibility is to use an
inconsistency measure (or a composite measure computed
from an information measure (Lozinskii 1994; Knight 2003;
Konieczny, Lang, & Marquis 2003) and an inconsistency
measure) to determine this degree of confidence. Then one
can define several policies for the agent (we can suppose that
an agent accepts a new piece of information only if it brings
more information than contradiction, etc). We can then use
the partially quantitative framework to derive revision oper-
ators with a nice behaviour. In this setting, since the degree
attached to the incoming information is not a given data, but
computed directly from the information itself and the agent
policy (behaviour with respect to information and contradic-
tion, encoded by a composite measure) then the problem of
the justification of the meaning of the degrees is avoided.

Negotiation

The problem of negotiation has been investigated recently
under the scope of belief change tools (Booth 2001; 2002;
2006; Zhang et al. 2004; Meyer et al. 2004; Konieczny
2004; Gauwin, Konieczny, & Marquis 2005). The problem
is to define operators that take as input belief profiles (multi-
set of formulae?) and that produce a new belief profile that
aims to be less conflicting. We call these kind of operators
conciliation operators. The idea followed in (Booth 2002;
2006; Konieczny 2004) to define conciliation operators is to
use an iterative process where at each step a set of formulae
is selected. These selected formulae are logically weakened.
The process stops when one reaches a consensus, i.e. a con-
sistent belief profile®. Many interesting operators can be de-
fined when one fixes the selection function (the function that
selects the formulae that must be weaken at each round) and
the weakening method. In (Konieczny 2004) the selection
function is based on a notion of distance. It can be sensible
if such a distance is meaningful in a particular application. If
not, it is only an arbitrary choice. It would then be sensible to
choose instead one of the inconsistency measures we defined

2More exactly belief profiles are sets of belief bases. We use
this simplifying assumption just for avoiding technical details here.

3 A belief profile is consistent if the conjunction of its formulae
is consistent.
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in this paper. So the selection function would choose the for-
mulae with the highest inconsistency value. These formulae
are clearly the more problematic ones. More generally SIVs
can be used to define new belief merging methods.

Conclusion

We have proposed in this paper a new framework for
defining inconsistency values. The SIV values we introduce
allow us to take into account the distribution of the incon-
sistency among the formulae of the belief base and the vari-
ables of the language. This is, as far as we know, the only
definition that allows us to take both types of information
into account, thus allowing to have a more precise picture of
the inconsistency of a belief base. The perspectives of this
work are numerous. First, as sketched in the previous sec-
tion, the use of inconsistency measures, and especially the
use of Shapley inconsistency values, can be valuable for sev-
eral belief change operators, for instance for modelizations
of negotiation. The Shapley value is not the only solution
concept for coalitional games, so an interesting question is
to know if other solutions concept can be sensible as a basis
for defining other inconsistency measures. But the main way
of research opened by this work is to study more closely the
connections between other notions of (cooperative) game
theory and the logical modelization of belief change oper-
ators.
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Proofs

Proof of Proposition 3 :
recall that

To show distribution, let us

e—1)!(n—c)!
5(@) = Tock THFTHIO) - 1(C\ {a}))
= IS I8 U{a) ~ 162
where o,, is the set of possible permutations on I, and

p% = {8 € K | o(8) < o(a)}. Now

ZaeK Si(a) = IZaeK # Zaean I(ps U {a}) = 1(p%)
= 5 Y enn Sacr 105 U{a}) — 1(03)
Now note that we can order the elements of /K accordingly
to o when computing the inside sum, that gives:
=Y eo. H{ oy - Qo) })
—I({as@), s Qo(n-1)})]
+HI({ oy, -5 Qon-1)})
—I({asq), -5 Qo(n-2)})]
e o)) - T0)]
=01 Qocon I({aa(l)v“,ag(n)}) —1(0)
= % n! I(K)

=[(K)

To show symmetry, assume that there are v, § € K s.t. for
al K/ C Kst.a,f¢ K',I(K'U{a}) =I(K"U{3}).



Now by definition
c—1Dl(n—c)!
S 3 e Do=0

!
ik n!

Let us show that SK (a) = SK(3) by showing (by cases)
that the elements of the sum are the same:

Ifa ¢ Cand B & C,then I(C) = I(C\{a}) = I(C\{S}).
s0 I(C) = I(C'\{a}) = I(C) = I(C\{B}).

If « € C' and 8 € C, then note that by hypothesis, as o, ¢
C\ {a, 8}, we deduce that I(C'\ {a}) = I(C \ {8}). So
1(C) = I(C\ {a}) = I(C) - I(C\ {B).

Ifa € Cand B ¢ C. Then I(C)—I(C\{B}) = 0, and let us
note I(C')—I(C'\{a}) = a. Letus note C' = C"U{a}, and
C" = C"U{p}. Now notice that I(C") — I(C""\ {a}) =0,
and as we can deduce I(C \ {a}) = I(C” \ {/3}) by the
hypothesis, we also have I(C") — I(C" \ {5}) = a.

To show the free formula property, just note that if « is a
free formula of K, then for every subset C' of K, by the free
formula independence property of the basic inconsistency
measure we have that for every C, such that o € C, I(C)
I(C\«),s0 I(C)—I(C\ ) = 0. Straightforwardly if o ¢
C, I(C) = I(C \ ). So the whole expression S¥(a) =

Yok ERLE=R(1(C) - 1(C'\ {a})) sums to 0.

Finally, to show dominance we will proceed in a simi-
lar way than to show symmetry. Assume that o, 5 € K
are such that « + 8 and o ¥ L. Then, by the domi-
nance property of the underlying basic inconsistency mea-
sure, we know that for all C C K, I(C U {a}) >
I(C U {B}). Now by definition of the SIV S¥(a) =
Socx G (1(C) — 1(C \ {@})). Let us show that
SK(a) > SK(B) by showing (by cases) that the elements
of the first sum are greater or equal to the corresponding el-
ements of the second one:

Ifa ¢ CandB ¢ C,then I(C) = I(C\{a}) = I(C\{B}),
s0 I(C) = I(C'\ {a}) = I(C) = I(C\ {B}).

Ifa« € C'and 8 € C, then letus note C' \ {a} = C" U {B}.
So we also have C'\ {8} = C’ U {a}. Now note that by
hypothesis I(C" U {8}) < I(C" U {a}), so I C\{a}) <
H(C\{8}). Hence I(C)~1(C\{a}) = 1(C)~I(C\ {B}).
Ifa€ Cand 3 ¢ C. Then I(C)—I(C\{B}) = 0, and let us
note I(C')—I(C\{a}) = a. Letus note C' = C"U{a}, and
C" = C"U{pB}. Now notice lhatI(C”) I(C"\{a}) =0.
So I(C) — I(C'\ {B}) = I(C") — I(C" \ {a}) Note that
I(C)\{B} = I(C")\{a} = C". As we candeduce I(C) >
1(C") by the hypothesis, we also have I(C')—I(C\{a}) >
I(C") = (C"\{B}).

(I(C) = 1(C\{a}))

O

Proof of Proposition4 :  To prove consistency note that if
K is consistent, then for every C C K, I(C) = 0 (this is a
direct consequence of the consistency property of the under-
lying basic inconsistency measure). Then for every a € K,
SK(a) = 0. Hence 7 (K) = maxacr Sr(a) = 0. For the
only if direction, by contradiction, suppose that S (K)=0
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and that K is not consistent. As K is not consistent, then by
the consistency property of the underlying basic inconsis-
tency measure I (K) = a # 0. By the distribution property
of the SIV we know that 3 . Sr(a) = a # 0, then Ja €
K such that S7(a) > 0, so S’I(K) = maxaek Sr(a) > 0.
Contradiction.
The normalization property is a consequence of the defini-
tion of S7(K) as a maximum of values that are all greater
than zero, that ensures 0 < S; (K), and that are all smaller
than 1. An easy way to show S;(K') < 1is as a consequence
of the upper bound property (shown below) S7(K) < I(K)
and of I(K) < 1 obtained by the normalization property of
the underlying basic inconsistency measure /.
To show the free formula independence property, just notice
that for any formula /3 that is a free formula of K U {8},
it is also a free formula of every of its subsets. It is easy
to see from the definition that for any a € K, SK(«a)
SIKUW} (cv). This is easier if we consider the second form of
the definition: SK(a) = % Z,EU” I(pg U{a}) — I(pg)
where o, is the set of possible permutations on K. Now
note that for S; Kois) (), the free formula does not bring
any contradlcnon so it does not change the marginal contri-
bution of every other formulae. Let us call the extensions of
a permutation o on K by £3, all the permutations of K U {3}
whose restriction on elements of K is identical to o, i.e.
an extension of o = (a,...,a,) by (3 is a permutation
o = (a1,...,0q; 0, Qi41,...,a,). Now note that there
are n + 1 such extensions, and that if ¢’ is an extension of
sigmﬂsﬂl (5 U{a}) = 1(p3) = I1(p3: U{a}) — I(p3). So
KU
S5 0) = ik (n+ 1) T ey, 103 U {0}) = 1(03)
= 11 Loeo, 105 U{a}) — 1(p§) = Sf(a). Now as we
have for any o € K, SK(a) = Sf‘uw}(a)
Si(K U{a}) = S(K).
The upper bound property is stated by rewriting I(K) as
> ek S1(a) with the distribution property of the SIV, and
by recalling the definition of §[(K) as maxqex Sr(a).
Now by noticing that for every vector a (a1,...,an),
MaXe,cq @i < Zm@ a;, we conclude maxqex Sr(a) <
Yoaek Si(a),ie. Si(K) < I(K).
Let us show isolation. The if direction is straighforward:
As « is inconsistent, K is inconsistent, and by the consis-
tency and normalization properties of the underlying basic
inconsistency measure we know that /(K) > 0. By the free
formula property of SIV, for every free formula 5 of K we
have S7(8) = 0. As by the distribution property we have
Yack S1(a) = I(K), this means that Sy(a) = I(K),
and that SI(K) = MaXqeK S[(Ot) = Sj(Oé). So S](K) =
I(K) > 0. For the only if direction suppose that S;(K) =
I(K), that means that maxacx Sr(o) = I(K). But, by the
distribution property we know that I(K) = 3° cr Si(a).
So it means that maxaex Sr(a) = Y cx Sr(a) = I(K).
There exists a such that S;(«) = I(K) (consequence of the
definition of the max), and if there exists a 5 # « such that

, we have



S1(8) > 0, then - p S1() > I(K). Contradiction. So
it means that there is « such that S;(«) = I(K) and for
every 3 # a, S;(8) = 0. That means that every 3 is a free
formula, and that « is inconsistent.

O
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Abstract

In this paper, we explore the links between measures of in-
consistency for a belief base and the minimal inconsistent
subsets of that belief base. The minimal inconsistent subsets
can be considered as the relevant part of the base to take into
account to evaluate the amount of inconsistency. We define
a very natural inconsistency value from these minimal incon-
sistent sets. Then we show that the inconsistency value we
obtain is a particular Shapley Inconsistency Value, and we
provide a complete axiomatization of this value in terms of
five simple and intuitive axioms. Defining this Shapley In-
consistency Value using the notion of minimal inconsistent
subsets allows us to look forward to a viable implementation
of this value using SAT solvers.

Introduction

The need to develop robust, but principled, logic-based tech-
niques for analysing inconsistent information is increasingly
recognized as an important research area for artificial intel-
ligence in particular, and for computer science in general
(Bertossi, Hunter, & Schaub 2004). This interest stems from
the recognition that the dichotomy between consistent and
inconsistent sets of formulae that comes from classical log-
ics is not sufficient for describing inconsistent information.

A number of proposals have been made for measuring the
degree of information of a belief base in the presence of in-
consistency (Lozinskii 1994; Wong & Besnard 2001; Knight
2003; Konieczny, Lang, & Marquis 2003), and for measur-
ing the degree of inconsistency of a belief base (Grant 1978;
Knight 2001; Hunter 2002; Knight 2003; Konieczny, Lang,
& Marquis 2003; Hunter 2004; 2003; Grant & Hunter 2006;
Hunter & Konieczny 2006; Grant & Hunter 2008). For a
review see (Hunter & Konieczny 2004).

These measures are potentially important in diverse ap-
plications in artificial intelligence, such as belief revision,
belief merging, negotiation, multi-agent systems, decision-
support, and software engineering tools. Already, mea-
suring inconsistency has been seen to be a useful tool in
analysing a diverse range of information types including
news reports (Hunter 2006), integrity constraints (Grant &
Hunter 2006), information merging (Qi, Liu, & Bell 2005),
databases (Martinez et al. 2007), ontologies (Ma et al.
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2007), software specifications (Barragans-Martfiez, Pazos-
Arias, & Fernandez-Vilas 2004; Mu et al. 2005), and ecom-
merce protocols (Chen, Zhang, & Zhang 2004).

Each of the current proposals for measuring inconsistency
can be described as being one of the following two ap-
proaches.

The first approach involves “counting” the minimal num-
ber of formulae needed to produce the inconsistency in a set
of formulae. The more formulae needed to produce the in-
consistency, the less inconsistent the set (Knight 2001). This
idea is an interesting one, but it rejects the possibility of a
more fine-grained inspection of the (content of the) formu-
lae. In particular, if one looks to singleton sets only, one is
back to the initial problem, with only two values: consistent
or inconsistent.

The second approach involves looking at the proportion
of the language that is touched by the inconsistency in a
set of formulae. This allows us to look inside the for-
mulae (Hunter 2002; Konieczny, Lang, & Marquis 2003;
Grant & Hunter 2006; 2008). This means that two formulae
(singleton sets) can have different inconsistency measures.
In these proposals one can identify the set of formulae with
its conjunction (i.e. the set {¢, ¢’} has the same inconsis-
tency measure as the set {¢ A ¢'}). Whilst the lack of syntax
sensitivity may be appropriate for some applications, it does
mean that the distribution of the contradiction among the
formulae is not taken into account.

It seems difficult to build measures that take these two di-
mensions into account. But, in (Hunter & Konieczny 2006)
a unified framework was proposed with this aim. The main
point was to define inconsistency values that give the in-
consistency of each formula of the base, in constrast to the
above inconsistency measures that give the inconsistency of
the whole base. This allows us to draw a more precise pic-
ture of the inconsistencies of the base. The idea is to start
from one of the measures considered in the two approaches
above and use it to assign a measure of inconsistency to a set
of formulae, and then to use a technique based on coopera-
tive game theory: the Shapley value (Shapley 1953). This
then allows us to identify the blame/responsibility of each
formula in the inconsistency of the belief base (Hunter &
Konieczny 2006). This means for example that we can use a
measure from the second approach which considers the pro-
portion of the language touched by inconsistency, and then



using the Shapley value, apportion the blame for the incon-
sistency in the set to the individual formulae in a principled
way.

Against this background, it is interesting to note that the
use of minimal inconsistent subsets of a belief base has re-
ceived much less attention as the basis for defining inconsis-
tency measures. So in this paper, we explore the nature of
some interesting measures of inconsistency based on mini-
mal inconsistent subsets of the belief base, and we consider
how these new measures relate to the family of Shapley In-
consistency Values.

It has been known for a long time that minimal inconsis-
tent subsets of the base are a cornerstone of analysing incon-
sistencies. For instance, to recover consistency, one has just
to remove one formula from each minimal inconsistent sub-
set (Reiter 1987). For conflict resolution, where the syntac-
tic representation of the information is important, measuring
inconsistency in terms of the minimal inconsistent subsets is
intuitive and it is informative for deciding how to change the
set of formulae through a process such as negotiation, com-
promise, or resolution. So it should be natural to study how
these minimal inconsistent subsets could be used to define
measures of inconsistency.

The idea to analyse minimal inconsistent subsets of the
belief base was followed in order to define scoring functions
that, for each subset K’ of a set of formulae K, gives a score
that is the number of minimal inconsistent subsets of K that
would be eliminated if K’ were removed from K. Then this
score is used to compare different subsets K’ (Hunter 2004).

Obviously, these approaches are syntax sensitive, which
for some applications, is necessary. Consider capturing
requirements for a new corporate computer system in a
process where a user may present his or her requirements
in the form of a set of propositional formulae (Hunter &
Nuseibeh 1998). Here presenting the set of requirements
{a, B} should be treated differently to the set of require-
ments {a A 3} since the first set says that there are two re-
quirements, the first being « and the second 3, whereas in
the second set says that is one requirement, namely a A 3.

In the rest of this paper, we study how to use minimal
inconsistent subsets in order to define inconsistency values,
that will allow us to define the inconsistency of each formula
of the base (like with Shapley Inconsistency Values (Hunter
& Konieczny 2006)). To this end we introduce the family of
MIV (for MinInc Inconsistency Value), and focus on a very
intuitive one: M IV(. As these values have the same aim as
the family of Shapley Inconsistency Values, it is interesting
to study the relationship between these two families. More-
over, we show a surprising result: the value M1V is in
fact a Shapley Inconsistency Value. This result is very inter-
esting as it allows us to state interesting logical properties,
and to find a way to implement the Shapley Inconsistency
Values using existing automated reasoning technology. The
additional interest of this value is that its intuitive logical
properties have led us to a complete axiomatization through
five intuitive axioms.
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Preliminaries

We consider a propositional language £ built from a finite
set of propositional symbols P. We use a, b, c, . . . to denote
the propositional variables, and Greek letters «, 3, ¢, . .. to
denote the formulae. An interpretation is a total function
from P to {0,1}. The set of all interpretations is denoted
W. An interpretation w is a model of a formula ¢, denoted
w = o, if and only if it makes ¢ true in the usual truth-
functional way. Mod(p) denotes the set of models of the
formula ¢, i.e. Mod(p) = {w € W |w = ¢}. We will use
C to denote the set inclusion, and we will use C to denote
the strict set inclusion, i.e. A C Biff AC Band B € A.
We will denote the set of natural numbers by N and the set
of real numbers by R.

Let A and B be two subsets of C', we note C' = AGBif A
and B form a partition of C,i.e. C = A® Biff C = AUB
and AN B = 0.

A belief base K is a finite set of propositional formulae.
More exactly, as we will need to identify the different for-
mulae of a belief base in order to associate them with their
inconsistency value, we will consider belief bases K as vec-
tors of formulae. For logical properties we will need to use
the set corresponding to each vector, so we suppose that we
have a function such that for each vector K = (a, ..., ay),
K is the set {ay,...,a,}. As it will never be ambiguous,
in the following we will omit the ~ and write K as both the
vector and the set. We use K, to denote the set of belief
bases definable from formulae of the language L.

A belief base is consistent if there is at least one inter-
pretation that satisfies all its formulae. If a belief base K is
not consistent, then one can define the minimal inconsistent
subsets of K as:

MI(K)={K'CK|K'+ LandVK" Cc K’ K" ¥ 1}

If one wants to recover consistency from an inconsistent
base K, then the minimal inconsistent subsets can be con-
sidered as the purest form of inconsistency, since to recover
consistency, one has to remove at least one formula from
each minimal inconsistent subset (Reiter 1987).

A free formula of a belief base K is a formula of K that
does not belong to any minimal inconsistent subset of the
belief base K. This means that this formula has nothing to
do with the conflicts of the base.

Inconsistency values defined from minimal
inconsistent sets

Apart from (Hunter & Konieczny 2006), existing inconsis-
tency measures allow us to evaluate the amount of incon-
sistency of a whole base, but not to evaluate the amount of
inconsistency of each formula of the base. In other words,
existing inconsistency measures do not allow us to evaluate
the responsability of each formula in the inconsistency of the
base. Yet it is possible to define some such measures using
minimal inconsistent sets. Furthermore, as these minimal in-
consistent sets are the parts of the base where inconsistencies
lie, it should be natural to use only the minimal inconsistent
sets for evaluating the amount of inconsistency of the bases.
This is the motivation for the following definition where f



is some function that takes as input a formula « and the set
of minimal inconsistent subsets for a belief base K.

Definition 1 A Minlnc Inconsistency Value (MIV) is a
Sunction MIV : Kz x L — R such that MIV (K, o) =
f(a, MI(K)) where f is a function of o and MI(K).

Instances of a MIV (such as those given in Definitions 2
and 4) depend on the choice of function f.

So this definition states exactly the fact that the inconsis-
tency value only takes into account the minimal inconsistent
subsets of the base. In particular two different bases K and
K’ with exactly the same minimal inconsistent sets will have
the same amount of inconsistency.

The simplest types of MIV one can define are the follow-
ing ones:

Definition 2 MIVp and M1V are defined as follows:

) 1 ifaM e MI(K) a € M
. MIVD(IMG'):{ 0 bfzherwise )

o MIV4(K,0) = |[{M € MI(K) | a € M}|

The first value is the drastic one, that takes value one if the
formula belongs to a minimal inconsistent subset, and zero
otherwise. The second one is a cardinality value, that counts
the number of minimal inconsistent subsets the formula be-
longs to.

The first value is of little interest, since it allows us just
to make a distinction between free formulas and the other
ones. The second one is more useful, and allows us to find
more interesting results. Let us check this on the following
example.

Example 1 Let K1 = {a,~a,~a Ac,aV d,~d,bA-b,e},
so the minimal inconsistent subsets of K1 are

MI(KL) = {{bA~b}, {a, a}, {a, ~anc}, {~a,avd, ~d}}
and the M 1Vy value gives as a result:

MIVy(Ky,a) =2 MIVy(Ky,—~d) =1
MIVy(Ky,~a) =2  MIVu(K,bA-b) =1
MIVy(Ky,~aAc)=1 MIVy(Kye)=0
MIVy(Ky,aVd) =1

It is easy to check that MIVy is just a scoring function
(Hunter 2004) applied uniquely on formulae:

Definition 3 Ler K € K. Let S be the scoring function
for K defined as follows, where S : p(K) + Nand K' €
p(K)

S(K') = [MI(K)| — |MI(K — K")|

For a belief base K, a scoring function S gives the number
of minimal inconsistent subsets of K that would be elimi-
nated if the subset K’ was removed from K. See (Hunter
2004) for more details on the use of these scoring func-
tions. So if a € K, it is straighforward to see that we have
MIVy(a, K) = S({a}).

The evaluation of the inconsistency value of each formula
given by MIVy is still very rough. In particular, it does
not take into account the cardinalities of the minimal incon-
sistent subsets the formula belongs to. But, as explained in
several works (see for example (Knight 2001)), the size of
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the minimal inconsistent subset can have an impact on the
evaluation of the inconsistency. The idea is that the smaller
the value of the minimal inconsistent subset, the bigger is
the inconsistency. To illustrate this we use the prototypical
example of the lottery paradox given by Knight to motivate
his approach.

Example 2 There are a number of lottery tickets with one
of them being the winning ticket. Suppose w; denotes ticket
i will win, then we have the assumption w1 V ...V wy. In
addition, for each ticket i, we may pessimistically (or proba-
bilistically if the number of tickets is important) assume that
it will not win, and this is represented by the assumption
—w;. So the base K7, is:

Kp = {~wi,...,~wp, w1 V...Vwy}

Clearly if there are three or two (or one!) tickets in the
lottery, then this base is highly inconsistent. But if there are
millions of tickets there is intuitively (nearly) no conflict in
the base.

So it could prove better not to simply take the number
of minimal inconsistent subsets a formula belongs to, but to
take into account their cardinalities. This idea gives a third
M1V value:

Definition 4 M IV is defined as follows:

1
2 i

MEeMI(K)S.t.ae M

MIVg(K,a) =

This allows us to define a much more precise view of the
inconsistency, as illustrated in the following example.

Example 3 Let Ky = {a,~a,~a Ac,aVd,~d,bA—b,e}
and the M IV value gives as a result:

MIVe(Ky,a) =1 MIVe(Ky,~d) = %
]V[IVC(K],“U.)Z% MIVe(Ky,bA=b) =1
MIVe(Ky,—~anc)=% MIVo(Kie) =0
MIVe(Ky,aVvd) = %

‘We can compare these obtained results with the ones of
Example 1, where less distinction was possible, with only
three different levels. We can notice that now we can make
a distinction between —a A ¢, and a V d, that both belong to
only one minimal inconsistent subset, but the one of a V d is
bigger. We also note that an inconsistent formula has a high
degree of inconsistency according to the M IV value. One
can remark that with M IV the formula b A —b is evaluated
as more conflicting than the formula —a which belongs to
two larger minimal inconsistent subsets, whereas the evalu-
ation is the converse for M1V

We can see more clearly on a dedicated example why
M IV gives a more precise view of the conflict brought by
each fomula than M IV.

Example 4 Consider Ko = {a A —a,b A =b} and K5 =
{aA=b,~a Ab}. Here we see that the M IVy value assigns
the same value to each formula, even though for instance
a A —a is entirely responsible for an inconsistency, whereas
a A —b is only partially responsible for an inconsistency.
MIVy(Ks,aN—a)=1 MIVy(Ks,ah-b) =1
MIVy (K2, bA-b) =1 MIVy(Ks,~aNb) =1



In contrast, the M IV value is more discriminating and so
for instance a N\ —a, which is entirely responsible for an in-
consistency, has the maximum value of 1, whereas a N\ —b,
which is only half of the cause of an inconsistency, has a
value of 1/2.

MIVe(Kzanma) =1 MIVo(Ksan=b) =}
MIVo(Ka,bA=b) =1 MIVe(Ks,—anb) =1

More generally, we see that the M IV value is affected
by the size of each minimal inconsistent subset: Returning
to Example 2, we see that for K, and for some « € K, the
value of MIV¢ (K, a) decreases as the cardinality of K7,
increases.

We now give a few observations regarding the M 'V def-
inition. Other properties will be also derivable from later
results of the paper.

Proposition 1

o If ais a free formula in K, then M IV (K, ) =0
o MIVo(KUK' o) > M1V (K, )

o Ifa= 1, then MIVe(K,a) =1

o Ifotand ptf L then

MIVe(K U{¢}, ) > MIVe(K U {#},a)

So from the examples and observations in this section, it
seems that M IV is an appealing and informative measure
of inconsistency.

Shapley Inconsistency Values

Shapley Inconsistency Values were introduced in (Hunter &
Konieczny 2006) in order to be able to define a measure of
inconsistency for each formula, from a measure of inconsis-
tency on belief bases.

The idea is to start from one basic measure of inconsis-
tency from the literature, that allows us to evaluate the incon-
sistency of a belief base, to use this measure as the definition
of a coalitional game, and to use a notion from cooperative
game theory, the Shapley value (Shapley 1953), that allows
us to define the merits of one individual in a given game. In
our setting, with the scale reversal, this amounts to define
the blame/responsabity of one formula in a given base for
the inconsistencies.

So the idea is similar to the one that drove the definition
of MIV in the last section. Therefore it is natural to wonder
if there are some links between the two approaches.

Let us first give the background on Shapley Inconsistency
Values (SIV). We will just give here the definitions needed
for this paper and for the proofs, for more details see (Hunter
& Konieczny 2006).

First we recall the standard definitions of games in coali-
tional form and of the Shapley value (Aumann & Hart 2002).

Definition 5 Let N = {1,...,n} be a set of n players. A
game in coalitional form is given by a functionv : 2V — R,
with v(0) = 0.
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This framework defines games in a very abstract way, fo-
cusing on the possible coalition formations. A coalition is
just a subset of V. This function gives what payoff can be
achieved by each coalition in the game v when all its mem-
bers act together as a unit.

A natural notion of solution for this kind of game is to try
to define the payoftf that can be expected by each player i for
the game v. This is what is called a value.

Definition 6 A value is a function that assigns to each game
v a vector of payoff S(v) = (S1, ..., Sn) in R", where S; is
the payoff for player i.

Despite these very abstract definitions of the game and of
the value, it is possible to define a notion of solution, i.e. a
value, that gives for any game the expected payoftf (merits)
of each player. The first (and main) such value has been
defined by Shapley (Shapley 1953).

Basically the idea can be explained as follows: consid-
ering that the coalitions form according to some order (a
first player enters the coalition, then another one, then a
third one, etc), and that the payoff attached to a player is its
marginal utility (i.e. the utility that it brings to the existing
coalition), so if C'is a coalition (subset of N) not containing
i, player’s ¢ marginal utility is v(C U {i}) — v(C). As one
can not make any hypothesis on which order is the correct
one, we may suppose that each order is equally probable.
This leads to the following formula:

Let o be a permutation on N, with ,, denoting all the
possible permutations on N. We need the following nota-
tion:

Ph={j € N |o(j) < o(i)}
That means that p, represents all the players that precede
player ¢ for a given order o.
Definition 7 Let i € N be a player, and n be the number of
players. The Shapley value of a game v is defined as.

1 i ; i
Si(v) =~ 3 U {i}) — (o)
fo€on
The Shapley value can be directly computed from the pos-
sible coalitions (without looking at the permutations) using
the following expression:

(c=1)Y(n—20)!
x

CCN

Si(v) (v(C) —v(C\{i}))

where c is the cardinality of C.

Besides the fact that this definition gives very sensible re-
sults, its legitimacy is also given by a nice characterization
result:

Proposition 2 (Shapley 1953) The Shapley value is the

only value that satisfies all of Efficiency, Symmetry, Dummy

and Additivity.

o> icn Si(v) =v(N) (Efficiency)

e If i and j are such that for all C st i,j ¢ C,

v(CU{i}) =v(C U{j}), then S;(v) = Sj(v)
(Symmetry)



o Ifi is such that VC v(C U {i}) = v(C), then S;(v) = 0
(Dummy)

o Si(v+w) = S;(v) + S;(w) (Additivity)

This result supports several variations: there are other
equivalent axiomatizations of the Shapley value, and there
are some different values that can be defined by relaxing
some of the above axioms. See (Aumann & Hart 2002).

So the idea is to consider an inconsistency measure (that
allows us to evaluate the inconsistency of a belief base) as a
game in coalitional form, and to compute the corresponding
Shapley value, in order to be able to define the inconsistency
value of each formula of the base.

We ask some properties for the underlying inconsistency
measure:

Definition 8 An inconsistency measure I is called a basic
inconsistency measure if it satisfies the following proper-
ties, VK, K' € Kz, Vo, B € L:
o I(K) = 0iff K is consistent (Consistency)
e [(KUK') > I(K) (Monotony)
o If avis a free formula of KU{«a}, then I(KU{a}) = I(K)
(Free Formula Independence)
elfat fanda¥ L, then I(K U{a}) > I(KU{3})
(Dominance)

In (Hunter & Konieczny 2006), a Normalization property
was also presented as an optional property. We do not con-
sider that property in this paper.

Definition 9 Let I be a basic inconsistency measure. We de-
fine the corresponding Shapley Inconsistency Value (S7V),
noted Sy, as the Shapley value of the coalitional game de-
fined by the function I, i.e. let « € K :

sty = 3 L= o) e fap)

|
ook n!
where n is the cardinality of K and c is the cardinality of C.

Note that this SIV gives a value for each formula of the
base K. This definition allows us to define to what extent a
formula inside a belief base is concerned with the inconsis-
tencies of the base. It allows us to draw a precise picture of
the contradiction of the base.

So, from a SIV, one can define an inconsistency measure
for the whole belief base:

Definition 10 Let K be a belief base,
ol ool
57 (K) = max 5, (K)
There are alternatives to Definition 10, see the discussion

in (Hunter & Konieczny 2006).

MI Shapley Inconsistency Value
Since minimal inconsistent subsets of a base can be consid-
ered as fundamental features in charaterizing inconsistency,
we use the notion here as the basic inconsistency measure.
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Definition 11 The MI inconsistency re is defined as
the number of minimal inconsistent sets of K, i.e. :

Ini(K) = [MI(K)|

Example 5 K = {a,~a,~aAc,aVd,~d,bA-b,e}
Hence, we get the following:
Iy (K) =4 Inr({a, ~a,~a Ac}) =2
Inr({bA—be}) =1 In({—a,—~aAc})=0

Proposition 3 The MI inconsistency measure Iy is a ba-
sic inconsistency measure, i.e. it satisfies the properties
of Consistency, Monotonicity, Free Formula Independence,
and Dominance.

And in fact the following result shows that this MI Shap-
ley Inconsistency Value is exactly the M1V measure of
Definition 4:

Proposition 4 S!M1(K) = MIVe(K, )
Proof: Let us first show the following lemma that will be
useful in the proof.

Lemma 1 If a simple game in coalitional form on a set
of players N = {1,...,n} is defined by a single winning
coalition C" C N, i.e:
for
U(C):{ L fccc

0 otherwise

Then the corresponding Shapley value is:
0 ifigC’
Si(v) = { &y ifiec

Proof of Lemma 1:  The proof is direct using the logical
properties of the Shapley value given in Proposition 2.
Since by (Dummy) we get that if i ¢ C’, then S;(v) = 0.
By (Efficiency) we know that the outcome of the grand
coalition N must be shared in the sum of the Shapley
values of the players: ), Si(v) = 1. Since for players
i ¢ C" we know that S;(v) = 0, it means that it has to
be split between members of C’. So Y. Si(v) = 1.
Now by (Symmetry) we get that for all i, € C’, we
have S;(v) = Sj(v). So this implies that if i € C’, then

Si(v) = ‘é,‘. O

Let us now state the result. First suppose that « is a free
formula of K, then we have immediately by (Minimality)
that S/»1 (K) = 0. We also have immediately by definition
that M IV (K,a) = 0. So the equality is satisfied in this
case.
Now suppose that « is not a free formula of K. First
remark that Ip;; can be decomposed in Ip;(C) =
> amremicry M (C), where M is the following characteristic
function
- _J 1 ifMCC

M(C) = { 0 otherwise
Let us denote by M (K ) the game in coalitional form defined
from K and the characteristic function M.



So now let us start from the MI Shapley Inconsistency Value:

SéAII(K).
=3 OO (0) - L\ fa))
CCK :
_ Z (c— 1);(,71/7 r:)!( Z JI(C)
CCK : MEMI(K) R
) ZAIEMI(K) M(C\{a}))
=y A S i) - e fah)
CCK MEeMI(K)

_ Z Z w(ﬂ;j(c) — M(C\ {a}))
CCK MEMI(K)

= > > ) e fap)
MEMI(K) CCK

= > Sa(M(K))

MEMI(K)

Now note that by Lemma 1 we have S, (M (K)) = 1%”

3 i = MIVy(K,a).

[21]
MEMI(K)

That gives S/ (K) =

O

This proposition is interesting for several reasons. First, it
confirms the appeal of Shapley Inconsistency Values, since
the very natural measure M IV is a special case of these
measures. Second, it gives a simpler definition of S than
the one using the Shapley value. In general, obtaining a
Shapley value is computationally demanding (Deng & Pa-
padimitriou 1994). However, in the case of SLIYM I, the above
proposition hints at the possibility of computationally viable
implementations for calculating these values. Finally, this
equality is useful to state the logical properties of this value,
as done in the next Section.

Logical Properties
It is quite difficult to state logical properties about inconsis-
tency handling (and measure of inconsistency) in a purely
classical framework, i.e. without adding too many hypothe-
ses, by using an (arbitrary) paraconsistent logic to do so.

In (Hunter & Konieczny 2006) some logical properties
for inconsistency measures are defined, as well as specific
ones for Shapley Inconsistency Values. But there was no
characterization theorem in that paper. We provide such a
theorem below.

Let us first strengthen the condition on the basic inconsis-
tency measure:

Definition 12 A Minlnc Separable basic inconsistency
measure (MSBIM) I is a basic inconsitency measure that
satisfies this additional property:

o f MI(K UK') = MI(K) & MI(K’), then (K UK') =
I(K)+I(K") (MinInc Separability)

This property basically expresses the fact that the incon-
sistency measure depends on the minimal inconsistent sub-

sets, so that if we can partition the belief base in two sub-
bases without “breaking” any minimal inconsistent subset,
then the global inconsistency measure is the sum of the in-
consistency measure of the two subbases. Clearly, the MI
inconsistency measure satisfies this property.

Let us now enumerate the properties that we expect
inconsistency values to satisfy:

hd ZQEK SI (K) =I(K) (Distribution)

oIchz[iEI&ﬁt forall K’ C K st. «a,8 ¢ K/,
I(K'U{a}) = I(K' U {B}), then SL(K) = S4(K)
(Symmetry)

o If v is a free formula of K, then S/ (K) = 0 (Minimality)
elf a- fand ¥ L, then S} (K) > S4(K) (Dominance)
o If MI(K U K’) = MI(K) & MI(K"), then SL(K UK") =
SI(K) + SL(K") (Decomposability)

The first four properties were already discussed in (Hunter
& Konieczny 2006). The first three of these are closely re-
lated to original Shapley’s properties. The distribution prop-
erty states that the inconsistency values of the formulae sum
to the total amount of inconsistency in the base (I(K)). The
symmetry property ensures that only the amount of incon-
sistency brought by a formula matters for computing the in-
consistency value. As one could expect, a formula that is
not embedded in any contradiction (i.e. does not belong to
any minimal inconsistent subset) will not be blamed by the
inconsistency value. This is what is expressed in the min-
imality property. The dominance property states that logi-
cally stronger formulae bring (potentially) more conflicts. It
was shown in (Hunter & Konieczny 2006) that every Shap-
ley Inconsistency Value satisfies these four properties.

The Decomposability property is related to Shapley’s Ad-
ditivity property. We explain in (Hunter & Konieczny 2006)
that a direct translation of this Additivity property makes lit-
tle sense because it is not meaningful to add different (basic)
inconsistency measures. But one can consider another trans-
lation of the additivity property, by looking to the “addition”
of two different bases: the set union. So direct translation of
that meaning leads to

SHK UK =SL(K) + SL(K')

This formulation is not satisfactory because it forgets the
fact that new conflicts can appear when making the union
of the two bases. So we want this property to hold only
when joining two bases does not create any new inconsis-
tencies. That is ensured by the condition of the Decompos-
ability property. Note that this possibility of interaction be-
tween the two subgames that is not taken into account in the
usual Additivity condition, is one of the criticisms about this
condition. Let us quote for instance the following paragraph
from (Luce & Raiffa 1957):

The last condition is not nearly so innocent as the other
two. For although v + w is a game composed from v
and w, we cannot in general expect it to be played as
if it were the two separate games. It will have its own
structure which will determine a set of equilibrium out-
comes which may be different from those for v and w.
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Therefore, one might very well argue that its a priori
value should not necessarily be the sum of the values
of the two component games. This strikes us as a flaw
in the concept value, but we have no alternative to sug-
gest.

In our framework the interaction between the two bases is
simply the new logical conflicts that appears when joining
the bases, that allows us to say when this addition can hold,
and when it is not sensible.

For setting the characterization result we have to ask one
additional property that states that each minimal inconsis-
tent subset brings the same amount of conflict:

oIf M € MI(K), then I(M) =1 (MinInc)

So now we reach the wanted characterization result

Proposition 5 An inconsistency value satisfies Distribution,
Symmetry, Minimality, Decomposability and MinInc if and
only if it is the MI Shapley Inconsistency Value SI1.

Proof: To prove that the MI Shapley Inconsistency Value
satisfy the logical properties is easy. (Distribution), (Sym-
metry), (Minimality) are satisfied by all Shapley Inconsis-
tency Values (Proposition 3 of (Hunter & Konieczny 2006)).

So it remains to show (Decomposability) and (MinInc).
(Minlnc) is satisfied by definition since Iy (M) =
IMI(M)| =1 for any M € MI(K).

For (Decomposability), by definition S!(K U K') =
Yoo E=A([(€) — I(C \ {a})). Now split C
on K and K', i.e. define H = CNK and H = CNK'.
It is easy to check that C' = H U H’, and from the hypoth-
esis that MI(K U K') = MI(K') & MI(K") we deduce that
MI(HUH') = MI(H)@&MI(H'), so as S1¥1 = MV sat-
isfies (MinInc Separability) we have that I(C) = I(H) +
I(H’). So using this in the definition we have

SIHKUK')
c—1)l(n—c)!
=y PR e (o)
CCKUK'
=y DR 4y
CCKUK'
O ) 10T (o)
= > DO G g )
CCKUK'
vy DO g g o)
CCKUK'
= > D=9 - 1 o)

K
—Dl(n - )
w3 CED R Gy o)
H'CK'

= SL(K) + Si(K")
For the converse implication suppose that we have an in-
consistency value that satisfies (Distribution), (Symmetry),
(Minimality), (Decomposability) and (MinInc). We want
to show that it is the MI Shapley Inconsistency Value.
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First note that for any K such that MI(K) =
{M,...,M,}, if one chooses a sequence Mj,...,M,,
then for all ¢ where 1 < i < n, the following holds:

MI(M;U. . .UM;UM; 1) = MI(M;U. . .UM;)®MI(M; 4 1)

Hence, there is a sequence of the minimal inconsistent sub-
sets of K, such that by use of (Minimality) and successive
use of (Decomposability) we have that

> sk
MeMI(K)

Now for each M if o ¢ M we have by (Minimality) that
SI(M) = 0. Andif o € M then we have by (Distribution)
> aenr SL(M) = I(M). And by (Symmetry) we have that
Vo, B € M, SL(M) = SL(M). So we obtain that

Sa(K) =

(M)
Vo€ M, SL(M) = =—~
ae M, S,(M) ]
and therefore
(M)
SL(K) = > T

MeMI(K)S.t.ae M

Now by (MinInc) we know that for all M € MI(K),
I(M) = 1. That gives

o) — 1
S= > ap

MeMI(K)S.t.ae M

That is the definition of MI Shapley Inconsistency Value.
O

This result means that the Shapley Inconsistency Value
Shur s completely characterized by five simple and intu-
itive axioms.

Note that Dominance, although satisfied by SIV, is not
required for stating this proposition.

Towards Implementation of Inconsistency
Values

The development of SAT solvers has made impressive
progress in recent years, allowing, despite the computational
complexity of the problem, to practically solve a number of
intractable problems (Kautz & Selman 2007).

Based on SAT solvers, some techniques have been aimed
at the identification of minimal inconsistent subsets (called
in these works Minimally Unsatisfiable Subformulas or
MUS). Although the identification problem is computation-
ally hard, since checking whether a set of clauses is a
MUS or not is DP-complete, and checking whether a for-
mula belongs to the set of MUSes of a base, is in ©5
(Eiter & Gottlob 1992); it seems that finding each MUS can
be practically feasible (Grégoire, Mazure, & Piette 2007;
2008).

Thanks to Proposition 4, we then can define an easy
algorithm to compute the MI Shapley Inconsistency Value



of the formulae of a base:

Input: A belief base K = {ay,...,an}
Output: A profile of values (S, (K),...,S. (K))
1- For i from 1 to n

Si <0
2- Compute MI(K)
3- For each C € MI(K)

For each o; € C'

i« Si+ @y

4- Return (Sy,...,S,)

The hard step in the above algorithm is step 2. But if it
can be viably computed, then the rest of the algorithm is just
polynomial in the size of the MI(K) (but of course the size
of MI(K) can be exponential in the size of K).

In future work, we plan to implement such an algorithm
using an existing algorithm to identify MUS (Grégoire,
Mazure, & Piette 2007; 2008). This would gives us a practi-
cal tool to measure inconsistency.

A possible approach to ameliorate the cost of entailment
in finding minimal inconsistent subsets is to use approxi-
mate entailment: Proposed in (Levesque 1984), and devel-
oped in (Schaerf & Cadoli 1995), classical entailment is ap-
proximated by two sequences of entailment relations. The
first is sound but not complete, and the second is complete
but not sound. Both sequences converge to classical en-
tailment. For a set of propositional formulae A, a formula
«, and an approximate entailment relation |=;, the decision
of whether A |=; a holds or A ~; « holds can be com-
puted in polynomial time. Approximate entailment has been
developed for anytime coherence reasoning (Koriche 2001;
2002), and in furture work, we will investigate its potential
for an approximate version of the MI Shapley Inconsistency
Value.

By focussing on subsystems of classical logic, such as de-
scription logics, there appears to be much potential in har-
nessing existing specialized reasoning systems for finding
minimal inconsistent subsets of a belief base (for example
by using the Pellet reasoning system for description logics
(Kalyanpur et al. 2005; Parsia, Sirin, & Kalyanpur 2005)).
Furthermore, measuring inconsistency in description logic
ontologies offers a potentially interesting and worthwhile
application problem (Qi & Hunter 2007).

Another application area for inconsistency measures is in
supporting reasoning with inconsistent databases (for exam-
ple when using maximally consistent subsets of the database
(Bertossi & Bravo 2005)). Again, this is an application
where language restrictions and specialized reasoning sys-
tems offer the potential for viable means for finding minimal
inconsistent subsets of a belief base, and thereby finding the
MI Shapley Inconsistency Value.

Conclusion

As discussed in the introduction, there are a number of pro-
posals for measures of inconsistency. The main novel con-
tributions provided by this paper are :

e A first discussion on the definition of inconsistency val-
ues based on minimal inconsistent subsets of belief bases,
and this leads to the definition of the family of Minimal
Inconsistent Values;

An equivalence between a particular Shapley Inconsis-
tency Value (the MI Shapley Inconsistency Value) and
a simple Minimal Inconsistent Value which gives an ad-
ditional argument to support the Shapley Inconsistency
Value definition since it captures this very natural value
as particular case;

The first (as far as we know) axiomatization of an incon-
sistency value;

And finally, the characterization of the MI Shapley In-
consistency Value in terms of the M IV measure opens
the possibility for computationally viable calculation of
inconsistency values.

In future work, we would like to analyse the computa-
tional complexity of using the MI Shapley Inconsistency
Value, develop algorithms and implementations (possibly
based on approximation techniques), and undertake case
studies of applications of this value.
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Abstract

We introduce a new class of change operators. They are a
generalization of usual iterated belief revision operators. The
idea is to relax the success property, so the new information is
not necessarily believed after the improvement. But its plau-
sibility has increased in the epistemic state. So, iterating the
process sufficiently many times, the new information will be
finally believed. We give syntactical and semantical charac-
terizations of these operators.

Introduction

Modelling belief change is a central topic in artificial intel-
ligence, psychology and databases. One of the predomi-
nant approaches was proposed by Alchourrén, Gérdenfors
and Makinson and is known as the AGM belief revision
framework (Alchourrén, Girdenfors, & Makinson 1985;
Girdenfors 1988; Katsuno & Mendelzon 1991). The main
requirements imposed by AGM postulates are the principle
of coherence asking to maintain consistency as far as possi-
ble, the so called principle of minimal change saying that we
have to keep as much of the old information as possible, and

the last important requirement is the principle of primacy of

update (also called success property) that demands the new
information to be true in the new belief base. The postu-
lates proposed to characterize belief revision operators (Al-
chourrén, Girdenfors, & Makinson 1985; Girdenfors 1988;
Katsuno & Mendelzon 1991; Hansson 1999) just aimed at
capturing logically these principles.

A drawback of AGM definition of revision is that the con-
ditions for the iteration of the process are very weak, and
this is caused by the lack of expressive power of logical be-
lief bases (Herzig, Konieczny, & Perussel 2003). In order
to ensure good properties for the iteration of the revision
process, one needs a more complex structure. So shifting
from logical belief bases to epistemic states was proposed
in (Darwiche & Pearl 1997). In this framework, one can
define interesting iterated revision operators (Darwiche &
Pearl 1997; Booth & Meyer 2006; Jin & Thielscher 2007;
Konieczny & Pino Pérez 2000). Let us call these operators
DP belief revision operators.
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Another framework that allows to define interesting it-
erated change operator is the one of Ordinal Conditional
Functions (OCF), also named kappa-rankings, that was pro-
posed by Spohn in (Spohn 1988), and further developed in
(Williams 1994). An OCF can be represented by a function
that associates an ordinal to every interpretation, with at least
one interpretation taking the value 0. The ordinal associated
to the interpretation represents the degree of disbelief of the
interpretation.  This notion can be used to define a degree
of acceptance of a formula.

So a change operator in this framework, called a trans-
mutation (Williams 1994), is a function that changes the de-
gree of acceptance of a formula. This means that it requires
more information than AGM/DP belief revision operators,
since, in addition to the new information, one needs to give
its new degree of acceptance. This has one important draw-
back, since one has to find this new degree somewhere! It
it is not a problem if it is given by the application, but if
the only received input is the new information, justifying
an “arbitrary” degree of acceptance can be problematic. On
the other hand, this more general framework allows to de-
fine interesting operators. It allows to define revision and
contraction operators, by choosing the right degree of ac-
ceptance. In particular most of the works on DP iterared
revision operators use OCF operators as examples (see e.g.
(Darwiche & Pearl 1997; Jin & Thielscher 2007)). But it
also allows to define restructuring operators (Williams 1994;
Spohn 1988), that modify the OCF, without changing the be-
lieved formulae. Such operators do not exist in the classical
DP belief revision framework, that obey the success prop-
erty, that asks the new information to be believed after the
change.

The aim of this paper is to define such restructuring-like
operators in the standard AGM/DP framework. We want to
define change operators on epistemic states that do not (nec-
essarily) satisfy the success property, although still improv-
ing the plausibility of the new information. We call these
operators improvement operators. This idea is quite intu-
itive since usual AGM/DP belief revision operators can be
considered as too strong: after revising by a new informa-
tion, this information will be believed. Most of the time
this is the wanted behaviour for the revision operators. But
in some cases it may be sensible to take into account the
new information more cautiously. Maybe because we have



some confidence in the source of the new information, but
not enough for accepting unconditionally this new informa-
tion. This can be seen as a kind of learning/reinforcement
process: each time the agent receives a new information a,
this formula will gain in plausibility in the epistemic state of
the agent. And if the agent receives the same new informa-
tion many times, then he will finally believe it.

Our operators are close in spirit to the bad day/good day
approach of Booth and Meyer (also called abstract interval
orders revision) (Booth & Meyer 2007; Booth, Meyer, &
Wong 2006). Unlike their operators that need an extra in-
formation, our operators are defined in the usual DP frame-
work. We give more details on this relationship at the end of
the paper.

The rest of the paper is organized as follows: we give
the preliminaries in the first section. The second section is
devoted to the introduction of improvement operators. The
third section is devoted to a discussion of the irrelevance of
syntax property. In the fourth and fifth sections we state the
main results concerning syntactical and semantical charac-
terizations, namely two representation theorems. The fifth
section shows an example and how to encode improve-
ment using OCF. The sixth section contains some interesting
properties of improvement operators. The last section is the
conclusion. There is also an appendix containing the proofs
of the main results.

Preliminaries

‘We consider a propositional language £ defined from a fi-
nite set of propositional variables P and the standard con-
nectives. Let £* denote the set of consistent formulae of

An interpretation w is a total function from P to {0, 1}.
The set of all interpretations is denoted WV. An interpretation
w is a model of a formula ¢ € L if and only if it makes it
true in the usual truth functional way. [a]] denotes the set
of models of the formula «, i.e., [a]l = {w € W |w = a}.
When {wy, .., w, } is a set of models we denote by @, .. w,,
a formula such that [, ,...w, 11 = {w1, .., wn }.

We will use epistemic states to represent the beliefs of the
agent, as usual in iterated belief revision (Darwiche & Pearl
1997). An epistemic state ¥ represents the current beliefs of
the agent, but also additional conditional information guid-
ing the revision process (usually represented by a pre-order
on interpretations, a set of conditionals, a sequence of for-
mulae, etc). Let £ denote the set of all epistemic states. A
projection function B : £ — L* associates to each epis-
temic state ¥ a consistent formula B(¥), that represents the
current beliefs of the agent in the epistemic state W.

For simplicity purpose we will only consider in this paper
consistent epistemic states and consistent new information.
Thus, we consider change operators as functions o mapping
an epistemic state and a consistent formula into a new epis-
temic state, i.e. in symbols, o : £ x L* — £. The image
of a pair (¥, ) under o will be denoted by ¥ o a.

We adopt the following notations:

o Uo" adefinedas: ¥ola = VYoa
Votlag = (Po"a)oa

o U xa = ¥o™"a, where n is the first integer such that

B(Vo" )t a.

Note that * is undefined if there is no n such that B(¥ o™
«) b a, but for all operators o considered in this work, the
associated operator x will be total, that is for any pair ¥, a
there will exist n such that B(¥ o" «) F « (see postulate
(I1)) below.

Finally, let < be a a total pre-order, i.e areflexive (z < z),
transitive ((z < y Ay < 2) = 2z < 2) and total (z <
y V y < z) relation over W. Then the corresponding strict
relation < is defined as # < y iff z < y and y £ z, and the
corresponding equivalence relation ~ is defined as x ~ y iff
z <yandy < z. We denote w < w’ when w < w’ and
there is no w” such that w < w” < w’. We also use the
notation min(A4,<) = {w € A | fu' € Aw' < w}.

When a set W is equipped with a total pre-order <, then
this set can be splitted in different levels, that gives the or-
dered sequence of its equivalence classes W = (Sp, ... Sy).
So Vz,y € S; x ~ y. We say in that case that x and y are
at the same level of the pre-order. And Vz € S; Vy € S;
i < j implies < y. We say in this case that  is in a lower
level than y. We extend straightforwardly these definitions
to compare subsets of equivalence classes, i.e if A C S; and
B C S; then we say that A is in a lower level than B if
i< J.

Improvement operators

First, let us state the basic logical properties that are asked
for improvement operators.

Definition 1 An operator o is said to be a weak improve-
ment operator if it satisfies (11) to (16):

(I1) There exists n such that B(V o™ a) - «

I2) If B(Y)ANat/ L, then B(Y xa) = B(V) A

{M3) Ifa¥ L, then B(Voa)# L

(I4) For any positive integer n if o; = f3; for all i < n then
B(Woajo--oa,)=B(WopBio--00,)

(I5) B(Uxa)AB+F B (aAp))

(16) If B(Txa)AB I/ L, then B(Ix(anB)) F B(Ixa)AS

‘We have put together these properties because they allow
to obtain a first basic representation theorem (see Theorem
1). These properties are very close to the usual ones for
iterated belief revision (Darwiche & Pearl 1997). Note nev-
ertheless that there is a real difference since in usual for-
mulation * is a revision operator, whereas here it denotes a
sequence of improvements.

Remark that (I3) is a straightforward consequence of the
definition of the operator o, since we ask the new informa-
tion and the epistemic states to be consistent. ~ Although
(I3) is redundant in our framework, we have chosen to put it
explicitly to remain close to the usual DP postulates.

The main difference with usual belief revision operators
is that we do not ask the fundamental success property
B(¥ o a) - . We ask instead the weaker (I1), that just
requires that after a sequence of improvements, we will fi-
nally imply the new information. So this means that the (re-
vision) operator * defined as a sequence of improvements o
is always defined.
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Postulate (I4) is also stonger than the usual version of
(Darwiche & Pearl 1997). We discuss it in the next Section.

Before establishing more specific postulates concerning
the iteration by different formulas, we have to define new
notions that help us to keep light notations.

Definition 2 Let o be a change operator satisfying (I11). Let
a, 3 and ¥ be two formulae and an epistemic state respec-
tively. We say that v is below 3 with respect to ¥, given o,
denoted oo <, 3 (or simply o <y (3 if there is no ambiguity
about o) if and only if B(¥ x a) + B(U x (o V B3)) and
B(U « B) i B(¥ * (a V B)).

The pair («, 3) is W-consecutive, denoted o <y, [3 (or
simply oo <y B if there is no ambiguity about o) if and only
if a <y B and there is no formula ~y such that o <y v <w
B.

The idea of these two definitions is that o <§, 3 denotes
that «v is more entrenched (plausible) than 3 in the epistemic
state U. And a <y, 3 denotes the fact that « is a formula
immediately more entrenched (plausible) than /3.

Now we are ready to state the postulates concerning more
specific properties of iteration:

Definition 3 A weak improvement operator is said to be an
improvement operator if it satisfies I7 to 111

(A7) Ifat pthen B((¥op)xa) = B(¥*a)

(I8) Ifaut =y then B((¥ o p) xa) = B(¥ x )

(19) If B(V x ) tf = then B((V o p) x ) b p

(110) If B(V x a) - =y then B((¥ o p) x ) I p

{M1) [FB(Yxa)bF —p aAplt/ Land o <y a A pthen
B(¥o )% a) i

A first observation about these postulates is that they are
expressed in terms of both o and . And that it is thanks to
these several iterations until revision', modeled by *, that we
can define powerful properties on o. Postulates (17), (I8) are
close to the properties (C1) and (C2) of (Darwiche & Pearl
1997), but translated for weak improvement operators. Pos-
tulate (I9) is also close to the property of Independence in
(Jin & Thielscher 2007) (called also property (P) in (Booth
& Meyer 2006)), but also translated for weak improvement
operators. Postulates (I9) and (I11) deals with the improve-
ment of the new information, i.e. the increase of its plausi-
bility in the epistemic state. Postulates (110) and (I11) deals
with the the cautiousness of the approach, i.e. they express
the fact that the increase of the plausibility of the new in-
formation is limited. Postulate (I10) says that if after a se-
quence of improvements by «, the obtained epistemic state
imply —y, then, if before the sequence of improvements by
« we improve by f, then it will not be enough to imply p af-
ter the sequence of improvements. This means that it is not
possible to go directly by an improvement from an epistemic
state where a formula is believed to one where its negation
is believed. And postulate (I11) captures some of the ideas
behind improvement operators as “small change” operators.

"Note that the * operator satisfies the success property, so it can
be called revision operator. We will use this term in the following.
The fact that % is a true AGM/DP revision operator will be proved
in Corollary 1.
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Basically it says that if - is believed when revising by «,
but y is quite plausible given «, then improving by y before
starting the sequence of improvements needed to revise by
« will be enough to ensure the result to be consistent with f.

Irrelevance of syntax
As it has been pointed out by many authors (see for instance
(Darwiche & Pearl 1997; Booth & Meyer 2006)) the postu-
late of independence (or irrelevance) of syntax is a delicate
matter for epistemic states. Actually a basic translation of
Darwiche and Pearl (R*4) in our framework would lead to:

If a« = B,then B(¥ o) = B(¥ 0 j3) )

But even adding this postulate is not sufficient. Booth
and Meyer have well illustrated this idea in (Booth & Meyer
2006). Actually, it is not enough that (1) holds in order to
have a good iterative behavior with respect to revision by
sequences of equivalent formulae. Consider:

If (a =B & v =0),then B(Poaory) = B(¥opoh) (2)

Postulate (1) doesn’t entail postulate (2). So the good be-
haviour with respect to equivalent formulae is not guaran-
teed on two iterations. This is why Booth and Meyer have
proposed in (Booth & Meyer 2006) to replace the usual pos-
tulate (1) by (2) in the usual DP framework.

We agree with Booth and Meyer that postulate (1) is not
enough. But we think that (2) does not go far enough. In
fact the example they give for showing that Postulate (1)
does not avoid the problem at the second iteration can be
easily extended to show that Postulate (2) does not avoid the
problem at the third iteration. So one has to specify this for
every number of iterations. That leads to the postulate (14).

The following example, which follows the same lines of
the Example 1 in (Booth & Meyer 2006), shows that replac-
ing the postulate (1) by the postulate (2) in the basic RAGM?
framework is not enough to get the postulate (14).

Example 1 Take a language with only two propositional
letters p and q (in this order when we consider the interpre-
tations). Let p1 = pV —p and p2 = qV\ —q. Let ® such that
D o @y # D o . Note that this is compatible with RAGM
plus (2), because the only constraint imposed by (2) is that
<o =<dop, but not that ® o o1 = ® o py. Moreover we
can take B(®opy) = pAq = B(Poys). Let D1, Py be two
epistemic states such that B(®,) = p = B(®3), 00 <4, 01
and 01 <g, 00. Now, it is compatible with RAGM plus (2)
t0 put <gop,op=<&, and <gop,o--p==<a,. But then, by
the representation, we have B(® o ¢y o po —p) = = p A ¢
and B(® o @5 0 m—p o =p) = —p A q, what clearly is a
counter-example to (14).

Nevertheless, it worths noticing that all the well-known
iterated revision operators, as natural revision (Boutilier
1996), Darwiche and Pearl e operator (Darwiche &
Pearl 1997), Nayak’s lexicographic revision (Nayak 1994;

2RAGM is the name that Booth and Meyer give to AGM/DP
belief revision operators satisfying (R*1)-(R*6) (Darwiche & Pearl
1997).



Konieczny & Pino Pérez 2000) for instance, satisfy (I4).
The reason behind this phenomenon is that all these oper-
ators satisfy the following property

Ifa=pfand <g=<g then <gon=<aops 3)

In the presence of the other RAGM properties, the previ-
ous property entails the property (2). But the converse is not
true as we can see via the example 1.

Remark also that usual belief revision operators satisfy all
other weak improvement properties (with n = 1 in (I1)), so
weak improvements operators are a generalization of usual
DP belief revision operators (Darwiche & Pearl 1997).

Representation theorem
Let us first define strong faithful assignements.

Definition 4 A function V — <y that maps each epistemic
state U to a total pre-order on interpretations <y is said to
be a strong faithful assignment if and only if:
1. Ifw = B(V) and w' |= B(¥), then w ~y w'
2. Ifw = B(9) and w' = B(V), then w <g w’
3. For any positive integer n if o; = B; for any i < n then
SWoajo00n= SWop008n
Note that conditions 1 and 2 are equivalent to [B(¥)]] =
min(W, <y ), and are the usual ones for faithful assignment
(Darwiche & Pearl 1997). Condition 3 is a very natural
condition that links pre-orders associated to iteration of im-
provements: two sequences of improvements of the same
pre-order by equivalent formulae lead to the same pre-order.
Let us first show a first representation theorem on weak
improvement operators, before turning on the more interest-
ing iteration properties.

Theorem 1 A change operator o is a weak improvement op-
erator if and only if there exists a strong faithful assignment
that maps each epistemic state ¥ to a total pre-order on in-
terpretations <y such that

[B(¥ * )]l = min([[o]l, <w) 4)

It is easy to check that the faithful assignment represent-
ing o in the previous theorem is unique.

An obvious corrolary of the previous Theorem and its
proof is the following one:

Corollary 1 If o is a weak improvement operator, then x is
an AGM/DP revision operator, i.e. it satisfies (R*1)-(R*6)
of (Darwiche & Pearl 1997).

As a consequence of the previous theorem we have also
the following trichotomy property:

Proposition 1 Let o be a weak improvement operator. Then

BV x ) or
B(¥*(aVp)) = { BV f3) or
BV xa)V B(¥*j3)

Let us now give two corollaries of these results, that are
useful to understand the definitions of <y and <, and that
will be useful in the proof of the main Theorem (Theorem
2).

Corollary 2 Let o be a weak improvement operator. Then
«a <y B if and only if there exist w, w' such that w €
[B(¥ *a)]l, w' € [B(¥*B)], w <y w'.

Corollary 3 Let o be a weak improvement operator. Then
o <y B if and only if there exist w, w' such that w €
[B(Y+a)ll, w' € [B(¥*A)]l, w <y w' and there is no
w” such that w <g w" <y w'.

Main result

Let us turn now to the main representation result about im-
provement operators.

Definition 5 Let o be a weak improvement operator and
W —<y its corresponding strong faithful assignment. The
assignment will be called a gradual assignment if the prop-
erties S1, S2, S3, §4 and S5 are satisfied

(S If w,w' € [[a]l then w <g W' & w <gon W

(S2) If w,w’ € [[-a]l then w <g W' < w <goq W

(S3) If w € [[al, w € [-all thenw <g W' = W <gon W
(S4) If w € [[al, w' € [-all then w' <g w = W' <goq W
(S5) If w € [[al, w' €[[-all thenw' <y w = w <gou W

Properties (S1) and (S2) correspond to usual properties
(CR1) and (CR2) for DP iterated revision operators (Dar-
wiche & Pearl 1997). Property (S3) is the new prop-
erty proposed in (Jin & Thielscher 2007; Booth & Meyer
2006), and that forces to increase the plausibility of the
models of the new information. Property (S4) shows how
the increase of plausibility of the models of the new in-
formation is limited by improvement operators. This is
an important difference with usual DP iterated revision op-
erators (Darwiche & Pearl 1997; Jin & Thielscher 2007;
Booth & Meyer 2006). Property (S5) asks (together with
(S4)) that if a model of -« is just a little more plausible than
a model of «, then after improvement the two models will
have the same plausibility.

Theorem 2 A change operator o is an improvement opera-
tor if and only if there exists a gradual assignment such that

[B(¥ * a)T| = min([[all, <w)

This theorem has important consequences. In particular
the relationship between <g and <y., imposed by Defini-
tion 5 is very tight. Actually, the total pre-order <goq is
completely determined by <y and « as it will be stated in
Proposition 2. We first need the following lemma:

Lemma 1 Let o be an improvement operator and ¥V —<yg
its gradual assignment. If w <g W', w € [-a]], w" € [[a]]
and w Ly W' then w <gon W'.

This Lemma is interesting since it gives the missing re-
lation between <y, and <y, since all other relations are
given by the properties of Definition 5.

Proposition 2 Let o be an improvement operator and
U —<y its gradual assignment. Then for every formula
a, the pre-order <y, is completely determined by <y and

[[a]).
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w € [[a]] w' € [[a]] w <g W & w <goq W (S1)
w € [~a]] w' € [~a]] w<g w & w <goq W (S2)
w <y W S W <goa W (83)
’ , w g W = w <gou W (S3)
w € [a]] w' € [[-all W Ky W= W 2goa W (S4) & (S5)
w <g wAw Ly w=w <goq w (Lemma 1)

Table 1: From <y to <goqn

This proposition is a very important one since it says, in
a sense, that there is a unique improvement operator. In fact
one can define different improvement operators by assigning
to the initial epistemic state of the sequence different pre-
orders. Once this pre-order is known, Proposition 2 tells us
that there is no more freedom on the choice of subsequent
pre-orders.

So clearly if ones considers pre-orders on interpretations
as epistemic states (recall that the representation theorem
just says that we can associate a pre-order on interpretation
to each epistemic state, it does not presume anything on the
exact nature of these epistemic states), then there is a unique
improvement operator.

The exact construction of <y, from <y is given in Table
1. Roughly speaking, <. is obtained by shifting down
one level the models of « in the total pre-order <y. This
will be stated more formally in the next section.

Concrete example: Improvement via OCF

Let us now show how to implement an improvement opera-
tor via OCF. Let us denote Ord the class of ordinals.

Definition 6 An Ordinal Conditional Function (OCF) k is
a function from the set of interpretations W to the set of
ordinals such that at least one interpretation is assigned 0.
A function from the set of interpretations W to the set of
ordinals will be called a free OCF.

The set of OCF will be denoted K.

Let us now state how to implement improvement using the
framework of OCF. More precisely we will give two results:
first we will show how to simply compute the resulting pre-
order after an improvement, using a translation through free
OCFs. Then, we will see how to define an improvement
operator in the OCF framework.

So, what we do first is the following: giving <y and o we
describe <y, using the machinery of OCF. At this point
let us recall the equivalent view of a total pre-order < in-
troduced in the preliminaries: a total pre-order over W can
be seen as the splitting of the set VV in different levels (the
equivalent classes), (Sp, ...S,)m the ordered sequence of
its equivalence classes. Thus, Vz,y € S; z ~ yandVz € S;
Vy € Sji < j implies x < y.

Let x be the canonical representative of <y, i.e. if <y
has n levels and w is in the level ¢, r(w) = i.

Consider now the following free OCF:
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| k(w) ifwEa
(W) = { K(w)+1 ifwkE -«

It is not hard to see that this free OCF represents <yoq,
that is, the total pre-order associated to this function in the
natural way (w <, w’iff ko (w) < ko (w')) satisfies all the
properties of Table 1. So this result just aims at illustrating
simply the behaviour of improvement operators in terms of
total pre-orders via free OCF.

Note however that the free OCF used above is very par-
ticular, since it is build from the pre-order <y. In order
to be able to define an improvement operator on any given
OCEF, this requires much more difficult definitions in order
to modelize the smooth increase of plausibility of improve-
ment operators.

So now we turn to a plain representation of an improve-
ment operator o in the full OCF framework. Thus, we as-
sume that epistemic states are indeed OCF’s and o : K x
L* — K. In this framework, we define the function B by
putting [[B(k)]] = {w : x(w) = 0}.

Remember that k(o) = min{x(w) : w € [[&]]}. Given
x and «, an OCF and a consistent formula respectively, we
are going to define the new OCF k o « by cases according
to k(a) > 0 or s(a) = 0. In the first case (k(c) > 0)
we perform the sliding down the models of « via an auxil-
iary function called f7 | defined below. In the second case
(k(e) = 0) we simulate the sliding down the models of
« via an auxiliary function called f;T defined below that
performs the sliding up the models of —«.. The functions

o lledl — Ord and oy 0 [madl — Ord are defined
by putting
maz{p: Fw' € [~all k(w') = p & p < K(w)
& Aw” €lall p < k(w") < K(w)}
if this set is nonempty
k(w) — 1 otherwise

fa(w) =

v, maps w, a model of a, into the first rank below r(w)
where there is a model of —« in the case that there is no
models of « strictly in between this two levels. Otherwise
fe, maps w into x(w) — 1.

min{p: Jw’ € [[a]l k(w') = p & £(w) < p
& A" € [~all s(w) < w(w") < p}
if this set is nonempty
k(w) + 1 otherwise

§¢(w) =



[&+ maps w, a model of —a, into the first rank above r(w)
where there is a model of « in the case that there is no mod-
els of - strictly in between this two ranks. Otherwise fr:T
maps w into £ (w) + 1.

Again, we define two functions mapping worlds into ordi-
nals according to whether or not x(c) = 0. When x(a) =0
we put

if
k1 —a(w) = { /;gu()w) 1fzj E i(y

and when k(a) > 0 we put

ot ={ ey FET

Finally we define « o a by putting

U B i’ if K(a) =0
FOA=9\ kla ifr(a)>0

Let us now take an example in order to see how it works.

Example 2 Consider a language with propositional vari-
ables p, q and r in this order. Let k be the OCF with image
{0,1,2,4,5} described in the diagram below and o a
formula such that o = —p. The following diagrams shows
K, Ko, koaoaand ko oo a(the models of a are in
boldface):

5 110 110 5
4 o011 ———— 4
3 ————— o011 3
2 010000001 ~ —————— 2
1 101100 101100 010 000 001 1
0 111 111 0
K Koo
6 110 6
5 110 - ————— 5
4 ———— - 4
I TP 3
2 J 101 100 2
1 101 100 011 111 011 1
0 111010000001 010000001 0
Koo Koaxowow

Properties of improvement operators
Let us give now some additional properties on improvement
operators, that illustrate how it relates with existing opera-
tors.

Proposition 3 Improvement operators can not be repre-
sented as Spohn’s Conditionalisation nor Williams’ Adjust-
ment.

This is quite an intuitive result since Conditionalisation
and Adjustement operate the same “global” change on the
interpretation ranks, whereas, as sum up in Table 1, im-
provement requires a more adaptative behaviour (that de-
pends more on the ranks of the other interpretations).

Proposition 4 e There exists n such that ¥ o™ o is Nayak’s
lexicographic revision (Nayak 1994; Konieczny & Pino
Pérez 2000). Let us note V xjo,, a = ¥ o™ a.

o Actually, the first n such that ¥ e, ¢ = W 0" «v is
a fixed point for improvement by «, in the sense that

SWkepa =S a0ar

This can be shown easily with the help of Proposition 2
or with the representation of <y, via the free OCF. In fact
it requires at most k iterations where £ is the level in <y of
the worst world of « (i.e. the model of « at the highest level)
to reach this fixed point.

This last proposition is interesting since it illustrate the
fact that the process of improvement does not stop as soon
as the new information is believed. So in particular:

Proposition 5 B(V) b « does not imply that <yoo=<w
and therefore does not imply U o o« = U,

It is worth noticing that even if we have a fixed point in
the sense of Proposition 4, i.e. <g=<yo, We can have U #
W o . The operator defined via the OCF is an example of
such a situation.

Remark 1 Improvements operators can be used to define
contractions operators. Actualy, define V © o = ¥ o™ -«
where n is the smallest integer such that ¥ o™ ~a t/ o. Then,
@ is a contraction operator.

Let us now elaborate on the links between improvement
operators and the bad day/good day approach of Booth et al.
(Booth & Meyer 2007; Booth, Meyer, & Wong 2006) (also
called abstract interval orders revision). In both cases the
change is small, in the sense that the increase of plausibil-
ity of the models of the new information is limited. A first
difference is that their operators are defined as revision of to-
tal pre-orders, whereas improvements are defined on general
DP epistemic states. A second, more important difference
between Booth et al. approach and ours is that they need
an extra-logical information in order to guide the process,
whereas our operators are completely defined in the usual
DP framework. This is an important improvement, that al-
lows for instance to easily iterate the process.

Actually, given <y, it is possible to define <, a <y-

faithful tpo (see (Booth, Meyer, & Wong 2006)), such that

the revision of < by «, in the sense of Booth-Meyer-Wong,
is exactly <goq. So, according to this link, improvement
operators could be considered in a sense as a special case of
Booth and Meyer operators.

Finally there is a very interesting behaviour of improve-
ment operator with respect to long term behaviour. When
working in a finite framework, no existing iterated belief re-
vision operator escapes one of the following limit cases after
a long course of revisions: maxichoice revision, or full meet
revision.

Full meet revision means that the beliefs of the new epis-
temic state is either the conjunction of the new information
with the beliefs of the old epistemic state it if is consistent,
or just the new information otherwise. This is problematic,
since it means that after a long course of revision the agent
has lost all his beliefs. But for instance Lehmann’s opera-
tors (Lehmann 1995) lead to this limit case when working
on finite frameworks.

Maxichoice revision means that the revision leads to an
epistemic states whose beliefs are a complete formula. This
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is also problematic, since it means that when this situation is
reached, any revision by any formula will allow to be com-
pletely determined about each issue. It can be argued that
this is due to the long revision history, that allows the agent
to have a very precise view of the world. But still it seems
sensible to be able to be uncertain about some issues, and to
lose some certainties sometimes. Note that most of DP-like
operators lead to this limit case (Darwiche & Pearl 1997;
Nayak 1994; Boutilier 1996; Konieczny & Pino Pérez 2000;
Booth & Meyer 2006; Jin & Thielscher 2007).

Note that it is not the case in the framework of OCFs, af-
ter any sequence of conditionalization, or adjustment, it is
possible to reach any other OCF by some sequence. This
is one of the advantage of using a more quantitative frame-
work (using a degree of acceptance for each input formula),
compared to the fully qualitative one that is the DP iterated
belief revision framework.

It is interesting to note that improvement operators have
no limit case. Actually, after any sequence of improvements,
it is possible to reach any formula (as beliefs of an epis-
temic state) by an adequate sequence of improvements (the
same result holds for associated pre-orders: any pre-order
can be reached after an adequate sequence of improvements
starting from any other pre-order). Whereas for DP iterated
belief revision operators it is not the case: after some se-
quences of revisions, some formulae (or pre-orders) are not
reachable anymore.

The following proposition summarizes this property of
improvement operators:

Proposition 6 Let < be any pre-order on interpretations
and <y the pre-order associated to ¥V then there exists a se-
quence of formulae oy, . . ., ay, such that <gon,o. .00, =<.

Improvement operators are, as far as we know, the first
change operators defined in the DP framework that allows
to avoid these limit cases.

Conclusion

We have introduced a new family of change operators called
improvement operators. These operators have a more cau-
tious behaviour than usual DP iterated revision operators.
The main iterated revision operators of the literature satisfy
all the properties of weak improvement operators. In that
respect weak improvement operators can be considered as a
generalization of iterated revision operators.

An essential point for being able to state logical properties
and theorems on improvement operators is the interesting re-
lationship between o and its corresponding revision operator
*.

(I11), the last postulate required for improvement opera-
tors is very strong, in the sense that it determines in a unique
way the pre-orders associated to the improvement. Thus,
there are room to explore some variants of (I11) leading to
other interesting weak improvements operators. We keep
this as future work.
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Appendix

Proof of Theorem 1:  (only if) Let o be a weak improve-
ment operator. We define an assignment ¥ — <y by putting

w <y w if and only if w = B(¥ % @y, 0)

By 14, the relation <y is well defined, i.e. it does not depend
on the choice of the formula ., ,,». We prove now that <y
is a total pre-order.

Totality: Let w, w' be any interpretations (eventually
w = w'). By Il, [¥ %@y ] € {w,w'} and by defi-
nition [ x @y 0]l # 0, 50 w € [¥* Pyl or w' €
[ % P 1] (or both), i.e. w <y w’ or w’ <y w.
Transitivity: Suppose w <y w' and w' <g w”. We
want to show that w <y w”, that is to say w €
[[B(¥ % ©u,u)]l. Suppose towards a contradiction that it
is not the case, so w & [[B(U % ¢y )]l. As by definition
[[B(¥ % o) # 0, this means that [B(U % @y, 0 )]l =
{w’}. Let us consider two cases:

D) If B(¥ % @uww,w”) A Puww is not consistent. Then,
as by definition B(U * @y ) ¥ L, we have
[B(¥ % 0w w)l = {w'}. In this case as B(V
Pw,w'w) N Qw18 consistent, by I5 and 16 and 14 we get
that [[B(¥ x @y w )l = [B(Y * Puw,w w) A Puwawll =
{w'}. This means by definition that w’ <g w. Contra-
diction.

2) If B(V % @y w) N Quwawr is consistent. Then
by I5 and 16 and 14 we get that [[B(U x @, )] =
[B(¥ % 07 1077) A P, ]l = {w’}. This means by defi-
nition that w” <y w. Contradiction.

Let us prove now equation (4). First we will prove that
[B(¥xa)]] € min([ell, <g). Take w in [B(¥ *a)]l.
Thus, B(¥ %) Ay, i L forany w’ € [[a]]. Then, by I5
and 16 and 14, B(¥ %) Ay, wr = B(¥ %@y ). Therefore
w € [B(¥ * @y, )], that is w <g w’ for any w’ € [l
what exactly means w € min([[a]], <g).

Now we will prove the converse inclusion that is
min([all,<¢) € [B(¥*+a)ll. Suppose that w €
min([a]l, <y). We want to show that w € [B(¥ * o)]].
Towards a contradiction suppose that w ¢ [B(¥ * «)]l.
Let w’ be a model of B(¥ * «).Then, by I5 and 16 and
14, B(U * @) A @y = B(V * py4). By assumption
w & [B(Y*a)]] so [B(¥ % ¢y )] = {w'}. Therefore
w’ <y w, contradicting the minimality of w in [[«]] with
respect to <y.

Now we prove the conditions of the strong faithful assign-

ment. First to show conditions 1 and 2 it is equivallent to
show that [[B(¥)]] = min(W, <g). Suppose that w =



B(V). We want to see that w <y w’ for any interpre-
tation w’. In order to do that, let w’ be a interpretation.
Note that w = B(¥) A @uus 50 B(U) A @ /L.
Then, by 12, B(V % @) = B(¥) A @uu. There-
fore, w = B(¥ % ¢y ), ie. w <y w'. This proves
that [[B(¥)]] € min(W, <y). For the converse inclusion
take w € min(W, <y ). Towards a contradiction, suppose
that w ¢ [B(¥)]]. Let w’ be a model of B(¥). Then
[B(¥) A @yl = {w'}. Thus, by 12, B(¥ % @) =
B(¥) A @i, and therefore [[B(¥ % @y )1l = {w'}, ie.
w’ <y w, contradicting the minimality of w with respect to
<y.

Now for condition 3 suppose «; = f3; for any ¢ < n we want
t0 Show <yoa; 000, = SWop 008, We proceed by induc-
tionon k =0,...,n. For k = 0is trivial because <g=<y.
For shortening the notation put ©; = W oa; o --- o oy, and
I'y, = Wofpo---of. Thus our induction hypothesis is
<e,= <r,. We want to show that <e, oa,,;= <084+
In order to do that, we prove that each level of <e,0ay,,
is equal to the corresponding level of <r,os,,,. This is
done by induction on the number of levels of <g, oy, ,-
We sketch the proof. For the level 0: we want to see
that min(W, <e,oauy,) = min(W, <r,op,.,)- By equa-
tion (4), we have min(W, <e,0a,.,) = [B(Tx 0 arq1)]l
and min(W, <r,op.,,) = [BIxopB+1)l. By
4%, [[B(©goaks1)]l = [B(Cko Brs1)]ll. Therefore,
min(W, <e,oayy,) = min(W,<r,os,..,). Now sup-
pose that the first i levels of <g,oq,,, correspond exactly
to the first i levels of <r,op,,,. We will prove that the
level i + 1 of <@, o0,,, is contained in the level i + 1
of <r,op,,, (and with a symmetrical argument we will
prove the inverse inclusion). Towards a contradiction sup-
pose that w is in the level i + 1 of <g,0a,,, and w is
not in the level @ + 1 of <r,.p,,,. Take w’ in the level
i+ 1 of <r,op,,,- As the first i levels of <g,on,.,
and <r,.p,,, are equal, w’ is in a level j, with j > ¢
for the pre-order <g,oq,,,.- Consider now the formula
©w,u- Then it is clear that w € min([Yw,w]l; <o) 0011
) and w & min([wwll; <riop,,,).  From this,
by equation (4), follows [B(O 0 i1 0 @uw)ll #
[[B(Tk © Brr1 © Puw.w)]l, contradicting 14T

(if) Suppose that we have a strong faithful assignment
¥ —<y such that equation (4) holds. We want to check
that I1-16 hold.

(I1) Follows from equation 4.

(12) Let us first show that B(¥) Ao - B(U *x ). If w |=
B(¥) A a this means that w € min(W, <g). So for any
w’ € W, we have w <g w’. This is in particular true for all
the models of «, so w € min(a, <y ), that is, by definition,
w = B(¥*a). Let us now show that B(Uxa) - B(V) A
By definition w |= B(¥*a) means w € min([[a]l, <¢). So
w = o Let us show that w = B(¥). Suppose that it is not
the case. In this case, and since by hypothesis B(¥)Aa ¥ L
we can choose a w’ € [[B(¥) Aall. So, as w’ € [B(¥)]]
and w ¢ [B(¥)]], we have w’ <g w. Butas w',w [ a,
this implies that w ¢ min([[a]], <y). Contradiction.

(I14) Suppose o; = f3; for any i < n we want to show

B(Yoajo---oa,)=B(Vof o -0f3,). By equation
(4), this is equivalent to prove min([[a,]l, <woa,o--oan_,
) = min([[Bnll, <wopByo---08,_, )- But this is clear because,
by S6, we have <yoq,0...0a,,_; =<WoB,0--08,_, and by hy-
pothesis [, ] = [[8,]].

(I5 and 16) By equation (4) we have [[B(U % (a A B))]] =
min([[a A B1l, <¢) and [B(¥ * a) A ]l = min([a]l, <
) N [[B]). Thus, it is enough to see that

min(flall, <w) N [B1 = min(lla A A, <v)

under the hypothesis min([[a]l, <¢) N [B] # 0. It is quite
clear that min([[a]l, <g) N (A1 C min([a A S8, <w).
For the other inclusion take w € min([[a A S, <g). As
w is in [[A]] it remains to see that w € min([[o]], <y ). We
know that w € [[a]]. We claim that it is minimal in [[«]]
with respect to <y. Towards a contradiction, suppose that
ir is not the case. As <y is a total pre-order there exists
w’ € min([[a]], <y) such that w’ <y w. By hypothesis,
there exists w” € min([[a]l, <y) N [A]l. Again as<y
is a total pre-order, w’' ~y w”, therefore w” <y w
contradicting the minimality of w in [[a A 5]] with respect
to <y. 1

Proof of Proposition 1: If min([[a]l,<y) and
min([[8]], <v) are in the same level with respect to <y then
min([[(Jla V B), <y) = min([[a]], <g) U min([[8]], <g).
Thus, by Theorem 1, [[B(¥  (aV 8))]] = [B(¥ * a)]] U
[[B(¥ +B)]l. Otherwise, min([[a]l,<y) is in a lower
level than min([[A]l, <g¢) or min([[f]l,<¢) is in a
lower level than min([[a]], <g). In the first case,
min([(Jla V B),<¢) = min([[a]l,<y). Thus, by the
Theorem 1, [[B(U x (aV B3))l = [B(¥+a)ll. In the
second case, min([[(Jla V ), <¢) = min([[3]], <w). Thus,
by the Theorem 1, [[B(¥ x (o V 8))11 = [[B(¥ x B)1I. 1

Proof of Corollary 2:  (only if) Assume that v <y 3, that
is B(U*a) b B(Ux(aVB))and B(¥*f) t/ B(U*(aVp3)).
By Proposition 1 and its proof, necessarily min([[a]], <)
is in a lower level than min([[8]], <w). Thus, by Theo-
rem 1, it is enough to take w € min([[a]], <g¢) and v’ €
min([B1], <v) to get w € [B(V x a)]], w’ € [B(¥  B)1l,
w <y w'.

(if) Assume that there exist w, w’ such that w €
[B(¥ % a)]l, w’ € [B(¥*B)]l, w <g w'. Then, by Theo-
rem 1, min([[]], <) is in a lower level than min([[3]], <w
). Then, by Proposition 1 and its proof, B(¥ x (o V §8)) =
B(¥ % «). On the other hand B(¥ + 8) I/ B(V % (a V 8))
because min([[a]], <y) and min([[3]], <y) are not in the
same level. Therefore o <y 3

Proof of Corollary 3: (only if) Assume a <y . By
Corollary 2, we get w, w’ such that w € [B(¥ )]l
w' € [B(¥*P)], w <y w'. Towards a contradiction,
suppose that there exists w” such that w <y w” <y w'.
But it is clear, using Corollary 2, that & <y @, <y
contradicting the fact & <y .

(if) Assume there exist w, w’ such that w € [B(¥ * )]l
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w' € [B(¥*6)], w <g w' and there is no w” such
that w <y w” <y w'. By Corollary 2, @ <y 3. Thus,
the only possibility for a« A&y [, is the existence of ~y
such that « <y 7 <g (. Again, by Corollary 2, taking
w” € [[B(¥ * )]l we have w <y w” <y w’, a contradic-
tion. 1

Proof of Theorem 2:  (only if) By Theorem 1 we know
that there exists an epistemic assignment ¥ — <y such that
the equation (4) holds. Thus, it remains to prove that the as-
signment is indeed a gradual assignment, i.e. it satisfies S1,
S2, 83, S4 and S5.
(S1) Suppose w,w’ € [[a]l. Thus, ¢y F «. By 17,
B((V o @) * @) = B(¥ * ¢y ). Then by equation (4)
wehave w <goq w' <& w € min({w,w'}, <yon)

& welB((Yoa)*puwuwll

& w e MB(Y*uu)l

< w e min({w,w'}, <y)

s w<lgw
(S2) The proof is analogous to the one of S1 but using I8
instead of I7.

(S3) Suppose that w € [[a]l, w' € [-a]] and w <g w'.
We want to show that w <yon w'. As w <g w’, nec-
essarily w € min({w,w’}, <y) what, by Equation (4),
means w € [[B(¥ * @y, )]l. Then B(¥ * @y ) 1 -,
so by 19, B((¥ o a) * @) F a. Then, by Il and I3,
[B((¥ o &) * )]l = {w}. From this, using Equation
(4), we get w <goq W'

(S4) Suppose that w € [[a]], w’' € [-a]] and v’ <y w.
We want to show that w’ <y, w. From the hypothesis
w' <y w we get min({w,w'}, <y) = {w'}. Then, by
Equation (4), [B(Y * @u,.)]] = {w'}. Therefore B(U *
Yw,w) F —a. Thus, by 110, B((¥ 0 ) * ¢y, ) I . Then
w' € [B((¥ o a)*py.)]l, and by Equation (4), w' €
min({w, w'}, <won), i.e. W <yon wW.

(S5) Suppose that w € [[a]], w’ € [~a]], w' <g w and
that there is no w” such that v’ <g w” <g w. We
want to show that w <goo w’. From w’ <g w we have
min({w,w'}, <g) = {w'}, so from Theorem 1 we have
[B(¥ * @ )]l = {w'}. S0 B(¥ x @4y o) F —cr. On the
other hand, the assumptions with the Corollary 3 gives us
Pww <w Pww Aa. Then, by I11, B((¥ o &) % 0w w) I/
—a, that means by Theorem 1, w <gon w'.

(if) By Theorem 1 we know that o is a weak improvement
operator. Thus, it remains to check that I7-I11 hold.

(I7) Suppose that o =y, i.e. [[a]] € [[1]]l. We want to show
B((¥ou)xa) = B(V*a). By Equation (4) this is equiva-
lent to prove that min([[«]], <wo,) = min([[e]], <y). That
is a straightforward consequence of S1 that gives (since
[l € [[px]) Vw, v | o, w <y w' iff w <gop w'.

(I8) Suppose that « = =y, i.e. [[a]] C [[-p]]l. We want to
show B((¥ o u) x @) = B(¥ * o). By Equation (4) this is
equivalent to prove that min([[a]], <yo,) = min([[o]], <y
). Like for (I7), this is a straightforward consequence of S2
that gives (since [[a]] C [-ul) Vw,w' | a,w <g w' iff
W <oy W'

(19) Let us remark from the fact that <y and <y, are total
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pre-orders, that postulate S3 is equivalent to the following
one:

(83) Ifw € [[pll,w' € [~ull then v’ <gop w =
w <g w

Now suppose that B(¥ x «) t/ —u. We want to show
B((V o p) x ) - pu. Towards a contradiction, suppose that
B((Vop)*a) lf p, ie. there exists w € [B((V o p) * )]l
such that w ¢ [[u]]. By Equation (4) w € min([[«]], <woy),
so for any w' € [[a]l, w <yo, w’. By the assumption,
there exists w” € [[B(V xa)]] N [x]l. In particular, by
I1, w” € [[a]l. Thus, w <gou w”. On the other hand,
by Equation (4) w” € min([[a]], <y). As w € [[-u]] and
w” € [[p]], and w <go, w”, by 83°, w <y w"”. But, since
w € [[«]], this contradicts the minimality of w” in [[a]] with
respect to <y.

(110) Let us remark from the fact that <y and <y, are to-
tal pre-orders, the postulate S4 is equivalent to the following
one:

S9) fw € [[pl,w' € [~ull then w <go, w' =
w <g w'

Suppose that B(¥ * «) + —p. We want to show B((¥ o
1) * &) t/ p. Towards a contradiction suppose that B((¥ o
u) x ) b p. Let w,w’ be such that w |= B((¥ o p) * )
and w' = B(¥ * ). By the assumptions w € [[x]] and
w’ € [-ull. By Equation (4), w € min([[a]l, <wo,) and
w’ € min([[a]], <y). By the assumptions, w %o, w’
and w g w', because if not w’ € min([[all, <o) or
w € min([[o]], <y ). But this is impossible because in the
first case w’ € [[u]], a contradiction and in he second case
w € [[-ul, a contradiction. Thus, necessarily w <wo, w’
and w' <g¢ w. As we have w € [[ull, w’' € [-u]] and
w <gop W', by $4’, w <y w', a contradiction.

(I11) Assume B(¥ x ) b =y, a Ap b/ L and o <y o A p.
We want to show that B((¥ o u) x ) I/ —pu. Towards a
contradiction, suppose that B((V o p1) * ) b =y Let w, w’
such that w" € [[B(¥ x )]l and w € [B(¥ * (o A p))1l.
By the assumptions we have w’ € [[-u]] and w € [[p]].
By Corollary 3, w' <y w and there is no w” such that
w o<y w' <y w. By S5, w <wo, w'. By S4,
w’ <yo, w. Therefore, w ~go, w'. That means that
[[B(¥ x )]l and [[B(¥xa A p)]] are in the same level
with respect to <go,. We claim that this level is the
level of min([[a]],g\po“). But this is a contradiction
because we have w € min(min([[a]], <w.,)) and therefore
w = —p which contradicts the fact that w = p. Now we
turn to the proof of our claim. Towards a contradiction,
suppose the claim is not true. Then, necessarily there
is w” € min([[o]], <won) such that w” <go, w. We
consider two cases: w” € [[p]] and w” € [-u]l. In
the case w” € [[pu]l, we don’t have w” <y w because
w € min([[aw A pll, <w). Therefore w <g¢ w”. Then, by
S1, w <wo, w”, a contradiction. In the case w” & [-ul],
we don’t have w” <g w’ because w’ € min([all, <w).
Therefore w' <g w”. Then, by S2, w' <go, w”, that is
w <gou w”, a contradiction. 1



Proof of Lemma 1: Define A
{weW:w<gw” <g w'}. By the assumptions
w <y w and w £y w', the set A is nonempty. Thus
AN—all # 0 or AN[[a]l # 0. We consider first the case
AN[-all # 0. Take w” € max(AN [-all,<y). By
definition of A, w <y w” and w” <y w’. We consider two
subcases:

e w' <y w'. In this situation, we conclude by S4 and S5
W ~goq w'. By S2, w <yon w”. Therefore by transitivity
W <goq W'

e w” &£y w'. In this situation we take w” such that
w” <y w”. Tts clear that w”’ <y w’ and by definition
of w”, w” € [[a]l. By S4 and S5, w" ~yoq w'. Thus
W <goq w”. By S1, w"" <yon w'. Then, by transitivity,
W <yoq W.

For the second case, A N [[a]] # (), we proceed
with an analogous reasoning, but this time taking
w” € min(AN[al, <w). 1

Proof of Proposition 2: Towards a contradiction,
suppose that we have <}  #<2_  and both pre-orders
obey to (S1-S5). Let w,w’ be witness of this inequality.
Thus, without lost of generality, we can suppose w <1, w’
and w' <%  w. By SI, it is not the case w,w’ € [[a]],
since otherwise by w <k, w’ we obtain w <y w’ and
by w' <2, w we obtain w' <y w and a contradiction.
Similarly by S2, it is not the case w,w’ € [[-a]]. Thus,
the only possibilities are w € [[«]] and w’ € [[-a]] or
w € [-a]l and w’ € [[a]].

We consider the first case, i.e. w € [[a]] and w’ € [[-a]]. As
w <3 w, by S3, w Ly W, i w <g w. fw Lg w
then, by the Lemma 1 w’ <}I,Oa w, a contradiction. If
w' <y w,by S4 and S5, w’ :}I,m w, again a contradiction.
Now, we consider the second case, i.e. w € [[—a]] and
w' € [[all. Asw <k, w', by S3, w' Ly w,ie w <y w'.
Suppose w <y w’. Then, by S5, w' <% . w a contra-
diction. So w &g w', and by Lemma 1, w <%_, ', a
contradiction. 1

References

Alchourrén, C. E.; Girdenfors, P.; and Makinson, D. 1985.
On the logic of theory change: Partial meet contraction and
revision functions. Journal of Symbolic Logic 50:510-530.
Booth, R., and Meyer, T. 2006. Admissible and re-
strained revision. Journal of Artificial Intelligence Re-
search 26:127-151.

Booth, R., and Meyer, T. 2007. On the dynamics of total
preorders: Revising abstract interval orders. In Mellouli,
K., ed., ECSQARU, volume 4724 of Lecture Notes in Com-
puter Science, 42-53. Springer.

Booth, R.; Meyer, T.; and Wong, K.-S. 2006. A bad day
surfing is better than a good day working: How to revise a
total preorder. In Doherty, P.; Mylopoulos, J.; and Welty,
C. A, eds., KR, 230-238. AAAI Press.

Boutilier, C. 1996. Iterated revision and minimal change

116

of conditional beliefs.
25(3):262-305.
Darwiche, A., and Pearl, J. 1997. On the logic of iterated
belief revision. Artificial Intelligence 89:1-29.

Girdenfors, P. 1988. Knowledge in flux. MIT Press.

Hansson, S. O. 1999. A Textbook of Belief Dynamics. The-
ory Change and Database Updating. Kluwer.

Herzig, A.; Konieczny, S.; and Perussel, L. 2003. On iter-
ated revision in the agm framework. In Seventh European
Conference on Symbolic and Quantitative Approaches to
Reasoning with Uncertainty (ECSQARU’03), 477-488.
Jin, Y., and Thielscher, M. 2007. Iterated belief revision,
revised. Artificial Intelligence 171:1-18.

Katsuno, H., and Mendelzon, A. O. 1991. Propositional
knowledge base revision and minimal change. Artificial
Intelligence 52:263-294.

Konieczny, S., and Pino Pérez, R. 2000. A framework for
iterated revision. Journal of Applied Non-Classical Logics
10(3-4):339-367.

Lehmann, D. 1995. Belief revision, revised. In Proceed-
ings of the Fourteenth International Joint Conference on
Artificial Intelligence (IJCAI'95), 1534-1540.

Nayak, A. C. 1994. Iterated belief change based on epis-
temic entrenchment. Erkenntnis 41:353-390.

Spohn, W. 1988. Ordinal conditional functions: A dynamic
theory of epistemic states. In Harper, W. L., and skyrms, B.,
eds., Causation in Decision: Belief Change and Statistics.
Kluwer. 105-134.

Williams, M. A. 1994. Transmutations of knowledge sys-
tems. In Proceedings of the Fourth International Confer-
ence on the Principles of Knowledge Representation and
Reasoning (KR’94), 619-629.

Journal of Philosophical Logic



ON ITERATED REVISION IN THE AGM FRAMEWORK

Andreas Herzig, Sébastien Konieczny, Laurent Perussel.

Seventh European Conference on Symbolic and Quantitative Ap-
proaches to Reasoning with Uncertainty (ECSQARU’03).

pages 477-488.

2003.

117






On iterated revision in the AGM framework

Andreas Herzig, Sébastien Konieczny, Laurent Perrussel

Institut de Recherche en Informatique de Toulouse
118 route de Narbonne - 31062 Toulouse - France
{herzig,konieczny,perrussel}@irit.fr

Abstract. While AGM belief revision identifies belief states with sets of
formulas, proposals for iterated revision are usually based on more com-
plex belief states. In this paper we investigate within the AGM framework
several postulates embodying some aspects of iterated revision. Our main
results are negative: when added to the AGM postulates, our postulates
force revision to be maxichoice (whenever the new piece of information is
inconsistent with the current beliefs the resulting belief set is maximal).
We also compare our results to revision operators with memory and we
investigate some postulates proposed in this framework.

1 Introduction

While AGM belief revision identifies belief states with sets of formulas, proposals
for iterated revision are usually based on more complex belief states. Following
the work of [7], they are usually represented by total pre-orders on interpreta-
tions. In fact in [6], Darwiche and Pearl first stated their postulates (C1-C4) in
the classical AGM framework. But it has been shown in [8, 15] that (C2) is incon-
sistent with AGM, and that under the AGM postulates (C1) implies (C3) and
(C4). To remove these contradictions, Darwiche and Pearl rephrased their and
the AGM postulates in terms of epistemic states [7]. This has lead to a widely
accepted framework for iterated revision, and most of the work on iterated belief
revision now uses this more complex framework.

So an interesting question investigated in this paper is which requirements
on iteration one can consistently add to the usual AGM framework. We focus
on the status of old information, and formulate several postulates embodying
that aspect of iterated revision. They all express that old information about A
determine in some way the current status of A.

In particular, the first postulate says that if the agent was informed about A
before revision (in the sense that either A or =A was accepted) then the agent
should remain informed about A after revision.

Our second postulate is motivated by the following basic algorithm for the
revision of a belief set B by a new piece of information A [11,19]: first put A
in the new belief set, then add as many old beliefs from B as possible. So the
second postulate expresses that the corresponding operator is idempotent with
respect to B. We also study a family of postulates that generalizes this idea.
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We also review other postulates coming from the iterated revision literature,
in the classical belief set framework.

Our results are mainly negative: when added to the AGM postulates, our
postulates lead to extreme revision operators. In particular the first two postu-
lates force revision to be maxichoice: whenever the new piece of information is
inconsistent with the current beliefs then the resulting belief set is maximal.

These “impossibility results” about iterated revision in the usual AGM frame-
work can be seen as a justification for the increase in representational complexity
that shows up when one goes from AGM to iterated belief revision frameworks
(see e.g. [7,15,18,13,17,4]). Instead of “flat” belief sets (alias sets of interpre-
tations), the latter work with epistemic states, that can be represented by pre-
orders on interpretations.

The paper is organized as follows. In section 2 we give some definitions and
notations. In section 3 we consider the Darwiche and Pearl postulates in the
AGM framework. More specifically, we focus on their first postulate. In section
4 we investigate the implications of trying to retain old information as much as
possible. In section 5 we explore a family of postulates, saying that re-introducing
old pieces of information is harmless. In section 6 we compare our results to
revision operators with memory [13,14] and we investigate the implications of
some postulates coming from this work. We conclude in section 7.

2 Preliminaries

We work with a propositional language built from a set of atomic variables,
denoted by p, g, ... Formulas are denoted by A, B,C,... We identify finite sets
of formulas (that we call belief sets) with the conjunction of their elements. A
belief set B is informed about a formula C if B+ C or B+ —=C. A belief set B
is mazimal (or complete) if B is informed about every C.

The set of all interpretations is denoted W, and the set of all belief sets
is denoted B. For a formula B, Mod(B) denotes the set of models of B, i.e.
Mod(B) = {w € W: w |= B}. For a set of interpretations M C W, Form(W)
denotes the formula (up to logical equivalence) whose set of models is M, i.e.
Form(W)={B:wkE B iffwe M}.

A pre-order < is a reflexive and transitive relation. < is its strict counterpart:
w < w' if and only if w < W’ and W’ £ w. And ~ is defined by w ~ ' iff w < W'
and w’ < w. A pre-order is total is for all w,w’ we have w < ' or ' < w.
min(M, <) denotes the set {w € M|fw' € M : o' < w}.

Definition 1 (AGM belief revision). An AGM belief revision operator x is
a function that maps a belief set B and a formula A to a belief set B x A such
that :

(R1) Bx Ak A

(R2) If BNAF 1, then BxA=BAA

(R3) IfA¥ L, then Bx A¥ L

(R4) ]fBlEBQ and AlEAQ, then Bl *Al EBZ*AQ
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(R5) (BxA)ACF B*(AAC)
(R6) If (Bx A)AC¥ L, then Bx(ANC)F (B A)AC

The postulates (R1-R4) are often called the basic AGM postulates, and the
set (R1-R6) the extended AGM postulates, indicating that people consider the
former to be more fundamental. Notice however that they do not put very hard
constraints on *. It is the two last ones (R5) and (R6) that allow to state the
below representation theorem, which says that a revision operator corresponds
to a family of pre-orders on interpretations. (The theorem is due to Katsuno and
Mendelzon, but the idea can be directly traced back to Grove [10].) But first we
need the following:

Definition 2 (Faithful assignment). A function that maps each belief set B
to a pre-order <p on interpretations is called a faithful assignment if and only
if the following holds:

1. Ifw E B and &' = B, then w ~p W’

2. Ifwl= B and W' [~ B, then w <p w’

3. IfBl = Bg, then SBIZSBZ

Theorem 1. A revision operator x satisfies postulates (R1-R6) if and only if
there exists a faithful assignment that maps each belief set B to a total pre-order
<pg such that:

Mod(B x A) = min(Mod(A), <p)

We say that the assignment is the faithful assignment corresponding to the
revision operator.

Let us now introduce a special family of revision operators, called maxichoice
revision operators [1,9).

Definition 3 (maxichoice revision). A belief revision operator * is a maxi-
choice revision operator if for every B and A, if B+ —A then Bx A is mazximal.

Maxichoice revision operators are not very satisfactory, since they are too
precise and have a too drastic behaviour. In fact, with those operators, learning
any piece of information that conflicts with the current beliefs, however incom-
plete they are, causes the agent to have beliefs on any formula: for any formula
A, either the agent believes that A holds or he believes that —A holds. They
are considered as an upper-bound for revision operators (the lower-bound being
full-meet revision operators [1,9]).

We will use a characterization of maxichoice operators on the semantical
level. First we define:

Definition 4. A linear faithful assignment is a faithful assignment that satisfies
4. If w B and W' }£ B, thenw <g W' orw’ <pw
The following result is is part of the folklore in the literature on revision:

Theorem 2. A revision operator x is a mazxichoice operator if and only if its
corresponding assignment is a linear faithful assignment.

The proof is straightforward.
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3 Darwiche and Pearl postulates in the AGM framework

In [6], Darwiche and Pearl first stated their well-known postulates (C1-C4) in
the classical AGM framework.

(C1) If AFC, then (BxC)xA=B*A
(C2) Tt Al —C, then (B+C)x A= B+ A
(C3) If BxAF C, then (BxC)xAFC
(C4) If Bx AF —C, then (B*C)x A¥F =C

But it has been shown in [8,15] that (C2) is inconsistent with AGM, and
that under the AGM postulates (C1) implies (C3) and (C4). To remove these
contradictions, Darwiche and Pearl rephrased their and the AGM postulates in
terms of epistemic states [7].

As (C1) is consistent with the AGM postulates, one might wonder what the
constraints imposed by this postulate on the revision operators are like. This
question has not been investigated as far as we know. The consistency of (C1)
with AGM is easily established by noticing that the full meet revision operator
satisfies (C1) [15]. But is this the only AGM operator satisfying (C1), or do we
face a wider family?

Let us define another particular family of revision operators.

Definition 5. Let < be a total pre-order on interpretations. A revision operator
* s said to be imposed by < if its corresponding faithful assignment satisfies the
following property:

i. Ifwp= B andw' £ B, then (w <p ' iff w <w').

As far as we know, this family of operators has not been studied yet. Such
operators are not satisfactory since the result of a revision does not depend of
the belief set, but merely of the new piece of information (see theorem 3). This
seems to be counter-intuitive and to go against the basic ideas behind revision.
Nevertheless, such operators fulfill all AGM postulates, and the full meet revision
operator is a particular case (when < is a flat pre-order, i.e. w ~ ', Vw,w’ € W).

Theorem 3. Let x be an AGM revision operator, and let f be any function
mapping formulas to formulas such that f(A)F A and if Ay = Ay then f(A;) =
f(A). * is imposed if and only if for any belief set B and formula A, the following
holds:

(IMP) If BF —A then Bx A= f(A).

Proof. The only if part is straightforward: define f(A) as min(Mod(A), <).

For the if part we need to build the imposed pre-order < from f(A). This
can be established by noting that if we take a formula A that has exactly two
(distinct) models w and w’, then by (IMP) for every B such that AAB F L,
we have Bx A = f(A). By (R1) and (R3), Mod(f(A)) = {w} or Mod(f(A)) =
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{w'} or Mod(f(A)) = {w,w'}. Since x is an AGM operator, the faithful as-
signment gives us, for every B inconsistent with A, that w <p w’ whenever
Mod(f(A)) = {w}, v’ <p w whenever Mod(f(A)) = {w'}, and w ~p ' when-
ever Mod(f(A)) = {w,w’}. That means that there exists a pre-order < defined
as w < ' iff w € Mod(f(Form(w,w'))) and such that for all B such that
w,Ww EBw<puw iffw<u.

This result states that for any revision that is not an expansion the old belief
set is not taken into account in the result of the revision.

Now let us return to the case of the (C1) postulate and state the following
result:

Theorem 4. An AGM revision operator satisfies (C1) if and only if it is im-
posed.

Proof. The if part is straighforward, since either B A A is consistent and then
(C1) is a consequence of (R2), or B A A is not consistent, and then (C1) is a
consequence of theorem 3.

For the only if part, suppose that the operator x satisfies (R1-R6) and (C1).
We will show that the operator is imposed and there exists an f such that (IMP)
is satisfied. If * satisfies (C1) then (IMP) holds, since for every A and B such
that A A B is not consistent, by (R2) we have that Bx A= (—=A (AV B)) x A.
Thus by (C1) we get that (mA* (AV B)) x A = =A x A, consequently we get
BxA=-AxA. Thus f can be defined by stipulating that f(A) = —=Ax A. This
means that the result of the revision depends only on the input A.

This result casts serious doubts on the (C1) postulate in the AGM framework.

4 “Keep on being informed about A”

When an agent receives new information she has to modify her current set of
beliefs B in order to take it into account. One major requirement of AGM theory
is the principle of minimal change, that means that when one revises a belief set
by a new piece of information, one has to keep “as much as possible” of the old
belief set.

The following property tries to capture this intuition, by saying that revising
by A can not induce a loss of information: if B is informed about C, then learning
A can not lead to loose this information.

(Compl) If BFC then BxAFCor BxAlF —=C
Unfortunately it can be proved that :

Theorem 5. Ifx satisfies (R1-R6) and (Compl), then x is a mazichoice revision
operator.
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Proof. This can be proved straightforwardly: suppose B - A. If - A then the
theorem holds. Else we have BF AV C and B+ AV —C. By (Compl), Bx—A
AVCor Bx—AF -AAN-C,and Bx—AF AV —-C or Bx—=AF -AAC. Among
the four cases, the one where Bx—=A - (AVC) A (AV —C) is impossible because
Bx—-AF Aby (R4) and t# A. The one where Bx —=AF (AN =C) A (=ANC)
is impossible because B x —A L. It follows that Bx -A+F —C or Bx—A+F C.

It is straightforward to show that every maxichoice revision operator sat-
isfies (Compl). Together with the preceding theorem it follows that (Compl)
characterizes maxichoice revision.

Remark 1. Formula (3.17) in [9] is just (COMPL) (modulo a typo). There,
proposition (3.19) says that “B x A is maximal for any sentence A such that
—A € B”, i.e. (3.17) entails maxichoice revision. The proof refers to observation
3.2 of [2], but the latter presupposes already that * is a maxichoice operator,
and establishes that this entails maximality.

So this postulate puts too strong a requirement on classical AGM revision
operators.

In the next section we will investigate another requirement also based on the
assumption that we can keep as much as possible of the old information.

5 “Re-introducing old information doesn’t harm”

Another way of ensuring that one does not forget previous information is to
suppose that we can re-introduce the old belief set without changing the current
one. It can be seen as some kind of left-idempotency of the revision operator. This
idea is very close to the one used for defining revision with memory operators
[14,13,3].

First we need the following abbreviations.

Definition 6. Given a set of beliefs B and pieces of information A;, then for
1 <i<n we define B; by:

Bi = (((B*Al) *AQ)*...)*Ai
Thus BO = B, B1 = B*Al, and B2 = (B*Al)*Az.

Our abbreviation enables us to concisely formulate the following family of
postulates:

(Mem;) B; =BxB;, fori >0
Hence:

(Memy) says By = B« By, i.e. B=Bx*B,
(Mem,) says By = Bx By, i.e. Bx Aj = Bx (B A;), and
(Mems;) says By = B Ba, i.e. (Bx A1) xAs = B* ((Bx A1) % A2).
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Let us see now what is the relation of the postulates (Mem;) with the AGM
postulates.

Theorem 6. (Memy) is derivable from the basic AGM postulates.
The proof only uses the postulate (R2).
Theorem 7. (Memy ) is derivable from the extended AGM postulates.

Proof. From (R1) we know that (Bx A) A A = Bx A. Now using (R5) and (R6)
with C' = B A, we have Bx (AN (Bx A)) = (BxA) A (B*A). That is directly
Bx(BxA)=Bx*A.

Theorem 8. (Mems), (Memg), etc. cannot be derived from the AGM postulates.

Proof. This can be established e.g. by considering Dalal’s revision operator [5],
which is known to satisfy the AGM postulates [12] and showing that is does not
satisfy the (Mem;) postulates. Indeed, consider B = —p, A1 = —q, Ay =pV q.
Then By = (—p*—q)*(pV q) = (-=pA—q) x(pV q) = p D q where & is the
exclusive or. But this is different from B x By = —px ((-p x =¢q) * (p V q))
=-p*((-pA-q)*x(pVq) =-px(pSq) =-pAg.

We can easily find revision operators satisfying these additional postulates :

Theorem 9. If x is a mazichoice revision operator then % satisfies every postu-
late (Mem;).

The postulates of this family are ordered by strength, as shows the following
result:

Theorem 10. If* satisfies postulate (Mem;y1) then x satisfies postulate (Mem; ).

The other way round, (Mem;) does not always imply (Mem;4): this is im-
mediate for i = 0.

So is those families of operators, defined from the (Mem;) postulates, are wide
ones 7 It is not the case. We show that, once again, only maxichoice revision
operators satisfy our postulates.

Theorem 11. If x satisfies (R1-R6) and (Mems), then x is a magzichoice revi-
ston operator.

Proof. Suppose that A is consistent and that B = —A. We want to show that
B x A is maximal, i.e. for an arbitrary C' we have that either Bx A F+ C, or
BxAF-C.

First, (Mems) tells us that (FAVC)*BxA = (mAVC)x((mAVC)x B« A),
and similarly (FAV-C)xBx A = (mAV-C)*((wAV-C)xBxA). As Bt -A
we have B = (mAV C) x B by (R2), and similarly B = (=A VvV —=C) * B. Hence
(mAVC)xB*A = (mAVC)*((wAVC)*BxA) = (wAVC)*(BxA), and similarly
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(FAV-C)xB*xA=(-AV-C)*((-AV-C)*BxA)=(—AV -C)x(BxA).
Now suppose that not(either Bx A+ C, or Bx AF —=C' ), i.e. Bx A is consistent
with C, and B % A consistent with =C. Then we must have (-AV C)xB* A =
(FAVC)*x ((FAVC)*BxA) = (-AVC)x (BxA) = (mAVC)A (B« A), and
(mAV=C)xBxA=(=AV-C)*x((wAV-C)*BxA) = (mAV-C)x(BxA) =
(mAV-C)YAN(B%A). As Bx A A, we would have that (=AVC)A (BxA)F C,
and (A V —=C) A (B A) - =C. But by AGM (=AV C) * (B x A) must be
consistent.

A corollary of the theorems 10 and 11 is that a revision operator satisfies
a (Mem;) postulate if and only if it is a maxichoice revision operator. So each
postulate of this family is a characterisation of maxichoice operators.

As explained at the beginning of this section, the idea of this family of postu-
lates seems very close to the one behind the definition of revision with memory
operators. In the next section we will investigate more deeply the links between
revision with memory operators and the requirements on classical AGM revision
operators.

6 The relation with revision with memory operators

Belief revision operators with memory [14, 13] keep trace of the history of beliefs
in order to be able to use them whenever further revisions make this possible.
They are based on a notion of belief state that is more complex than the flat set
of beliefs of the AGM framework.

Basically, if we represent epistemic states @ by a pre-order on interpretations,
noted <g, we can extract the associated belief set with the projection operator
Bel(®) = min(W, <g). The pre-order <g represents the agent’s relative confi-
dence in interpretations. For example w <g w’ means that for the agent in the
epistemic state @ the interpretation w seems (strictly) more plausible than the
interpretation w’.

The usual logical notations extend straightforwardly to epistemic states (they
in fact denote conditions on the associated belief sets). For example & - C, AC
and w |= @ respectively mean Bel(®) F C, Bel(®) A C and w = Bel(®).

Now let us define revision with memory operators. This family of operators
is parametrized by a classical AGM operator. It can be seen as a tool to change
a classical AGM operator with bad iteration properties into an operator that
has good ones.

Definition 7 (Revision with memory). Suppose that we dispose of a classi-
cal AGM operator x. (We will use its corresponding faithful assignment C' —<¢.)
Then we define the epistemic state (the pre-order) @ o C' that results from the
revision with memory of @ by the new information C as:

w <goc W iff w <c W' or
w~cw and w <g '
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This definition means that each incoming piece of information induces some
credibility ordering. (The exact ordering induced depends on the classical AGM
operator that has been chosen.!) And the new epistemic state is built by listening
first to this incoming piece of information, and then to the old epistemic state
(this is the well known primacy of update principle).

In fact, it is shown in [13], that an epistemic state for revision with memory
operators can be encoded as the history of the new pieces of information acquired
by the agent since its “birth”. So we can suppose that the agent starts from
an “empty” epistemic state =, that is represented by a flat pre-order?, and
successively accommodates all the pieces of information. So if we suppose that
all revision sequences start from =, it can be shown that all revision with memory
operators satisfy the (Mem;) postulates, since they all take the history of the
revisions into account.

Theorem 12. A revision operator with memory satisfies (Mem; ), Vi.

In fact, a logical characterization for revision with memory operators has
been given in [13]. Most of the postulates are generalizations of AGM postulates
in the epistemic states framework, but there are also some specific postulates
characterizing revision with memory. We will examine now their status in the
classical belief set framework. Those postulates have been written for epistemic
states, but we can translate them for belief sets (with some simplifications) as
follows :

(Histl) (BxA)xC=Bx*(AxC)
(Hist2) If Cx A= A, then (BxC)xA=B«x A
(Hist3) If Cx A+ D, then (BxC)xAF D

The first postulate expresses some kind of associativity and aims at expressing
the strong influence of the new piece of information. The second one says that
if a formula C' does not distinguish between the models of A, then learning C'
before A is without effect on the resulting belief set. The third one says that the
consequences of a revision also holds if we first learn another piece of information.

The counterpart of (Histl), (Hist2) and (Hist3) for epistemic states are re-
spectively named (H7), (H’7) and (H’8) in [13]. It is shown there that in the
presence of the other postulates (H1-H6) (that are mainly a generalisation of
AGM postulates in the epistemic state framework), (H7) is equivalent to (H’7-
H'B).

This equivalence no longer holds in the belief set framework. Let us see now
the implications of these three postulates in this framework.

Theorem 13. There is no operator that satisfies (R1-R6) and (Hist1).

! Note that one of the possibilities is a two level pre-order with the models of the
formula at the lowest level, and the counter-models at the top level. That gives the
more “classical” operator of the family [18, 16, 20, 3].

2 that is Vw,w’ w ~= o'
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Proof. Let wg,wr,ws,ws be 4 distinct interpretations. Now take four formulas
A, B,C,D such that Mod(A) = {wi,wa2}, Mod(B) = {wo,w1}, Mod(C) =
{wa,ws} and Mod(D) = {w;,ws}. From (Histl) we have that (B x A) x C =
Bx(A%C), that is from (R2) (BAA)xC = Bx(AAC). As Mod(ANC) = {w.},
from (R1) and (R3) it follows that Mod(B*(ANC)) = {w2}, hence Mod((BAA)*
C) = {wa}. On the other side, starting from (Hist1) with (BxD)*C = Bx(D«C),
we obtain similarly Mod(B* (D AC)) = Mod((B A D)*C) = {ws}. Now notice
that BAD = BAA, so (R4) says that (BAA)*C = (BAD)«C. Contradiction.

Note that (Hist2) is stronger that the postulate (C1) proposed by Darwiche
and Pearl. As (C1) is consistent with the AGM postulates we will consider a
weakening of the (Hist2) postulate, that accounts for the case when A i/ C:

(StrictHist2) f Cx A=A and AF C, then (BxC)*A=Bx A

Theorem 14. If an operator = satisfies (R1-R6) and (StrictHist2), then * is a
maxichoice revision operator.

Proof. We show that if % satisfies (StrictHist2), then * is maxichoice. If % is
not maxichoice, then there exists a formula C' such that <. is not linear, that
means that we can find a formula A and two distinct interpretations w,w’, with
Mod(A) = {w,w'} (with w # ') such that C' A A is not consistent® and w ~¢ ',
ie C x A = A. (StrictHist2) then says that for all B (B*C)* A = B x A.
In particular if we take B such that Mod(B) = Mod(C) U {w}, that means
that C *x A = Bx A = A. But from (R2) we get that Bx A = B A A, so
Mod(B x A) = {w}. Contradiction.

So, as a corollary of theorems 14 et 4, every operator satisfying (R1-R6) and
(Hist2) must be an imposed maxichoice operator.

Theorem 15. There is no operator that satisfies (R1-R6) and (Hist3).

Proof. Let wg,w1,ws be 3 distinct interpretations. Now take four formulas A, B, C, D
such that Mod(A) = {wi,w2}, Mod(B) = {wo}, Mod(C) = {wo,w1}, and
Mod(D) = {wo,w2}. As from (R2) Cx A = C A A, then Mod(C x A) = {w1},

so from (Hist3) and (R3), that means that Mod((B = C) x A) = {w1}. On the
other side, starting from D A, we find similarly that Mod((BxD)xA) = {wa}.
Finally, as from (R2) we find easily that (B xC) = (Bx D), from (R4) we have
that (BxC)x A= (Bx D) x A. Contradiction.

These three results show, once again, that it is hard to try to formulate it-
eration postulates in the AGM framework. Whereas those properties are mean-
ingful in the epistemic state framework, two of them, (Histl) and (Hist3), are
not consistent with AGM postulates for belief set revision, and the last one,
(StrictHist2), implies the maxichoice property.

3 When * is an AGM revision operator and C' « A = A, then C' A A ¥ L is equivalent
to AFC.
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7 Conclusion

Studies in iterated belief revision have been stated in the epistemic state frame-
work mainly because of the influence of Darwiche and Pearl’s proposal [6, 7] and
its incompatibility with the AGM belief set framework. But since, few work has
been done to see if some properties on iteration can be stated in the classical
framework.

We have addressed this issue in this paper by looking at some candidates
postulates. In different ways, all of them express that the result of a revision
must keep as much as possible of the old information.

Our results are mainly negative. When the proposed postulates are not incon-
sistent with classical AGM ones, they inexorably lead to the maxichoice property,
which is far from satisfactory for a sensible revision operator. So the results ob-
tained in this paper can be seen as “impossibility results” about iteration in the
classical AGM framework.

This study is then important to justify the gap, both in terms of knowledge
representation and in terms of computational complexity, induced by all the
iterated revision approaches that abandon the classical framework and work
with more complex objects, viz. epistemic states.
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Abstract

A new framework for propositional merging is presented. DA? merging operators,
parameterized by a distance between interpretations and two aggregation functions,
are introduced. Many distances and aggregation functions can be used and many
merging operators already defined in the literature (including both model-based
ones and syntax-based ones) can be encoded as specific DA? operators. Both logical
and complexity properties of those operators are studied. An important result is
that (under very weak assumptions) query entailment from merged bases is “only”
at the first level of the polynomial hierarchy when any of the DAZ? operators is
used. As a by-product, complexity results for several existing merging operators are
derived as well.

Key words: Knowledge Representation, Belief Merging, Computational
Complexity.

1 Introduction

Belief merging is an important issue of many Al fields (see (1) for a panorama
of applications of data and belief fusion.) Although particular requirements can
be asked for each application, several pieces of information are usually brought
into play when propositional base merging is concerned. In the following:

* This paper is an extended and revised version of the paper entitled “Distance-
based merging: a general framework and some complexity results’, that appeared in
the proceedings of the Fighth International Conference on Principles of Knowledge
Representation and Reasoning (KR’02), pages 97-108, Toulouse, 2002.
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o A belief profile E = {K;, ..., K,} is a finite multi-set of belief bases, where
each belief base K; represents the set of beliefs from source i. Each K; is
a finite set of consistent propositional formulas ¢;; encoding the explicit
beliefs from source 1.

e [(C is a propositional formula encoding some integrity constraints. 1C' rep-
resents some information the result of the merging has to obey (e.g. some
physical constraints, norms, etc..)

The purpose of merging E is to characterize a formula (or a set of formulas)
Arc(F), considered as the overall belief from the n sources given the integrity
constraints IC. Recently, several families of such merging operators have been
defined and characterized in a logical way (2; 3; 4; 5; 6). Among them are
the so-called model-based merging operators (2; 3; 4; 5) where the models of
Arc(E) are defined as the models of /C which are preferred according to some
criterion depending on E. Often, such preference information takes the form of
a total pre-order over interpretations, induced by a notion of distance d(w, E)
between an interpretation w and the belief profile E. The distance d(w, F) is
typically defined by aggregating the distances d(w, K;) for every Kj;. Usually,
model-based merging operators take only into account consistent belief bases
K;. Other merging operators are so-called syntaz-based ones (7; 8; 9). They
are based on the selection of some consistent subsets of the set-theoretic union
U, K of the belief bases. This allows for taking inconsistent belief bases K;
into account and to incorporate some additional preference information into
the merging process. Indeed, as in belief revision, relying on the syntax of K is
a way to specify (implicitly but in a cheap way with respect to representation)
that explicit beliefs are preferred to implicit beliefs (10; 11). But the price to
be paid is the introduction of an additional connective “,”, which is not truth
functional. Moreover, since they are based on the set-theoretic union U} ; K;
of the bases, such operators usually do not take into account the frequency
of each explicit piece of belief into the merging process (the fact that ¢;;
is believed in one source only or in the n sources under consideration is not
considered relevant, which is often counter-intuitive.)

In this paper, a new framework for defining propositional merging operators
is provided. A family of merging operators parameterized by a distance d be-
tween interpretations and two aggregation functions @ and © is presented.
Accordingly, DA? merging operator is a short for Distance-based merging op-
erator, obtained through 2 Aggregation steps. The parameters d, @, ® are used
to define a notion of distance between an interpretation and a belief profile F
in a two-step fashion. Like in existing model-based approaches to merging, the
models of the merging A%2"®(F) of E given some integrity constraints 7C' are
exactly the models of I'C' that are as close as possible to E/ with respect to the
distance. Moreover, the first aggregation step allows to take into account the
syntax of belief bases within the merging process (and to handle inconsistent
ones in a satisfying way.)
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The contribution of this work is many fold. First, our framework is general
enough to encompass many model-based merging operators as specific cases,
especially those given in (2; 3; 4; 5; 12; 13; 6). In addition, despite the model-
theoretic ground of our approach, several syntax-based merging operators pro-
vided so far in the literature can be captured as well (7; 8; 9). We show that,
by imposing few conditions on the parameters, several logical properties that
are expected when merging operators are considered, are satisfied by DA?
operators.

Another very strong feature offered by our framework is that query entail-
ment from A?’C@’@(E) is guaranteed to lay at the first level of the polynomial
hierarchy provided that d, & and ® can be computed in polynomial time.
Accordingly, improving the generality of the model-based merging operators
framework through an additional aggregation step does not result in a com-
plexity shift.

We specifically focus on some simple families of distances and aggregation
functions. By letting the parameters d, ® and ® vary in these respective sets,
several merging operators are obtained; some of them were already known
and are thus encoded as specific cases in our framework, and others are new
operators. In any case, we investigate the logical properties and identify the
complexity of each operator under consideration. As a by-product, the com-
plexity of several model-based merging operators already pointed out so far is
also identified.

The remaining of the paper is as follows. In Section 2 we give some formal
preliminaries, and we recall some notions of computational complexity and
some axiomatic properties for belief merging. In Section 3 we give a glimpse at
the two main families of merging methods: model-based merging operators and
syntax-based ones. In Section 4 we introduce DA? merging operators and give
some examples. In Section 5 we study the computational complexity of this
class of operators. This section also gives complexity results for some specific
operators from the class. In Section 6 we address the logical properties of the
operators. Finally Section 7 concludes the paper and presents some directions
for future work.

2 Formal Preliminaries

We consider a propositional language PRO Ppg built up from a finite set PS
of propositional symbols in the usual way. T (resp. L) denotes the Boolean
constant interpreted to 1 (true) (resp. 0 (false)). An interpretation is a total
function from PS to BOOL = {0, 1}. It is denoted by a tuple of literals over
PS (or a tuple of truth values 0, 1 when a total ordering over PS is given).
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The set of all interpretations is denoted by W. An interpretation w is a model
of a formula if it makes it true in the usual classical truth functional way.

Provided that ¢ is a formula from PRO Ppg, Mod(y) denotes the set of models
of ¢, ie., Mod(p) = {w € W | w = ¢}. Conversely, let M be a set of
interpretations, form(M) denotes the logical formula (unique up to logical
equivalence) whose models are M.

Two belief bases K; and K are said to be logically equivalent (K; = Kb)
if A K; = A Ks, and two belief profiles F; and F, are said to be equivalent
(Ey = Es) if and only if there is a bijection between E; and Ej such that each
belief base of E is logically equivalent to its image in Es. A belief base K;
is said to be consistent if and only if the conjunction A K; of its formulas is
consistent. Similarly, a belief profile F is said to be consistent if the conjunction
of its belief bases A & = Ak, cr Ng; ek ¥ij 18 consistent. LI denotes the multi-
set union. For every belief profile E' and for every integer n, E™ denotes the
multi-set containing F n times.

For any set A, let < be any binary relation over A x A. < is said to be total if
Ya,b € A, a < borb < a; reflexive if Va € A, a < a; transitive if Va, b,c € A,
(e <band b < ¢) implies a < ¢. Let < be any binary relation, < is its strict
counterpart, i.e., @ < b if and only if a < b and b £ a, and =~ is its indifference
relation, i.e. @ ~ b if and only if a < b and b < a. We denote min(A4, <) the
set {ac A |PbeAb<al}.

2.1 Computational Complexity

The complexity results we give in this paper refer to some complexity classes
which we now briefly recall (see (14) for more details), especially the classes
AL and ©% (15; 16) from the polynomial hierarchy PH, as well as the class BH,
from the Boolean hierarchy. We assume the reader familiar with the classes P,
NP et coNP and we now introduce the following three classes located at the
first level of the polynomial hierarchy:

e BHj, (also known as DP) is the class of all languages L such that L = L;NL,,
where Lq is in NP and L, in coNP. The canonical BHs-complete problem
is SAT-UNSAT: given two propositional formulas ¢ and 1, (¢, ) is in SAT—
UNSAT if and only if ¢ is consistent and 1 is inconsistent.

e Ab = PV is the class of all languages that can be recognized in polynomial
time by a deterministic Turing machine equipped with an NP oracle, where
an NP oracle solves whatever instance of a problem from NP in unit time.

e 05 = AB[O(log n)] is the class of all languages that can be recognized in
polynomial time by a deterministic Turing machine using a number of calls
to an NP oracle bounded by a logarithmic function of the size of the input
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data.

Note that the following inclusions hold:
NP U coNP C BH, C ©4 C A C PH.

Finally, FAY is the class of function problems associated wih A%, i.e. those that
can be solved in deterministic polynomial time on a Turing machine equipped
with an NP oracle.

2.2 Logical Properties for Belief Merging

Some work in belief merging aims at finding sets of axiomatic properties op-
erators may exhibit the expected behaviour (17; 2; 4; 18; 5; 12). We focus
here on the characterization of Integrity Constraints (IC) merging operators
(5; 13).

Definition 1 (IC merging operators) Let E, Ey, Es be belief profiles, K,
Ky be consistent belief bases, and IC, ICy, 1Cy be formulas from PRO Ppg.
A is an IC merging operator if and only if it satisfies the following postulates:

(IC0) Ae(E) = IC.
(IC1) If IC is consistent, then Ae(E) is consistent.
(IC2) If NE is consistent with IC, then Ajc(E) = NE N IC.
(IC3) If By = Ey and ICy, = 1Csy, then Ao, (Er) = Ao, (Fa).
(IC4) If K1 = IC and Ky = 1C, then Ajc({ K1, Ka}) A Ky is consistent if
and only if Are({Ky, K2}) A Kz is consistent.
(IC5) Arc(Ey) AN Aje(Es) | Are(EL U Ey).
(IC6) If Ajc(Er) N\ Ape(Es) is consistent
then AIC(El L EQ) ': AIC(EI) A AIC(EQ).
(IC7) Ape,(E) NICy = Ajeyare,(E).
(IC8) If A, (E) N ICy is consistent, then Areypic, (E) = Age, (E).

The intuitive meaning of the properties is the following: (IC0) ensures that
the result of merging satisfies the integrity constraints. (IC1) states that, if
the integrity constraints are consistent, then the result of merging will be
consistent. (IC2) states that if possible, the result of merging is simply the
conjunction of the belief bases with the integrity constraints. (IC3) is the
principle of irrelevance of syntax : the result of merging has to depend only
on the expressed opinions and not on their syntactical presentation. (IC4) is
a fairness postulate meaning that the result of merging of two belief bases
should not give preference to one of them (if it is consistent with one of both,
it has to be consistent with the other one.) It is a symmetry condition, that
aims to rule out operators that can give priority to one of the bases. Note
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that (IC4) is a strong impartiality requirement and may appear very strong
in some cases, but nevertheless it is satisfied by many interesting merging
operators. Note that stating this property makes sense only because the belief
bases K; are required to be consistent. (IC5) expresses the following idea: if
belief profiles are viewed as expressing the beliefs of the members of a group,
then if F; (corresponding to a first group) compromises on a set of alternatives
which A belongs to, and Fy (corresponding to a second group) compromises
on another set of alternatives which contains A too, then A has to be in the
chosen alternatives if we join the two groups. (IC5) and (IC6) together state
that if one could find two subgroups which agree on at least one alternative,
then the result of the global merging will be exactly those alternatives the
two groups agree on. (IC7) and (IC8) state that the notion of closeness is
well-behaved, i.e., that an alternative that is preferred among the possible
alternatives (1C), will remain preferred if one restricts the possible choices

(IC) A ICY).

Two sub-classes of IC merging operators have been defined. IC Majority op-
erators aim at resolving conflicts by adhering to the majority wishes, while IC
arbitration operators have a more consensual behaviour:

Definition 2 (majority and arbitration) An IC majority operator is an
1C merging operator that satisfies the following majority postulate:

(Ma,j) dn AIC (E1 L Egn) ': A]C(EQ).

An IC arbitration operator is an IC merging operator that satisfies the follow-
ing arbitration postulate:

Arcy (K1) = Ay (Ka)
AIC —IC: ({KlaKQ}) = (]Cl 54 “ICQ)
(Arb) e = Arcyvic, ({ K1, Ka}) = Age, (Ky).
IC [~ 1Cy
1Cy [~ 10y
See (5; 12) for explanations about those two postulates and the behaviour
of the two corresponding classes of merging operators. For the sake of sim-

plicity, we simply refer to such operators in the following as majority (resp.
arbitration) ones, omitting IC.

3 Model-based Merging vs Syntax-based Merging

In this section, we recall the two main families of belief merging operators:
the model-based ones and the syntax-based ones.
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3.1 Model-based Merging

The idea here is that the result of the merging process is a belief base (up to
logical equivalence) whose models are the best ones for the given belief profile
E. Formally, provided that <p denotes an arbitrary binary relation (usually
<p is required to be total, reflexive and transitive) on W:

Mod(Are(E)) = min(Mod(IC), <g)

Accordingly, in order to define a model-based merging operator, one just has
to point out a function that maps each belief profile E/ to a binary relation
<g (see (5) for conditions on this function.)

A compact way to characterize <g consists in deriving it from a notion of
distance between an interpretation w and a belief profile E' (in this case <g
is a total pre-order):

w <p ' if and only if d(w, E) < d(u', E).

d(w, ) is usually defined by choosing a distance between interpretations aim-
ing at building “individual” evaluations of each interpretation for each belief
base, and then by aggregating those evaluations in a “social” evaluation of
each interpretation. Indeed, assume that we have a distance d between in-
terpretations (cf. Definition 5) that fits our particular application. Then one
can define an (individual) belief base evaluation of each interpretation as the
minimal distance between this interpretation and the models of the belief base:

— mi 1
dw,K) = “I/n;r}(d(w’w ).

Then it remains to compute a (social) belief profile evaluation of the interpre-
tations using some aggregation function x:

d(w, E) = *gep d(w, K).

In the first works on model-based merging, the distance used was Dalal’s
distance (19), namely, the Hamming distance between interpretations, and
the aggregation function was the sum or the maz (2; 3). In (5; 12) it has
been shown that one can take any distance between interpretations without
changing the logical properties of the operators and a lerimaz aggregation
function was proposed as an example of arbitration operator.
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3.2 Syntaz-based Merging

Syntax-based merging (also called formula-based merging) operators work
from preferred consistent subsets of formulas. The differences between the
operators of this family lie in the definition of the preference relation (maxi-
mality with respect to set inclusion for instance.)

Let us briefly present the operators given in (7; 8).

Definition 3 Let MAXCONS(K, IC) be the set of the maxcons of K U{IC}
that contain IC, i.e., the mazimal (with respect to set inclusion) consistent
subsets of K U{IC} that contain IC. Formally, MAXCONS(K, IC) is the set
of all M such that:

e M C KU{IC}, and

e IC C M, and

o if M C M C KU{IC}, then M' |= L.

Let MAXCONS(E, IC) = MAXCONS(Ug, e K, IC). When the mazimality of
the sets is defined in terms of cardinality, we will use the subscript “card”, i.e.
we will note the set MAXCONS qqra(E, IC).

Let us define the following operators:

Definition 4 Let E be a belief profile and IC' be a belief base:

AL (E) =V MAXCONS(E, 1C).

N9 (E) =V{M : M € MAxXCONS(E, T) and M U{IC} consistent}.
Ao (FE) =\ MAXCONS ora( E, IC).

N (BE) = V{M U{IC} : M € MaxCONS(E, T) and M U{IC} consistent}

if this set is non empty and 1C' otherwise.

The AC! operator takes as result of the combination the set of the maximal
consistent subsets of £ U {IC} that contain the constraints /C. The A®3
operator computes first the set of the maximal consistent subsets of E, and
then selects those that are consistent with the constraints. The A4 operator
selects the set of consistent subsets of F'U {IC} that contain the constraints
IC'" and that are maximal with respect to cardinality.

NCLA(E), A9 (E) and A, (E) correspond respectively to Combl (E, IC),
Comb3(E, IC) and Combd(E, IC) as defined in (8) (there is no actual need to
to consider the Comb2 operator since it is equivalent to Combl (8).) The A5
operator is a slight modification of A®? in order to get more logical properties

9).
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Once the union of the belief bases is performed, the problem is to extract some
coherent piece of information from it. Thus, such an approach is very close
to Rescher and Manor’s inference (20), Brewka’s preferred subtheories (21),
to the work by Benferhat et al. on entailment from inconsistent databases
(22; 23; 24), as well as to several approaches to belief revision (25; 10; 26) and
to reasoning with counterfactuals (27).

A drawback of this approach is that the distribution of information is not
taken into account in the consistency restoration process. To deal with this
drawback, it has been proposed in (9) to select only the maxcons that best
fit a merging criterion. Those selection functions are related to those used in
the AGM belief revision framework for partial meet revision functions (28). In
both cases the selection functions aim at selecting only some of the maxcons
(the “best” ones.) The idea for belief merging is to use the selection function
to incorporate a “social” evaluation of maxcons.

In (9) three particular criteria have been proposed and studied. The first one
selects the maxcons that are consistent with as many belief bases as possible.
The second one takes the maxcons that have the smallest symmetrical differ-
ence (with respect to cardinality) with the belief bases and the last one takes
the maxcons that have the largest intersection (with respect to cardinality)
with the belief bases.

4 DA? Merging
4.1 The General Framework

Defining a merging operator in our framework simply consists in setting three
parameters: a distance d and two aggregation functions @ and ©. Let us first
make it precise what such notions mean in this paper:

Definition 5 (distances) A distance between interpretations® is a total func-
tion d from W x W to IN such that for every wi, ws € W

o d(wy,ws) = d(we,w1), and

e d(wy,ws) =0 if and only if w1 = ws.

Any distance between interpretations d induces a distance between an inter-

1 We slightly abuse words here, since d is only a pseudo-distance (triangular in-
equality is not required.)
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pretation w and o formula ¢ given by

d(w, @) = min d(w,w").
w'Ee

Definition 6 (aggregation functions) An aggregation function is a total
function @ associating a nonnegative integer to every finite tuple of nonnega-
tive integers and verifying (non-decreasingness), (minimality) and (identity).

o ifx <y, then ®(x1,...,2,...,2,) <BX1,...,Y,...,Tp).
(non-decreasingness)

e B(xy,...,x,) =0 if and only if x1 = ... =z, = 0. (minimality)

e for every nonnegative integer x, &(r) = x. (identity)

We are now in position to define DA? merging operators. Basically the distance
gives the closeness between an interpretation and each formula of a belief
base. Then a first aggregation function @ evaluates the plausibility (resp.
desirability) of the interpretation for an agent (belief base) K; from those
closeness degrees when formulas are interpreted as information items (resp.
preference items). And finally the second aggregation function ® evaluates
the plausibility (resp. desirability) of the interpretation for the whole group
(belief profile.)

Definition 7 (DA? merging operators) Let d be a distance between inter-
pretations and ® and © be two aggregation functions. For every belief profile
E ={K,...,K,} and every integrity constraint IC, A‘;’g)’@(E) is defined in
a model-theoretical way by:

Mod(A%D’@(E)) =min(/C, S%G)’@).
<9 s defined as w <B°° W' if and only if d(w, E) < d(w'. E), where

d(wv E) = Q(d(w7 Kl)a EER d(wv Kn))v
and for every K; = {@i1,- -, Qin; }

d(wa KZ) = @(d(w QDZ',].)7 ey d(wa (pl,n,))

Defining two separate aggregation steps is not a theoretical fantasy that is only
motivated by a struggle for generalization; rather, it formalizes the different
nature of belief bases and belief profiles:
e a belief base is the set of elementary data reported by a given entity. The

precise meaning of this rather vague formulation ( “entity”) depends on the
context of the merging problem:
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— when merging several pieces of belief stemming from different “sources” (in
practice, a source may be a sensor, an expert, a database...), the formulas
inside a belief base K; are the pieces of information provided by source i;

— when evaluating alternatives with respect to different criteria, the formulas
inside a belief base K; are the pieces of information pertaining to criterion
i;

— when aggregating individual preferences in a group decision making con-
text, the formulas inside a “belief base” K; are the elementary goals ex-
pressed by agent i. In this case, the formulas ¢;; are no longer beliefs
but preferences (which does not prevent one from using the same merg-
ing operators.) In this case, still calling these formulas “beliefs” is no
longer appropriate, but, for the sake of simplicity, we nevertheless use
the terminology “belief”, rather than systematically writing “beliefs or
preferences”, which would be rather awkward.

e a belief profile £ consists of the collection of all belief bases K; corresponding
to the different sources, criteria or agents involved in the problem.

Now, since the relationship between a belief base and its elementary pieces of
information and the relationship between a belief profile and its belief bases
are of different nature, there is no reason for not using two (generally distinct)
aggregation functions @& and ®. In other words, both aggregation steps corre-
sponds to different processes. The first step is an intra-source (more generally,
intra-entity) aggregation: @ aggregates scores with respect to the elementary
(explicit) pieces of information contained in each K (it allows, in particular, to
take inconsistent belief bases into account.) The second step is an inter-source
(more generally, inter-entity) aggregation: © aggregates the “@-aggregated
scores” pertaining to the different sources. Such a two-step approach is used
in a group decision context by (29).

Interestingly, few conditions are imposed on d, @, and . As we will see in the
next section, many distances and aggregation functions can be used. Often,
the aggregation functions @ and ® are required to be symmetric (i.e., no
priority is given to some explicit beliefs in a belief base, and no priority is
given to some belief base in a belief profile.) However, this condition is not
mandatory here and this is important when some preference information are
available, especially when all sources ¢ are not equally reliable. For instance,
the weighted sum aggregation function gives rise to (non-symmetric) merging
operators.

Let us stress that, contrarily to usual model-based operators, our definition
allows for inconsistent belief bases to take (a non-trivial) part in the merging

process.

Example 1 Assume that we want to merge E = {K;, Ks, K3, K4} under the
integrity constraints IC' = T, where
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e K ={a,b,c,a= b},
[ K2 = {a,b},

o K3= {"(Z, ﬁb};

e K, ={a,a=b}.

In this example, K7 believes that ¢ holds. Since this piece of information is not
involved in any contradiction, it seems sensible to be confident in K about
the truth of ¢. Model-based merging operators can not handle this situation:
inconsistent belief bases can not be taken into account. Thus, provided that
the Hamming distance dy between interpretations is considered, the operator
AdE (2:3; 5; 13) gives a merged base whose models (over {a,b,c}) are:
(a,b, =c) and (a, b, ¢); the operator Adm:Gmaz (5. 13) oives a merged base whose
models are: (—a, b, —¢), (—a, b, c), (a, b, —¢), and (a, —b, ¢). In any of these two
cases, nothing can be said about the truth of ¢ in the merged base, which is
often counter-intuitive since no argument against it can be found in the input
data.

Syntax-based operators render possible the exploitation of inconsistent belief
bases. Thus, on the previous example, ¢ holds in the merged base, whatever
the syntax-based operator at work (among those considered in the paper.)
Obviously, this would not be the case, would the inconsistent base K; be
replaced by an equivalent one, as {a, —a}. However, syntax-based operators
are not affected by how the formulas are distributed among the belief bases.
Consider the two standard syntax-based operators A¢! and A%, selecting
the maximal subsets of E with respect to set inclusion and to cardinality,
respectively. On the previous example, A®! returns a merged base equivalent,
to c and A to ¢ A —a. So, @ is in the result for none of these two operators,
whereas a holds in three of four input bases.

Our DA? operators achieve a compromise between model-based operators and
syntax-based operators, by taking into account the way information is dis-
tributed and by taking advantage of the information stemming from incon-
sistent belief bases. For instance, our operator Ap-sumsum (¢f Section 4.2)
gives a merged base whose single model is (a,b,c), and AUl returns a
merged base whose models are (—a, b, ¢) and (a, —b, ¢). So, using any of these
two operators, we can conclude that ¢ holds from the merged base.

DA? merging operators can be viewed as a generalization of model-based merg-
ing operators, with an additional aggregation step. One can then ask why we
restrict the approach to two aggregation steps instead of characterizing DA3
merging operators and so on... Actually, it can be sensible to use those addi-
tional aggregation steps to characterize the common belief of an organization
structured in a hierarchical way. For example if an organization is composed of
several departments, which are divided in services, that group several teams,
etc., we can figure out an aggregation step for the team level, a second one
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for the service level, etc. At each step it is possible to use a different aggre-
gation scheme. A detailed study of such operators is left to further research.
In the light of our results, we can nevertheless make some important remarks
concerning DA™ operators. On the one hand, the first aggregation step has
a specific role since it allows to take inconsistent belief bases into account in
the merging process. This underlies a main difference between DA™ operators
(with n > 2) and DA! operators, the usual model-based merging operators.
The latter are not suited to use inconsistent belief bases in a valuable way.
The differences induced by the second and the third aggregation steps are
in some sense less significant. On the other hand, it is easy to show that all
our complexity results pertaining to DA? operators can be extended to DA™
operators (the complexity does not change provided that the number of aggre-
gation steps is bounded a priori.) Finally, as a tool for modelizing corporation
merging, we think that DA™ operators are not fully adequate. Indeed, they
would suppose that the number of hierarchical divisions is the same in all the
branches, and that all the groups at a given level use the same aggregation
method; this is a strong, unrealistic assumption.

4.2 Instantiating our Framework

Let us now instantiate our framework and focus on some simple families of
distances and aggregation functions.

Definition 8 (some distances) Let wy, wa € W be two interpretations.

e The drastic distance dp s defined by

0 Zf W1 = Wa,
dp(wi,wsy) =
1 otherwise.

e The Hamming distance dy is defined by
dg(wi,w2) = |[{z € PS | wi(x) # wa(2)}-

e Let g be a total function from PS to IN*. The weighted Hamming distance
dg, induced by q is defined by

di, (W1, Wa) = Y(2ePs | wn(z)sws (@)} 4(T)-

These distances satisfy the requirements imposed in Definition 7. The Ham-
ming distance is the distance most commonly considered in model-based merg-
ing. It is very simple to express, but it is very sensitive to the representation
language of the problem (i.e., the choice of propositional symbols.) Interest-
ingly, many other distances can be used. For instance, weighted Hamming
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distances are relevant when some propositional symbols are known as more
important than others. 2

As to aggregation functions, many choices are possible. We just give here two
well-known classes of such functions.

Definition 9 (weighted sums) Let q be a total function from {1,...,n} to
IN* such that q(1) = 1 whenever n = 1. The weighted sum WS, induced by q
is defined by

WS,(e1,....e,) = Zq(i)ei.

q is a weight function, that gives to each formula (resp. belief base) ¢; (resp.
K;) of index i its weight () denoting the formula (resp. belief base) reliability.
The requirement ¢(1) = 1 whenever n = 1 ensures that when we merge a
singleton, the aggregation function has no impact.

Definition 10 (ordered weighed sums) Let g be a total function from
{1,...,n} to IN such that q(1) = 1 whenever n =1, and q(1) # 0 in any case.
The ordered weighted sum OWS, induced by q is defined by

n

OWS,(er,...,e,) = Z q(i)eq(s)

i=1
where o is a permutation of {1,....n} such that e;(1) > €x2) = ... = €g(n)-

The requirement ¢(1) # 0 is needed to meet the minimality condition (defini-
tion 6.) When using ¢ with OWS,, ¢(i) reflects the importance given to the
it" largest value. With the slight difference that ¢ is normalized (but with-
out requiring that ¢(1) = 1 whenever n = 1), the latter family is well-known
in multi-criteria decision making under the terminology “Ordered Weighted
Averages” (OWAs) (30).

When ¢(i) = 1 for every ¢ € 1,...,n, WS, and OWS, are the usual sum.
When ¢(1) = 1 and ¢(2) = ... = ¢(n) = 0, we have OWS,(e1,....€,) =
maz(ey,. .., e,). Lastly, let M be a upper bound of the scores, i.e., for any
possible (e, ..., e,) we have ¢; < M, and let g(i) = M"~* for all 5. Then the
rank order on vectors of scores induced by OWS, is exactly the lezimaz (ab-
breviated by lex) ordering <,.,.. Namely, we have (eq,...,¢e,) <je. (€],...,¢€.)

n

2 Consider this example where information items about a murder coming from
different witnesses; let a stand for “the murderer is a male” and b stand for “the
murderer had an umbrella”. Attaching a larger weight to a than to b means that
the interpretation (a,b) is closer to (a,—b) than to (—a,b), reflecting that a mistake
about b is more plausible than a mistake about a.

146



if and only if there exists k in 1,....n such that for all i < k. €,(;) = €/, and
€o(k) < €qiyy if and only if OWS,(e1. ... e,) < OWSy(ey, . ... €,).

All these functions satisfy the requirements imposed in Definition 7; all of
them are symmetric but weighted sum when ¢ is not uniform. 3

Many other possible choices for & and @ can be found in the literature of
multi-criteria decision making (31). Noticeable examples of such aggregation
functions are the Choquet integral, which generalizes both the weighted sum
and the ordered weighted sum, and its ordinal counterpart, the Sugeno integral
(32). These aggregation functions are still polynomially computable, which
makes the following complexity results applicable when instantiating & and
® with such functions.

Note that functions such as the purely utilitarian sum or weighted sum allow
for compensation between scores (and lead to majority-like operators), while
the egalitarian functions maz and lex do not.

By letting the parameters d, @ and ® vary, several merging operators are ob-
tained; some of them were already known and are thus encoded as specific cases
in our framework, while others are new operators. For example, Adp-maz.maz jq
the basic merging operator (5), giving A EAIC if consistent and IC otherwise.
Adp:mazsum i the drastic merging operator which amounts to select the mod-
els of IC satisfying the greatest number of belief bases from F. It is equivalent
to the drastic majority operator as defined in (9) when working with deduc-
tively closed belief bases. AdPsvmsum corresponds to the intersection operator
of (9). Adp:WSamaz corresponds to an operator used in (29) in a group deci-
sion context. When singleton belief bases are considered® (in this case @ is
irrelevant) every A4®mae operator is a AMe operator (2; 13), every A®®:sum
operator is a A¥ operator (2; 3; 5), and every A4®e gperator is a AGMa
operator (5; 13). Still with singleton belief bases, A-®WSa is a penalty-
based merging operator (where one minimizes the sum of the penalties g(7)
attached to the K;’s) (33), and taking d = dp and & = WMAX, (defined by
WMAX,(x1,...,2,) = max;=1,_, min(q(i), x;)) we get a possibilistic merging
operator (6) (the scales used for scores are different but it is easy to show that
this difference has no impact, i.e., the induced orderings over interpretations
coincide.) Finally, the operators A% with @ € {sum, WS,, maz, lex}
have been proposed in (34) as a compromise between model-based and syntax-
based approaches and a way to take into account inconsistent belief bases in
the merging process.

We will now illustrate the behaviour of these different operators on an example.

3 g is uniform when Vi, j € 1,...,n, q(i) = q(5)-

4 Or when each Kj is replaced by {A K;} before merging.
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AJpEE(E) = T,
AdD mazx, .sum( ) AdD maz, lez( ) dH maz, sum(E) = aAb.
dD sum, maZ(E) = -b.
Adwum SUNE) = (maA-b)V(aAbAc) .
AJEN(E) = —a A-b
AazH,sum maz(E) dH,sum lez(E) = aA-bAc
NG (B) ATTEEN(E) = (ma ADAC)V (@ A-bAc) .

A?g,sum,sum = alc.

Fig. 1. Result of merging for the operators of Example 2

Example 2 Consider the following belief profile E = { K, K3, K3, K4} that
we want to merge under the integrity constraints IC = T.

K, ={aAbAc,a= —b},
K2 = {a/\b},

K3 = {—|a/\ —b, —|b},

Ky ={a,a = b}.

The result of merging E according to the different operators with d € {dp,dy},
@ € {mazx,sum} and © € {max, sum,lex} under no constraints (i.e., IC=
T) is given on Figure 1.

Table 1 gives an example of computation with the A%Hsum™IeT operator. In
the leftmost column of this table, every interpretation (x,y,z) with x,y,z €
{0, 1} is the one mapping a to z, b to y and ¢ to z. Each cell except those of
the extreme columns gives the (Hamming) distance between the interpretation
indexing its row and the formula or the belief base indexing its column. Fach
cell of the rightmost column contains the vector (ordered in a decreasing way)
of distances from the interpretation w indexing the corresponding row and
each belief base K; (i = 1,...,4). As explained before, each such vector can
be encoded as an integer using an OWS, function, and such a score can be
interpreted as the distance between w and E. The main point is that the natural
ordering over such scores representing vectors coincides with the leximax one
over the corresponding vectors.

For the example, the result of merging process with d = dg, ® = sum,® = lex
is Mod(AF*“™'*(E)) = {(1,0,1)} since I = (1,0,1) is the unique interpre-
tation leading to the minimal vector 1111 (corresponding to a minimal distance
to E.)
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aANbAc a=-b aAb -—-aA-b b a a=b Ki Kz K3z Ky E

(0,0,0) 3 0 2 0 0o 1 0 3 2 0 1 3210
(0,0,1) 2 0 2 0 0 1 0 2 2 0 1 2210
(0,1,0) 2 0 1 1 11 0 2 1 2 1 2211
(0,1,1) 1 0 1 1 11 0 1 1 2 1 2111
(1,0,0) 2 0 1 1 0 0 1 2 1 1 1 2111
(1,0,1) 1 0 1 1 0 0 1 1 1 1 1 1111
(1,1,0) 1 1 0 2 10 0 2 0 3 0 3200
(1,1,1) 0 1 0 2 10 0 1 0 3 0 3100
Table 1

Admsumiler onerator

The wide variety of the results we obtained shows the degree of flexibility
achieved by our framework. The example illustrates several aspects of merging
operators: the belief base K7 is not consistent, but it is the only base that gives
an information about ¢, so it can be sensible to take ¢ as true in the result
of merging. DA? operators can encode merging operators that are syntax-
dependent: for example, K3 is logically equivalent to —a A —b, but replacing
K3 by this formula would lead to different results of the merging operation.
Syntax is relevant for DA? merging operators since one has to consider that
different formulas of a same base are distinct reasons to believe in the same
information. Taking syntax into account is important from the point of view of
representation of beliefs (or goals). In our framework, unlike with the classical
model-based merging operators, the symbol “,” can be taken to be a connective
that is interpreted differently from “A”.

We do not consider the case @& = lex, since this choice induces some specific
difficulties as to the second aggregation step. The first one is definitional: what
does it mean to aggregate vectors (instead of atomic values) using an OWS,
function, especially when the vectors have different sizes? Several conflicting
intuitions may exist. But would the induced operators exhibit the expected
behavioural properties of merging? One may argue that, as shown above,
it is possible to find out an OWS, function the total pre-order induced by
it coincides with leximax; however, this leads to another problem, namely,
a representational problem: how to encode in a faithful way an aggregation
function over vectors using some aggregation function over (atomic) values, so
that the induced pre-orders coincide? A solution to both problems may come
from a systematic study of more general aggregation functions than those used
in this paper. This idea is of interest, but has not been considered here. It can
be considered as an open question of this paper (however see (35) for a related
issue.)
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5 Computational Complexity

Let us now turn to the complexity issue. First of all, we can get a general
hardness result that holds for any merging operator satisfying (IC1) and (IC2);
this result, extremely close to a similar BHs-hardness result for belief revision
in (36), gives us a general lower bound of the complexity of inference from
merging.

Proposition 1 For any merging operator A satisfying properties (IC1) and
(IC2), the complexity of inference from a merged base is BHa-hard.

Proof : Let (p, %) be a pair of propositional formulas; without loss of
generality, assume that ¢ and i do not share any propositional symbols.
Then with (p,1) we associate the following instance of INFERENCE-FROM-
MERGING: IC' = T, E = {{¢ V z},{p V -x}}, where z is a new symbol
(appearing neither in ¢ nor in ¥), and o = ¢ A ). Then we have A(E) =«
if and only if ¢ is satisfiable and 1 is unsatisfiable, that is, if and only if (p, ¥)
is a positive instance of SAT-UNSAT. Indeed: consider first the case ¢ is satis-
fiable; in this case, (IC2) implies that A(E) = (¢ V z) A (¢ V =) = ¢; now,
A(E) E o A= if and only if ¢ = ¢ A =), which, since ¢ and 9 do not share
any symbol, holds if and only if v is unsatisfiable. Consider now the case ¢ is
unsatisfiable. Then oz = ¢ A =) is unsatisfiable, and property (IC1) tells that
it cannot be the case that A(F) = a. Therefore, we have A(E) = « if and
only if {p, 1) is a positive instance of SAT-UNSAT.

O

Now, as to finding an upper bound, we obtain a fairly general membership
result which states that provided that d, @ and ® can be computed in poly-
nomial time, determining whether a given formula is entailed by the merging
of a belief profile is in A}; in addition to this, if d, ® and ® are bounded by
polynomial functions, then the above problem falls in ©5. Let us now state
this more formally:

Proposition 2 Let A%®® be a DA? merging operator. Given a belief profile
E and two formulas 1C' and «:

e Ifd, ® and ® are computable in polynomial time, then determining whether
ATTO(E) = a holds is in Ab.

e If d, ® and ® are computable in polynomial time and are polynomially
bounded,® then determining whether A5 (E) t= a holds is in ©5.

5 A function f: IN* — IN is polynomially bounded if and only if it is bounded by
a polynomial function; more formally, when f is a function with a variable number
of arguments, such as our aggregation functions, f is polynomially bounded if and
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Proof :  These results are consequences of the two following lemmata:

Lemma 1 Let k be an integer; if d, & and ® are computable in polynomial

time, then the problem of determining whether ming;c d(w, E) < k given IC,
E and k is in NP.

Proof: It is sufficient to consider the following nondeterministic algorithm:

i) guess an interpretation w and N interpretations w;; (i = 1,...,n, j =
L,...,n;) over Var(EU{IC}), where N = X,_; __,n; is the total number
of formulas ¢; j in E;
ii) check that w = IC and that w;; = ¢;; for all i = 1,...,n and all
j — 1, U
iii) compute d(w,w;;) foralli=1....,nand all j =1,...,n;
iv) compute d(w, K;) for alli=1,...,n;
v) compute d(w, F) and check that d(w, F) < k.
This algorithm runs in polynomial time in the size of the input (E, IC, and
k represented in binary notation) since d, ®, ® are computable in polynomial
time.

.....

O

Lemma 2 If for any w € W the value of d(w, E) is bounded by the value
h(|E|+|1C]) (where h is a function with values in IN), then min, ;¢ d(w, £)
can be computed using [logs h(|E| 4+ |IC|)] calls to an NP oracle.

Proof : min = min,p;c d(w, ) can be computed using binary search
on {0,...,A(|E| + |IC|)} with at each step a call to an NP oracle to check
whether min, ;¢ d(w, £) < k (that is in NP from Lemma 1.) Since a binary
search on {0, ..., h(|E|+ |IC|)} needs at most [log, h(|E| + |IC|)] steps, the
result follows.

O

e Point 1. of Proposition 2

If d, & and © are computable in polynomial time, then for every belief profile
E and every w € W, the binary representation of d(w, F) is bounded by
p(|E|+|IC]), where p is a polynomial. Hence, the value of d(w, E) is bounded
by 22(EHICD From Lemma 2, we can conclude that min = ming ;o d(w, E)
can be computed using a polynomial number of calls to an NP oracle. Now,
let F be a belief profile, IC be a formula, k be an integer and « be a formula,
the problem of determining whether there exists a model w of IC' such that
d(w, F) = k and such that w £~ « is in NP (note the similarity between this
proof and the one of Lemma 1):

only if there exists a collection of polynomial functions {pol; | ¢ > 1} such that
f(z1, ., 20) < poly(z1,...;z,) for every n and for all xq, ..., z,,.

151



i) guess an interpretation w and N interpretations w;; (i = 1,...,n, j =

L,....n;) over Var(EU{IC, a}), where N = ¥, _,n; is the total num-
ber of formulas ¢; ; in E;

ii) check that w = IC'A —a and that w; j = ¢;; for all i = 1,...,n and all
j — 1, U

iii) compute d(w,w;;) foralli=1....,nand all j =1,...,n;

iv) compute d(w, K;) for all i = 1,...,n;

v) compute d(w, E) and check that d(w, E) = k.

So we can show that A% (E) b~ o using first a polynomial number of calls
to an NP oracle in order to compute min, and then using an additional call
to an NP oracle in order to determine whether there exists a model w of IC'
such that d(w, E) = min and w [~ a. Hence the membership to A} for this
problem. The fact that A is closed for the complement concludes the proof.

e Point 2. of Proposition 2

When d, @ and ® are polynomially bounded, the proof is similar to the one
of point 1., but the computation of min, ;e d(w, E) needs only a logarithmic
number of steps since h is polynomially bounded, hence the membership to
5.

O

As shown by the previous proposition, improving the generality of the model-
based merging operators framework through an additional aggregation step
does not result in a complexity shift : the decision problem for query entailment
is still at the first level of PH.

Importantly, our results rely on the assumption that distances and aggregation
functions can be computed in polynomial time. First, it should be remarked
that all A membership results would still hold provided that distances and
aggregation functions are in FAL. Second, let us discuss the reasonableness
of this assumption. On the one hand, all “usual” distance and aggregation
functions used in the Knowledge Representation and in the Multicriteria De-
cision Making communities are consistent with it. On the other hand, there
do exist interesting non polynomially-computable distances (and maybe also
aggregation functions, although this is less clear).®

6 Here is an example. Consider a set of deterministic events (or actions) F, where
the dynamics of each event is described by a STRIPS list, and let us define the distance
dg by dp(w,w') = min(Lg(w,w’), Lg(w',w)) where Lg(w,w’) is the length of the
shortest event sequence (or the shortest plan, if F is a set of actions) leading from w
to w’. Then, using well-known results about the complexity of propositional STRIPS
planning (37) imply that unless P = PSPACE, dg is not polynomially computable.
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We have also identified the complexity of query entailment from a merged
base for the following DA? merging operators. Due to some similarity in the
proofs of the three following Propositions, their proofs are written in one
block. For these three Propositions, when X is a complexity class, X-c means
X-complete.

Proposition 3 (complexity results for d = dp)
Given a belief profile E and two formulas IC and o from PRO Ppg, the com-

plexity of A2 (E) =" a is reported in the following table.

®/® | mazx | sum | lex | WS, | OWS,

max Ob-c | ©h-c| Ab-c | ©O%-c
sum @g—c 912’—6 Ag—c Ag—c Ag—c
WS, Abc | Abc| Abc| Ab-c| ALc
OwSs, @g—c Ag-c Ag-c Ag-c Ag-c

Proposition 4 (complexity results for d = dy)
Given a belief profile E and two formulas IC' and « from PRO Ppg, the com-
plexity of A%QD(E) =’ « is reported in the following table

@/ | maz | sum | lex | WS, | OWS,

mazr | ©5-c| ©b-c| Ab-c | Ab-c| Ab-c
sum | ©5-c| ©5-c| Ab-c| Ab-c| ALc
WS, | Ab-c| Ab-c| Ab-c| Ab-c| AL
OWS, | Ab-c| Ab-c | Ab-c | Ab-c| Ab-c

Proposition 5 (complexity results for d = dy,)
Given a belief profile E and two formulas IC' and o from PRO Ppg, the com-

plexity of Aig‘“@’@(E) =" a is reported in the following table.

®/® | maz | sum | lex | WS, | OWS,

mazr | Ab-c| Ab-c| Ab-c | Ab-c| Ab-c
sum | Ab-c | Ab-c | Ab-c| Ab-c| AL-c
WS, | Ab-c| AB-c| Ab-c | AL-c| Ab-c
OWS, | Ab-c| Ab-c | AL-c | Ab-c| Ab-c

Proof :
e Membership: All the membership results (for Propositions 3, 4 and 5) are
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direct consequences of Proposition 2, except to what concerns the basic
merging operator (d = dp,® = ©® = max) and the membership-to-©%
results reported in Proposition 3 in the situation one of the two aggrega-
tion functions is a OWS, function while the other one is max. Indeed, in
all the remaining cases, all the distances and aggregation functions consid-
ered in the three tables can be computed in polynomial time. In addition,
the distances dp and dg and the aggregation functions sum and max are
polynomially bounded. As a consequence, we obtain immediately the mem-
bership to ©% of the inference problem with A®®® with d € {dp,dy},
® € {sum,maz}, © € {sum, maz}.

Now, focusing on the situation d = dp, let us consider the case & is mazx and
© is a OWS, function. For every interpretation w € W, let us note kg(w)
the number of belief bases K; (i € 1,...,n) from E such that w F K;
holds. Then we have d(w, E) = Z?;lkE(“’) q;- For any j € 0,...,n, it is easy
to determine in nondeterministic polynomial time whether there exists a
model w of IC such that d(w, E) < $1-7 ¢;. Now, since d(w, E) can only
take at most n + 1 different values, its minimal value min over Mod(IC)
can be computed through binary search using at most [log, n] calls to an
NP oracle which implements the nondeterministic algorithm above (start-
ing with j = 0.) Once min has been computed, a final call to an NP oracle
can be used to determine whether there exists a model w of IC' such that
d(w, E) = min and w £ . The fact that ©F is closed for the complement
concludes the proof. The case @ is a OWS, function and © is maz can be
handled in a similar way. The main difference is that d(w, F) can only take
at most max;—; _ncard(K;) different values.

Finally, as to the basic merging operator, determining whether a formula
a is a logical consequence of the merged base F given IC can be achieved
using the following algorithm:

if sat(EU{IC})
then return(unsat(E U {IC, -a}))
else return(unsat({1C, —a})).

Since only one satisfiability test (sat) and one unsatisfiability test (unsat)
are required, the decision problem is in B Hj.
e Hardness:

— Proposition 3: The ©5-hardness results are direct consequences of hard-
ness results for cardinality-maximizing base revision og (Theorem 5.14
from (36)) since we have A?g’smn’"mw({{gﬁl, et = A?g’smn’sum({{wl,
cend)) = AR (o {ead)) = AR ({{edd
{@n}}) = {(pla ) ‘Pn} oc 1C.

Indeed, whenever a single aggregation step is done and the drastic dis-
tance dp is considered, lex gives the same ordering as sum. Since lex is a
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specific OWS, function, the corresponding ©%-hardness results still hold
in the case @ is a OWS, function and ©® = max, as well as in the case
@ = maz and © is a OWS, function.
As to the case where @ is a OWS, function and ® = sum, the A}-
hardness result can be established by considering the following polynomial
reduction from the Aj-complete problem MAX-SAT-ASG g (16). MAX-SAT-
ASG,gq is the following decision problem:
Input: ¥, a propositional formula such that Var(X) = {z1,...,z,}.
Question: Is the greatest model w of ¥ (over Var(X)) with respect
to the lexicographic ordering < induced by z; < x9 < ... < x, such
that w(x,) = 17
To every formula ¥ such that Var(X) = {z1,...,2,}, we associate in
polynomial time the tuple M(X) = (E,IC,a), where E = {K; | i €
1,...,n}, IC = ¥, a = z, and for each i € 1...n, K; = {A\}Z] 7
| j€1l...n+2—1i}. Accordingly, each K; contains n+ 2 —i formulas that
are syntactically distinct but all equivalent to x;. We consider now the
OWS, function @ induced by ¢ such that ¢(1) = 1 and for every j > 1,
q(j) = 272, By construction, for any w € W and any i € 1,...,n, we have
dp(w,K;) = 0if w | 2; and dp(w, K;) = 277 if w P~ ;. Accordingly,
dp(w,E) = Y dp(w, Ki) = i1 n | wiee: 27T We immediately get
that w is a model of IC' that minimizes dp(w, E) if and only if w is the
(unique) greatest model of ¥ w.r.t. <, which leads easily to the result.
The AbL-hardness result in the case @ = sum and ® = lex can be easily
derived by taking advantage of the Ab-hardness result in the case each K;
is a singleton reduced to a conjunction of atoms (hence @ is irrelevant),
© is lex and the Hamming distance dy is considered (the proof is given
in the following.) Indeed, to each K; = /\?;1 T;,, we can associate the set
of formulas K; = {x;; | 7 € 1,...,n;} and for every interpretation w € W,
we have dy(w, K;) = 327, dp(w, 7; ;). Roughly, the Hamming distance is
encoded here through a first aggregation step (using & = sum) based on
the drastic distance. Since sum is a specific WS, function and lex is a
specific OWS, function, this hardness result can be extended to the rest
of the table, except for the case (@ is a WS, function and ® = max or
©® = sum) or @ is a WS, function.
As to these cases, the Ab-hardness of linear base revision oy, (Theorem 5.9
from (36)) can be used to obtain the desired result. Indeed, it is sufficient to
consider belief bases K; reduced to singletons (hence the first aggregation
step using @ is irrelevant) or similarly a belief profile E consisting of a
singleton (so that @ is irrelevant) since we have A2 C({Ky, ..., K,}) =
{Ky,...,Ky,}op IC, where @ is the weighted sum induced by ¢ such that
q(i) = 27", and each Kj is viewed as the unique formula it contains. Here,
the preference ordering over {Kj, ..., K,} is such that K; < Ky < ... <
K,.
Finally, as to the basic merging operator, the B Hs-hardness result is a
direct consequence of Propositions 1 and 6.
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— Proposition 4: The ©4-hardness results still hold in the situation £ con-

tains only one belief base K, and K itself contains only one formula that
is a conjunction of atoms. This merely shows that our hardness result is
independent from the aggregation functions @ and ® under considera-
tion (since they are irrelevant whenever E and K are singletons) but is a
consequence of the distance that is used (Hamming). Indeed, in this re-
stricted case, AP ({K}) is equivalent to K op IC where op is Dalal’s
revision operator (19). The fact that the inference problem from K op IC
is ©5-hard (even in the restricted case where K is a conjunction of atoms)
concludes the proof (see Theorem 6.9 from (15)).
We now show that the Af-hardness results hold in the restricted case
each K; is a singleton, reduced to a conjunction of literals (which means
that the @-aggregation step is irrelevant), whenever ® = lex. Since lex
can be viewed as a specific OWS,, the hardness result holds for OWS,
functions as well. We consider the following polynomial reduction M from
MAX-SAT-ASG,qq t0 the inference problem from a merged base. Let X be
a propositional formula such that Var(X) = {z1,...,z,}. Let M(X) =

2n—i+1 2n

(BE={K;={zn N\ new;}|i€l,....n}IC=3XAN\ —new;,a=uz,)
j=i+1 J=2
where each new; (j € 2,...,2n) is a new variable (not occurring in X.)
Now, for every model w of IC and for every i € 1,...,n — 1, we have
2n—i+1 2n—i+2
dy(w, K;={z; A\ new;}) > du(w, Kip1 = {zima A\ new;}).
j=it1 J=it2

This shows that the vectors L” obtained by sorting the set {dg(w, K;) | i €
1,...,n} in decreasing lexicographic order are always sorted in the same
way (independently of w): the first element is dy(w, K1), the second one
is dy(w, K3), etc. Furthermore, whenever a model w; of IC is strictly
smaller than a model wy of IC' with respect to the lexicographic ordering
< induced by 1 < @3 < ... < z,, then LE is strictly greater than LE
(with respect to the lexicographic ordering over vectors of integers.) Since
the models of IC are totally ordered with respect to <, exactly one model
of IC is minimal with respect to the preference ordering induced by E:
this is the model of IC' that is maximal with respect to <. Accordingly, x,,
is true in this model if and only if A% *""(E) = a holds. This concludes
the proof.

Finally, we show that the remaining AS-hardness results hold in the case
one of the aggregation function is a WS, function, i.e., whenever each K;
is a singleton (even reduced to an atom) or F is a singleton. In the first
case, this merely shows that our hardness result is independent from the
aggregation function & under consideration but holds in the case ® is a
WS, function and d = dy is the Hamming distance. Let us consider the
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following polynomial reduction M from MAX-SAT-ASG,4q to the inference
problem from a merged base. Let 3 be a propositional formula such that
Var(X) = {z1,...,2,}. Let

ME)=(E={K,={x;} |iel,....n},IC =% a=uz,)

and the aggregation function ® is the weighted sum operator induced by
q(i) = 27" Accordingly, for any interpretation w € W, we have d(w, F) =
> q(i)de(w, K;). By construction, for any interpretations wy, wa € W,
we have dg(wi, F) < dg(ws, F) if and only if ws < w; where < is the
lexicographic ordering induced by =7 < xo < ... < z,. Accordingly, the
greatest model w of 3 with respect to < is the unique model of A (E).
As a consequence, the greatest model w of ¥ with respect to < is such
that w(z,) = 1 if and only if A& (F) = a. This concludes the proof.
Proposition 5: We show that Ab-hardness holds in the very restricted case
L contains only one belief base K, and K itself contains only one formula
that is a conjunction of atoms. This merely shows that our hardness re-
sult is independent from the aggregation functions @ and ® under con-
sideration (since they are irrelevant whenever E and K are singletons)
but is a consequence of the family of distances that is used (weighted
Hamming). Let us consider the following polynomial reduction M from
MAX-SAT-ASG,qq to the inference problem from a merged base. Let 3 be
a propositional formula such that Var(X) = {z1,...,2,}. Let

M(E) = (B = {{/\Ll 5}}1C = .0 = 1)

and the weighted Hamming distance dp, induced by ¢ such that Vi €
1,...,n, qx;) = 2" By construction, for any interpretations w, wy €
W, we have dg, (w1, iz 2i) < du, (w2, Af=y o) if and only if wy < wy
where < is the lexicographic ordering induced by z; < z9 < ... < @p.
Accordingly, the greatest model w of ¥ with respect to < is the unique

model of A?gq’G)’@(E). As a consequence, the greatest model w of ¥ with

respect to < is such that w(z,) =1 if and only if A?g‘”@’@(E) = a. This

concludes the proof.

Looking at the tables above, we can observe that the choice of the distance
d has a great influence on the complexity results. Thus, whenever d = dy
or d = dp,, the complexity results for inference from a merged base coincide
whenever @ (or ®) is a WS, function or a OWS, function. This is no longer
the case when d = dp is considered.
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Together with Proposition 2, the complexity of many model-based merging
operators already pointed out in the literature are derived as a by-product of
the previous complexity results. To the best of our knowledge, the complexity
of such operators has not been identified up to now”, hence this is an addi-
tional contribution of this work. We can also note that, while the complexity
of our DA? operators is not very high (first level of PH, at most), finding out
significant tractable restrictions seems a hard task since intractability is still
the case in many restricted situations (see the proofs.) Finally, our results
show that some syntax-based merging operators (the ones based on set inclu-
sion instead of cardinality and “located” at the second level of PH) cannot be
encoded in polynomial time as DA? operators (unless PH collapses.)

6 Logical properties

Let first see what are the logical properties of DA% merging operators in the
general case.

Proposition 6 Let d be any distance, and let f and g be two aggregation func-
tions. NS satisfies (IC0), (IC1), (1C2), (IC7), (IC8). The other postulates
are not satisfied in the general case.

Proof :

(IC0) By definition Mod(Arc(E)) € Mod(IC).

(IC1) @ and @ are functions with values in IV, so if Mod(IC) # 0, there is al-
ways a minimal model w of IC' such that for every model w’ of IC d(w, E) <
dWw', E). Sow |= Are(E) and Ae(E) = L.

(IC2) By assumption, A E is consistent, i.e., there exists w such that w }=
(P11 Ao e A1) A oo e A(@n1 A oo A @pp,, ). By definition of the distance,
d(w,p) = 0if w | @, so by (minimality) of & we get ®(d(w, ¥i1),- .., d(w,
©Yin;)) = d(w, K;) = 0 if and only if w = wi1 A ... A Yin,. By (minimality)
of ® we have that ©(d(w, K7),...,d(w, K,)) = d(w, E) = 0 if and only if
wEKA. .. ANK, SowkE= Ae(E) if and only if w = AE A IC.

(IC7) Suppose w |= Ao, (E) A IC,. For any W' |= IC, we have d(w, E) <
d(W', F). Hence w' |= IC) AN ICy, d(w, F) < d(W', F). Subsequently w =
Areinre, (B).

(IC8) Suppose that Are, (E) AIC, is consistent. Then there exists a model '
of Are, (E)NICs. Consider a model w of Aoy are, (E) and suppose that w &
Are, (E). We have d(w', F) < d(w, E), and since o’ = IC A ICy, we have
w & min(Mod(ICy A ICy), <E¥%), hence w £ Aoy are,(E). Contradiction.

?
" However, (A?g’s“m’sm”(E) = a) € AL can be recovered from a complexity results

given in (38), page 151.
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Clearly enough, it is not the case that every DA? merging operator is an IC
merging operator (not satisfying some postulates is motivated by the need to
give some importance to the syntax in order to take inconsistent belief bases
into account.)

Concerning the operators examined in the previous section, we have identified
the following properties:

Proposition 7 A%®® satisfies the logical properties stated in Tables 2 and
3. Since all these operators are already known to satisfy (1C0), (IC1), (IC2),
(1C7) and (IC8) (cf. Proposition 6), we refrain from repeating such postulates
here. For the sake of readability, postulate (IC1) is noted i and M (resp. A)
stands for (Maj) (resp. (Arb)).

®/0 mazr | sum | lex | WS, | OWS,
mag 345A | 3456MA |56M| 34
sum 5A | 5,6M | 5,6A | 56M
WS, — OWS, | 5A | 56M|56A |56M
Table 2
Logical properties (d = dp)
®/0 maz | sum | lex | WS, | OWS,
max 5A | 5,6,M | 5,6,A | 5,6,M
sum 5A | 5,6,M | 5,6,A | 5,6,M
WS, — OWS, | 5.A | 5.6M | 56,A | 56M

Table 3
Logical properties (d = dp or d = dg,)

Proof :

(IC3) Most operators of the table do not satisty (IC3). For the operators with
® = WS, this is because (IC3) refers to the equivalence of belief profiles,
and the definition of this equivalence does not take weights into account. A
counter-example for operators with d = dp is K; = {a,b}, K2 = {a A b},
K3 = {=b} giving Ar({K1, Ka}) # Av({Ky, K3}). A counter-example for
operators with d = dy is Ky = {a, b}, K3 = {a,b,b}, K3 = {=b}. Neverthe-
less (IC3) holds for d = dp, @ = maz, and ® € {maz, sum, lex, OWS,}. It
is because each d(w, E) is a vector of 0 and 1 (0 is set whenever w |= K;
and 1 otherwise.) It is not the case for d = dp, ® = maz, ® = WS, since
in this case the result is sensible to permutations (because of the weights.)
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(IC4) For most operators of the table, (IC4) is not satisfied, since those oper-
ators are sensible to the syntax of the base (in particular to the number of
formulas.) Let us take as counter-example K; = {a,b,aAb} and Ky = {—a}.
Nevertheless (IC4) holds for d = dp, ® = maz, © € {maz, sum,lex, OWS,}.
Since if K3 A Ky = L, (IC4) holds trivially by (IC2), and if K3 A Ks |= L,
then if w | K, then d(w,{K,K>}) = ©(0,1) and if w = K, then
d(w, {1, K>}) = ©(1,0). It is then sufficient to remark that every © €
{maz, sum,lex, OWS,} is a symmetrical operator, so ®(0,1) = ©(1,0).

(IC5) To show that the operators satisfy (IC5), it is enough to show that the
following property holds: if d(w, F1) < d(w', F1) and d(w, F2) < d(W', Fs),
then d(w, By L Fs) < d(w', E1 U Ey). This property depends only on ® and
it is satisfied for ©® € {mazx, sum, lex, WS,}.

(IC6) To show that the operators satisty (IC6), it is enough to show that the
following property holds: if d(w, E1) < d(v', ) and d(w, F3) < d(W', Es),
then d(w, F1 U Ey) < d(w', By U Es). This property depends only on @ and
it is satisfied for © € {sum, lex, WS, }.

(Maj) Showing that all operators with ® € {sum, WS, } satisfy (Maj) is easy
from the properties of sum. It is also easy to show that operators with
©® € {maz,lex} do not satisfy (Maj) since one can find a counter-example
where the repetition of one base does not change the result®. Consider the
following counter-examples: (E; = {K;} = {{a,b}} and E>, = {K,} =
{{—a, -0}}), or (Ey = {Ki} = {{a AD}} and By = {K>} = {{—~a A —b}}).

(Arb) Tt is easy to show that (Arb) holds for all operators with ©® = max

since the stronger following property holds: if Aje, (K1) = Ao, (K2), then
Areyvic, { K1, Ka}) = Ao, (K).
To show that (Arb) holds for ® = lex operators, assume that A, (K1) =
Are,(K3), that is there exists a model w of ICy A ICy such that for every
model o' of ICY, d(w, K1) < d(w', Ky) and for every model w” of ICs,
d(w, Ks) < d(w”, K3). W.lo.g let us suppose that d(w, K1) < d(w, K3). To
show that Aje,vic, ({ K1, Kao}) = Ao, (K1), we show that if o’ |= TC1VIC,
and w' = Aje, (K7), then w' = Ajeyvic, ({ K1, Ka}). Consider the following
three cases :

1. W' |= IC; A IC5. Then we have d(w', K1) > d(w, K1) and d(v/, K5) >
d(w, K3). As a consequence d(w',{K;, K3}) > d(w,{K1, K3}), hence
W' Agcyvic, ({ K1, Ka}).

2. W' = ICy A =ICh. Since W' = ICy we know that d(w', Ky) > d(w, K3),
by transitivity d(w’, K3) > d(w, K3). Then we have d(w’, {K1, Ka}) >
d(w, {K7, K>}), hence o' & Aroyvie, ({ K71, Ka}).

3. w' = IC; A =IC,. Suppose that W' = Areyvie, { K1, Kao}). This im-
plies that d(w', {K1, Ko}) < d(w,{Ki, K2}). This requires one of the
following cases to hold (recall that we assume d(w, K;) < d(w, Kb)):

i dw', K1) < d(w, K1) and d(w', K3) < d(w, K7).

8 Except for d = dp, ® = maz, ® = lex, since in this case the lex operator induces
the same ordering as the one induced by sum.
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i. d(w', K;) = d(w, K;) and d(w', K3) < d(w, K»).
il d(w', Ky) = d(w, K;) and d(W', K;) < d(w, K»).
The first two cases are not possible since, as w' |= IC; and W' &
Ape, (Ky), we have d(w', K1) > d(w, K1). So let us consider the last
case and note that we have d(w', K;) < d(w, K3) and d(w', K3) =
d(w, K1) < d(w, K»). (Arb) requires that for every model w” of ICy A
—I1Cy, d(w", {1, Ks}) = d(W', { K1, Ks}). So for any w” |= ICy A —ICY
dw", K3) < d(w, K3), hence " = Aje,(Ks). But, by hypothesis,
Ape, (Ky) = Aje,(Ka), hence w” |= 1C;. Contradiction.
To show that operators with © € {sum, WS,} do not satisfy (Arb),
consider the following counter-example: K; = {a A b}, Ko = {—a A —b},
IC) = —(anb) and ICy = a Ab.

The tables above show that our DA? operators exhibit different properties. We
remark that only Adpmezsum gatisfies all listed properties. Failing to satisfy
(IC3) (irrelevance to the syntax) in many cases is not surprising, since we want
to allow our operators to take syntax into account. (IC4) imposes that, when
merging two belief bases, if the result is consistent with one belief base, it has to
be consistent with the other one such fairness postulate is not expected when
working with nonsymmetric operators (so, unsurprisingly, it is not satisfied
for © = WS,.) This postulate is not satisfied by any operator for which d
is Hamming distance since cardinalities of the belief bases have an influence
on @, and more generally, it is hardly satisfiable when working with syntax-
dependent operators. (IC5) and (IC6) correspond to Pareto dominance in
social choice theory and are really important; so it is worth noting that almost
all operators satisfy them (only operators for which ® = maxz or OWS, do not
satisfy (IC6).) As shown before, OWS, gathers many aggregation functions;
not surprisingly, the price to be paid is the lack of many logical properties in
the general case.

We saw through the previous results that DA% merging operators do not (and
aim not at) satisfy all IC merging operators properties. Hence this is natural
to look for additional requirements under which all those properties would be
satisfied.

Let us first define some natural additional properties on aggregation functions:

1) If o1 A... Ay, is consistent,
then ®(d(w, 1), --.,d(w,n)) = ®(dw, 1 A ... Apy)).?  (and)

9 Since @ is an aggregation function, we have @(d(w, 1 A ... A wyn)) = d(w, @1 A
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2) For any permutation o, ®(z1,...,x,) = &(o(z1,...,2,)) (symmetry)
3) U d(z1,....20) <D(Y1,..-,Yn), then B(z1,...,Tpn,2) < DB(Y1s- -+ Yn, 2)-
(composition)
4) It Bz, .., 20,2) <BWY1y -+ vy Yny 2), then B(zq, ... 2,) < B(Y1y -+ Yn)-
(decomposition)

We have obtained the following representation theorem for DA? merging op-
erators:

Proposition 8 A DA? merging operator A% satisfies (1C0)-(IC8) if and
only if the function @ satisfies (and), and the function @ satisfies (symmetry),
(composition) and (decomposition,).

Proof :

(If) We know that (IC0), (IC1), (IC2), (IC7) and (IC8) are directly sat-
isfied (cf. Proposition 6). Let us consider the other properties. Let F; =
{Kla c. 7Kn} and EQ = {K/la ce Kln}

(IC3) Assume that F; = E». Hence we can find a permutation ¢ such that
for every i € 1,...,n, K,; = K]. Now, since @ satisfies (and) and is
non-decreasing in each argument., we have d(w, K,¢;)) = d(w, K';), so, as
© satisfies (symmetry) one gets d(w, Fy) = O(d(w, K'1),... dw,K'y)) =
d(w, Ey). Consequently A;o(E)) = Aje(Fs). The result for IC) = ICy is
obvious from the definition of the operators.

(IC4) Suppose that Arc({Ki, Ko}) A Ky [~ L and that Ajc({K, Ka}) A
K; | L. As a consequence, we have min, g, O(d(w, K1), d(w, K3)) <
ming g, ©(d(w, Ky),d(w, K3)). Since @ satisfies (and), this is equivalent
to min,p g, ©(0,d(w, K2)) < min,g, ©(d(w, K1),0). Then by (symme-
try), this is equivalent to min, g, ©(d(w, K»),0) < mingx, ©(d(w, K1), 0).
Hence, since ® is non-decreasing in each argument, we get min,p, d(w,
K») < mingpr, d(w, K1). Now, let us take K'j_1o = Ayek, ¢i- Since @
satisfies (and), we have d(w, K;) = d(w, K';) for every interpretation w. So
we get ming g, d(w, K'3) < minge g, d(w, K'1). Now, by definition of the
distance d(w,w’) = d(w',w) for every pair of interpretations w, w'; from the
definition of d(w, ¢), we have min,, d(w, ¢’) = ming=y d(w, ) for every
pair of formulas ¢, ¢'. Since & is non-decreasing in each argument, we ob-
tain ming, S(d(w, ¢')) = mingy G(d(w, )). But, taking ¢ = K’y and
¢’ = K'5. this contradicts ming,_ g+, d(w, K's) < min,pgr, d(w, K'1).

(IC5) Consider By = {K;,...K,} and Ey = {K1,... K] }. Suppose that w
is a model of Are(Ey) A Are(Es). The, for every model w' of IC' we have
both:

Odw, Ky),...,dw, K,)) < oW, K;),...,dWw, K,)), and

A o).
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Odw. K", ....dw, K')) < 0dW, K", ....dw, K'w)).

Since we have ©(d(w, Ki), ..., dw, K,)) < 0(dW', Ki),...,dW' K,)),
using (composition) several times we obtain that:

O (d(w, Ky),...,dw, K,),dw, K'),...,dw, K'))
< oW, Ky),...,dW, K,),dw, K'y),...,dw, K'y)). (1)

Similarly, since ©(d(w, K1), ..., d(w, K'y)) < ©d(W', K'1),...,dW, K'y)),
using (composition) several times gives:

By (symmetry), we have that:

O (d(w, K"),...,dw, Ky, dw' K1), ...,dw, K,))
= odW, Ki),...,dW, K,), dw, K'1),...,d(w, K'yw)). (3)

By transitivity, using (1), (2) and (3), we have for every model w’ of IC"

O (d(w, Ky),...,dw, K,),dw,K"),..., d(w, K',))

<OW,K'y),...,dw, K'y),d(Ww' Ky),...,dw' K,)).

This exactly means that w | Ajo(Fr U Es).

(IC6) Suppose that Arc(Er) A Aje(Es) = L and that Are(Ey U Ey) W
Arc(F1) N Ape(Es). There exists w such that w | Are(F) U E;) and
w ¥ Dre(Fr) A Are(Es). Let us assume w.l.o.g. that w = Ajc(Fy). Since
A[C’(El) A A[C’(EQ) bé J_, let us consider any W' ': A[C(El) A A[C’(EQ).
Since W' = Ape(E1) and w = Are(EL), we obtain:

Q(d(wla Kl)a FERR) d(wlv Kn)) < Q(d(wa Kl)a BERE) d(wa Kn))
Since w' = Are(FEs), we have:
oW, K'y),....,dw K'w)) < odw, K1), ..., dw, K'y)).

Using (decomposition) several times, we get:

O W, Ky),y...,dw, K,),dWw K'y),...,dw K'y))
< O(d(w, Ky),...,dw, K,),dw, K'),...,dWw, K'y)).

Using (composition) several times, we get:

O W, K'),. .., dw, K ), dw, Ky),. .., dw, K,))
< Odw,K"),...,dw, K'Yy, dw, K1), ...,dw, K,)).
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By (symmetry), we have:

® (dw, Ky, ..., d(w, K,), (w' K, .. dw, K'y)
= O(d(w'

QW K", ... .dw, K'w),dw, Ky).....dw K)).

Now by transitivity:

O W, Ky), ..., dw, K,),dw K'),...,dw K'y))
< O(d(w, Ky),...,dw, Ky,),dw, K'1),...,d(w, K'y)).

That is d(w',E1 L EQ) < d(w,E1 L EQ) This means w % A[c(El L EQ)
Contradiction.

(Only if)
(symmetry) &(z1,....x,) = O(o(21,...,2,)). Direct from (IC3).
(composition) If @(5171 Z,) < O(Y1,.-.,Yn), then let us consider two in-
terpretations w,w’ Such that for every i € 1,...,n, dlw,K;) = z; and

d(w', K;) = y;. From the definition of the DA? operators, we have w =
A form{uww ) ({ K1, - .. Kp}). Now let us take a belief base K’, such that
dw.K') = d(w',K') = z, we have both w = Ay (fuw(K') and W' =
A form({wwy) (K'). Now, from (IC5), we conclude that w = A fopm(wwy) ({ K71,
.., K, K}), or equivalently (from the definition of the operators) ®(zx1, ...,
Tn, Z) < Q(yla ceoy Yns Z)
(decomposition) We will show the equivalent condition:

it ©(z1,...,2,) <OW1, -+, Yn), then O (zq,..., 25, w) < O(Y1, -+, Yn, W).

Suppose O(z1, ..., 2p) < O(Y1, .- -, Yn)- Let us consider two interpretations
w,w"s. t. for every i € 1,...,n, we have d(w, K;) = x; and d(v', K;) = y;.
From the definition of DA? operators, we get w A torm{ww p) ({ K1, - - -,
K,}) and W' £ Aformuwy ({ K1, --., Ky}). Now let us consider a base
K', such that d(w, K') = d(w',K') = z; we have w = A fom(fww)(K)
and ' |: Aform({w,w’})(K/)- Since w IZ Aform({%w/})({Kl, e Kn}) A
A form({wwy) (K'), the conjunction is consistent and from (IC6) we obtain
MOd(Aform({w,w’}) ({K,..., Ky, K’})) - MOd(Afm’m({w,w’})({Kla e ,Kn}))
= {w}. So, by definition of the operator, we have ®(z1,... , Ty, 2) < O(y1,
e Uny 2)-

(and) Suppose that ¢ = @1 A... Ay, is consistent. We want to show that for
every interpretation w, ®(d(w, ¢1), ..., d(w, ¢,)) = &(d(w, )). There are 2
cases:
case 1: w = .

By definition of the distances, we have d(w, ¢) = d(w, ¢;) = 0; by (minimal-
ity) of @, ®(d(w, ¢)) = ®(d(w, 1), ..., dw, ¢,)) = 0.

case 2: w £~ .

Consider the result of A s ruyve ({{ form({w})}, {o1, - ., @n}}), by (1CO)
and (IC1) this base has to be consistent, so it has to pick some models in
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{w}UMod(p). Furthermore (IC4) states that w and some models of ¢ have
to be in the result. Let us consider one such model w’ of ¢. Then we have

d(w, {form({wp)} @1, .o ont}) = AW, {{form{w})} {ers s @ntl).

Now, by definition of DA? merging operators:

d(w, E) = 0(&(d(w, form({w}))), ®(d(w, 1), - - d(w, ¢n)));

ie., ©0,®(d(w, 1), ....d(w, ). We have also:

(W', B) = o(@(d(W, form({w}))), ®(d(W, p1). - -, AW, n))),

or equivalently ®(®(d(w’,w)),0). Now by (symmetry) and (non-decreas-
ingness) of @, we get that ®(d(w, ¢1), ..., dw,p,)) = (d( ' w)). By the
definition of the distance, this is equivalent to ®(d(w, ¢1),...,d(w,¢,)) =
®(d(w, p)).

7 Conclusion

The major contribution of this paper is a new framework for propositional
merging. It is general enough to encompass many existing operators (both
model-based ones and syntax-based ones) and to allow the definition of many
new operators (symmetric or not.) Both the logical properties and the com-
putational properties of the merging operators pertaining to our framework
have been investigated. Some of our results are large-scope ones in the sense
that they make sense under very weak conditions on the three parameters
that must be set to define an operator in our framework. By instantiating our
framework and considering several distances and aggregation functions, more
refined results have also been obtained. Finally, a representation theorem for
characterizing the “fully rational” DA? merging operators has been given.

This work calls for the investigation of several other perspectives. One of them
consists in analyzing the properties of the DA? operators that are achieved
when some other aggregation functions or some other distances are consid-
ered. For instance, suppose that a collection of formulas of interest (topics) is
available. In this situation, the distance between w; and w, can be defined as
the number of relevant formulas on which w; and ws differs (i.e., such that one
of them satisfies the formula and the other one violates it.) Several additional
distances could also be defined and investigated (see e.g., (39) for distances
based on Choquet integrals.)
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Finally, it would be interesting to extend our study to non-uniform DA? op-
erators, i.e., those obtained by associating a specific aggregation function to
each belief base K; (instead of considering the same one for each K;.)
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Abstract

In this paper, the problem of deriving sensible information from a collection of
argumentation systems coming from different agents is addressed. The underlying
argumentation theory is Dung’s one: each argumentation system gives both a set of
arguments and the way they interact (i.e., attack or non-attack) according to the
corresponding agent. The inadequacy of the simple, yet appealing, method which
consists in voting on the agents’ selected extensions calls for a new approach. To
this purpose, a general framework for merging argumentation systems from Dung’s
theory of argumentation is presented. The objective is achieved through a three-
step process: first, each argumentation system is expanded into a partial system
over the set of all arguments considered by the group of agents (reflecting that
some agents may easily ignore arguments pointed out by other agents, as well as
how such arguments interact with her own ones); then, merging is used on the
expanded systems as a way to solve the possible conflicts between them, and a
set of argumentation systems which are as close as possible to the whole profile is
generated; finally, voting is used on the selected extensions of the resulting systems
so as to characterize the acceptable arguments at the group level.

Key words: Argumentation frameworks, Argument in agent system

1 Introduction

Argumentation is based on the exchange and the evaluation of interacting
arguments which may represent information of various kinds, especially beliefs

* This paper is an extended and revised version of a paper entitled “Merging Argu-
mentation Systems” that appeared in the Proceedings of AAAT’05, pages 614-619.
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or goals. Argumentation can be used for modelling some aspects of reasoning,
decision making, and dialogue; as such, it has been applied to several domains,
including law. For instance, when an agent has conflicting beliefs (viewed as
arguments), a (nontrivial) set of plausible consequences can be derived through
argumentation from the most acceptable arguments for the agent (additional
information like a plausibility ordering are often taken into account in the
evaluation phase). Much work has been devoted to this reasoning issue (see
for example (13; 21; 26; 25; 1; 27)).

Several theories of argumentation exist; many of them make explicit the na-
ture of arguments, the way arguments are generated, how they interact and
how to evaluate them, and finally a characterization of the most acceptable
arguments. A key issue is the interaction between arguments which is typically
based on a notion of attack; for example, when an argument takes the form
of a logical proof, arguments for a statement and arguments against it can be
put forward. In that case, the attack relation relies on logical inconsistency.

Dung’s theory of argumentation includes several formal systems developed
so far for commonsense reasoning or logic programming (13). It is abstract
enough to manage without any assumptions on the nature of arguments or
the attack relation. Indeed, an argumentation system a la Dung consists of a
set of (abstract) arguments, together with a binary relation on it (the attack
relation). Several semantics can be used for defining interesting sets of argu-
ments (so-called extensions) from which acceptable sets of arguments (i.e., the
derivable sets) can be characterized.

In a multi-agent setting, argumentation can also be used to represent (part of)
some information exchange processes, like negotiation, or persuasion (see for
example (22; 28; 18; 24; 3; 4; 5)). For instance, a negotiation process between
two agents about whether some belief must be considered as true given some
evidence can be modelled as a two-player game where each move consists in
reporting an argument which attacks arguments given by the opponent.

In this paper, we also consider argumentation in a multi-agent setting, but
from a very different perspective. Basically, our purpose is to characterize the
set of arguments acceptable by a group of agents, when the data furnished by
each agent consist solely of an (abstract) argumentation system from Dung’s
theory.

At a first glance, a simple approach for achieving this goal consists in voting
on the acceptable sets provided by each agent: a set of arguments is considered
acceptable by the group if and only if it is acceptable for “sufficiently many”
agents from the group (where the meaning of “sufficiently many” refers to
different voting methods). No merging at all is required here. By means of
example, we show that our merging-based approach leads to results which are
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much more expected than those furnished by a direct vote on the (sets of)
arguments acceptable by each agent.

Our approach is more sophisticated. It follows a three-step process: first, each
argumentation system is expanded into a partial system over the set of all
arguments considered by the group of agents (reflecting that some agents
may easily ignore arguments pointed out by other agents, as well as how such
arguments interact with her own ones); then, merging is used on the expanded
systems as a way to solve the possible conflicts between them, and a set of
argumentation systems which are as close as possible to the whole profile is
generated; finally, the last step consists in selecting the acceptable arguments
at the group levels from the set of argumentation systems.

In order to reach this goal, we first introduce a notion of partial argumenta-
tion system, which extends Dung’s argumentation system so as to represent
ignorance concerning the attack relation. This is necessary in our setting since
all the agents participating in the merging process are not assumed to share
the same global set of arguments. Accordingly, the argumentation system fur-
nished by each agent is first expanded into a partial argumentation system,
and all such partial systems are built over the same set of arguments, those
pointed out by at least one agent. Of course, there exist many different ways
to incorporate a new argument into an argumentation system. Each agent can
have her own expansion policy. We mention some possible policies, and focus
on one of them, called the consensual expansion: when incorporating a new
argument into her own system, an agent is ready to conclude that this argu-
ment attacks (resp. is attacked by) another argument whenever all the other
agents who are aware of both arguments agree with this attack; otherwise, she
concludes that she ignores whether an attack takes place or not.

Once all the expansions of the input argumentation systems have been com-
puted, the proper merging step can be achieved; it consists in computing all
the argumentation systems over the global set of arguments which are “as close
as possible” to the partial systems generated during the last stage. Closeness is
characterized by a notion of distance between an argumentation system and a
profile of partial systems, induced from a primitive notion of distance between
partial systems and an aggregation function. Several primitive distances and
aggregation functions can be used; we mainly focus on the edit distance (which
is, roughly speaking, the number of insertions/deletions of attacks needed to
turn a given system into another one), and consider sum, max and leximax as
aggregation functions.

Like the input of the overall merging process, the result of the merging step is
a set of argumentation systems. However, while the first one reflects different
points of view (since each system is provided by a specific agent), the second
set expresses some uncertainty on the merging due to the presence of conflicts.
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The last step of the process consists in defining the acceptable arguments for
the group under the uncertainty provided by this set of argumentation systems.
Once again, several sensible definitions are given. We show that the sets of
arguments considered acceptable when the input is the set of argumentation
systems primarily furnished by the agents may drastically differ from the sets
of arguments considered acceptable after the merging step, and by means
of example, we show that the latter ones are more in accordance with the
intuition.

The rest of the paper is organized as follows. After a refresher on Dung’s
theory of argumentation (in which our approach takes place), we give a simple
motivating example (Section 3) which shows that voting on the arguments
accepted by each agent is not adequate for defining the arguments accepted
by the group. Then we introduce a notion of partial argumentation system
(Section 4) which extends the notion of argumentation system and enables to
handle the case when agents do not share the same set of arguments. On this
ground, we define a family of merging operators for argumentation systems
(Section 5) and we study the properties of some of them (especially, those
based on the edit distance) (Section 6). Then, we focus on acceptability for
partial argumentation systems (Section 7). Finally, we conclude the paper
and give a short presentation of some possible refinements of our framework
(Section 8).

2 Dung’s Theory of Argumentation

Let us present some basic definitions at work in Dung’s theory of argumenta-
tion (13). We restrict them to finite argumentation frameworks.

Definition 1 (Argumentation system (AF))

A (finite) argumentation system AF = (A, R) over A is given by a finite set
A of arguments and a binary relation R on A called an attack relation. a;Ra;
means that a; attacks a; (also denoted by (a;,a;) € R).

For our study, we are not interested in the structure of arguments and we
consider an arbitrary attack relation.

(A, R) defines a directed graph G called the attack graph.

Example 2 The argumentation system AF = (A = {a1,as2,a3,a4}, R =
{(az, a3), (aq, a3), (a1, az)}) defines the following graph G:

Acceptability is about the selection of the most acceptable arguments. Two
mainstream approaches exist:
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o Individual acceptability: acceptability of an argument depends only on its
properties (see (16; 2));

e (ollective acceptability: an argument can be defended by other arguments;
in this case, the acceptability of a set of arguments is considered (see (13)).

Dung’s theory is concerned with the second approach. Whether an argument
can be accepted depends on the way arguments interact. Collective accept-
ability is based on two key notions: lack of conflict between arguments and
collective defense.

Definition 3 ((13)) Let (A, R) be an argumentation system.

Conflict-free set A set E C A is conflict-free if and only if a,b € E such
that aRb.

Collective defense Consider E C A, a € A. E (collectively) defends a if
and only if Vb € A, if bRa, then 3¢ € E such that cRb (a is said acceptable
w.r.t. F). E defends all its elements if and only if Ya € E, E collectively
defends a.

Dung defines several semantics for collective acceptability based on those two
notions (13). Among them the admissible semantics, the preferred semantics,
the stable semantics and the grounded semantics.

Definition 4 ((13)) Let (A, R) be an argumentation system.

Admissible semantics A set E C A is admissible if and only if E is
conflict-free and E defends all its elements.

Preferred semantics A set £ C A is a preferred extension if and only if E
1s maximal for set inclusion among the admissible sets.

Stable semantics A set £ C A is a stable extension if and only if E is
conflict-free and every a € A\ E is attacked by an element of E.

Grounded semantics The grounded extension of (A, R) is the smallest sub-
set of A with respect to set inclusion among the subsets of A which are
admissible and coincide with the set of arguments acceptable w.r.t. itself.

Note that in all the above definitions, each attacker of a given argument is
considered independently of the other attackers (there is no way to represent
synergetic effects and the possibility to quantify all attackers as a whole is
not considered — there exist other works which are concerned with this aspect,
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see (19; 8; 6; 9; 10; 23)).

Definition 5 (Well-founded argumentation system (13))

An argumentation framework AF = (A, R is well-founded if and only if there
does not ezist an infinite sequence ag, ay, .. ., ay, - .. of arguments from A, such
that for each i, a; 41 Ra;.

Among other things, It is shown in (13) that:

e Any admissible set of (A, R) is included in a preferred extension of (A, R).

e Each (A, R) has at least one preferred extension.

o Each (A, R) has exactly one grounded extension of (A, R) and this extension
is included in each preferred extension.

o If (A, R) is well-founded then it has a unique preferred extension which is
also the only stable extension and the grounded extension.

e Any stable extension of (A, R) is also a preferred extension (the converse is
false).

e Some (A, R) do not have a stable extension.

The acceptability status of each subset of arguments can now be defined by
the following relation:

Definition 6 (Acceptability relation) An acceptability relation, denoted
by Accpp, for a given argumentation system AF = (A, R), is a total function
from 24 to {true, false} which associates each subset E of A with true if E is
an acceptable set for AF and with false otherwise.

Usually, an acceptability relation is based on a specific semantics (plus a selec-
tion principle). For instance, a set of arguments can be considered acceptable
if and only if it is included in one extension (credulous selection) or in every
extension (skeptical selection). Alternatively, a set of arguments can be con-
sidered acceptable if and only if it coincides with one extension for the chosen
semantics. Whatever the way it is defined, an acceptability relation can be
viewed as a choice function among the elements of 24. In this context, the
“acceptability of an argument” a can correspond either to the acceptability of
the singleton {a}, or to the membership of a to an acceptable set (see (12)).

3 Simple is not so Beautiful

Given a profile (i.e., a vector) P = (AFy,...,AF,) of n AFs (with n > 1)
where each AF; = (A;, R;) represents the data given by Agent i, our purpose
is to determine the subsets of |J; A; which are acceptable by the group of n
agents. Voting is one way to achieve this goal.
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3.1 Voting is not enough

Indeed, a simple approach to address the problem consists in considering a
set of arguments acceptable for the group when it is acceptable for “suffi-
ciently many” agents of the group. The voting method under consideration
makes precise what “sufficiently many” means: it can be, for instance, simple
majority. Let us illustrate such an approach on an example:

Example 7 Consider the three following argumentation systems:

° AFl = <{a‘7 bv €, f}’ {(a’ b)v (bv a)v (67 f)}>;
o ARy = <{ba c,de, f}7 {(bv C), (Cv d)v (fa 6)}>,
o AF; = <{€’ f}’ {(6, f)}>
AF, AF, AF;3

Whatever the chosen semantics (among Dung’s ones), ¢ does not belong to
any extension of AFy. As ¢ is not known by the two other agents, it cannot
be considered as acceptable by the group whatever the voting method (under
the reasonable assumption that it is a choice function based on extensions, i.e.,
only subsets of an extension of an AF; are eligible as acceptable sets). However
since ¢ (resp. a) is not among the arguments reported by the first agent and
the third one (resp. the second and the third ones), it can be sensible to as-
sume that the three agents agree on the fact that a attacks b, b attacks a and b
attacks c. Indeed, this assumption is compatible with any of the three argumen-
tation systems reported by the agents. Under this assumption, it makes sense
to consider {c} credulously acceptable for the group given that ¢ is considered
defended by a against b by Agent 1 and there is no conflicting evidence about
it in the AF's provided by the two other agents.

As this example illustrates it, our claim is that, in general, voting is not a
satisfying way to aggregate the data furnished by the different agents under
the form of argumentation systems. Two problems arise:

Problem 1 Voting makes sense only if all agents consider the same set of
arguments A at start (otherwise, the set 24 of alternatives is not common to
all agents). However, it can be the case that the sets of arguments reported
by the agents differ from one another.

Problem 2 Voting relies only on the selected extensions: the attack relations
(from which extensions are characterized) are not taken into consideration
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any more once extensions have been computed. This leads to much signifi-
cant information being set aside which could be exploited to define the sets
of acceptable arguments at the group level.

3.2 Union is not merging (in general)

In order to solve both problems, a simple approach (at a first glance) consists in
forming the union of the argumentation systems AFq, ..., AF,,, i.e., considering
the argumentation system denoted AF = U, (4;, R;) and defined by AF =
(U, Ai, Ul R;). Unfortunately, such a merging approach to argumentation
systems cannot be taken seriously. Let us illustrate it on our running example:

Example 7 (continued) The resulting AF is\U;_, AF; = ({a,b,c,d, e, f},{(a,
b), (b,a), (b, c), (c,d), (e, f), (f,e)}).

Example 7 shows that the union approach to merging argumentation systems
suffers from a major problem: it solves conflicts by giving to the explicit attack
information some undue prominence to implicit non-attack information. Thus,
when a pair of arguments (like, say (f, €)) does not belong to the attack relation
furnished by an agent (say, Agent 1) while both arguments (f and e) belong to
the set of arguments she points out, the meaning is that for Agent 1, argument
f does not attack argument e. Imagine now that in the considered profile of
argumentation systems, 999 agents report the same system as Agent 1, and
the 1000™ agent is Agent 2. In the resulting argumentation system considered
at the group level, assuming that union is used as a merging operator, it will
be the case that f attacks e while 999 agents over 1000 believes that it is not
the case!

4 Partial Argumentation Systems

The example introduced in the previous section has illustrated that different
cases must be taken into account:

e an argument exists in the argumentation system AF; of one of the agents
and does not exist in the argumentation system AF; of at least another
agent;

e an interaction between two arguments exists in the argumentation system
AF; of one agent and does not exist in the argumentation system AF; of at
least another agent.

180



In the first case, the new argument can be added to AFy but the question
is what to do for the interactions between this new argument and the other
arguments of AF,.

In the second case, things are different: if an interaction between two argu-
ments a and b exists in a system AF; and not in another system AF,, even
when a and b are in AF,, we cannot add the interaction in AF, (that Agent
2 did not include this attack in AF; is on purpose). Indeed, if an interaction
is not present in an AF, it means that this interaction does not exist for the
corresponding agent. The consequence of this is the necessity to discriminate
among several cases whenever an argument a has to be added to an AF. Let b
be an argument of the AF under consideration, three cases must be considered:

e the agent believes that the interaction (a, b) exists (attack);
e the agent believes that the interaction (a,b) does not exist (non-attack);
e the agent does not know whether the interaction (a,b) exists (ignorance).

The first two cases express the fact that the knowledge of the agent is sufficient
for computing the new interaction concerning a. The third case expresses that
the agent is not able to compute the new interaction concerning a and the
arguments she pointed out (several reasons can explain it, especially a lack of
information, or a lack of computational resources).

Handling these different kinds of information within a uniform setting calls
for an extension® of the notion of argumentation systems, that we call partial
argumentation systems.

Definition 8 (Partial argumentation system (PAF)) A (finite) partial
argumentation system over A is a quadruple PAF = (A, R, I, N) where

e A is a finite set of arguments,

e R I, N are binary relations on A:
- R s the attack relation,
- I 1is called the ignorance relation and is such that RNI = &,
- and N = (A x A)\ (RUI) is called the non-attack relation.

N is deduced from A, R and I, so a partial argumentation system can be fully
specified by (A, R, I). We use both notations in the following.

Each AF is a particular PAF for which the set I is empty (we say that such
an AF is equivalent to the associated PAF). In an AF, the N relation also

1'In (11), a new binary relation on the arguments is also introduced in Dung’s
argumentation framework : however, this new relation represents a notion of support
between arguments. Clearly enough, this is unrelated with the relation introduced
here representing the ignorance about the attack between arguments.
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exists even if it is not given explicitly (I = @ and N = A x A\ R). So, an AF
could also be denoted by (A, R, N).

Each PAF over A can be viewed as a compact representation of a set of AF's
over A, called its completions:

Definition 9 (Completion of a PAF) Let PAF = (A, R, I). Let AF = (A4,
S). AF is a completion of PAF if and only if RC S C RUI.

The set of all completions of PAF is denoted C(PAF).

Example 10 The partial argumentation system PAF = (A ={a,b,¢,d}, R =
{(a7 b), (av C)}, I = {(Cv a), (b, d)}, N = {(a’ a), (b7 b)7 (Cv C)> (d7 d)7 (ba a), (bv c),
(¢, ), (a,d), (d,a),(d,b), (c,d), (d,c)}) is illustrated on the following figure (solid
arrows represent the attack relation and dotted arrows represent the ignorance
relation; non-attack relations are not represented explicitly as in the AF case):

PAF

O
The completions of this PAF are:

®» @ O—0 O——O

@ O @ O ¢_©

Now, Problem 1 can be addressed by first associating each argumentation
system AF; with a corresponding PAF; so that all PAF; are about the same set
of arguments U} ; A;. To this end, we introduce the notion of expansion of an
AF:

Definition 11 (Expansion of an AF) Let P = (AF4,...,AF,) be a profile
of n AFs such that AF; = (A;, R;, N;). Let AF = (A, R) be an argumentation
system. An expansion of AF given P is any PAF exp(AF,P) defined by (AU
U; A, R, I, N7 such that R C R and (A x A)\ R C N'. exp is referred to
as an expansion function.

In order to be general enough, this definition does not impose many constraints
on the resulting PAF: what is important is to preserve the attack and non-
attack relations from the initial AF while extending its set of arguments. Many
policies can be used to give rise to expansions of different kinds, reflecting the
various attitudes of agents in light of “new” arguments; for instance, if a is
any argument considered by Agent i at the start and a “new” argument b has
to be incorporated, Agent i can (among other things):
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e always reject b (e.g., adding (b, b) to her relation RY),

e always accept b (adding (a,b), (b,a) and (b,b) to her non-attack relation
N,

e just express her ignorance about b (adding (a,b), (b,a) and (b,b) to her
ignorance relation I7).

Each agent may also compute the exact interaction between a and b when the
attack relation is not primitive but defined from more basic notions (as in the
approach by Elvang-Ggransson et al., see e.g., (15; 16; 17)). Note that if she
has limited computational resources, Agent ¢ can compute exact interactions
as far as she can, then express ignorance for the remaining ones.

In the following, we specifically focus on consensual expansions. Intuitively,
the consensual expansion of an argumentation system AF = (A, R) given a
profile of such systems is obtained by adding a pair of arguments (a, b) (where
at least one of a, b is not in A) into the attack (resp. the non-attack relation)
provided that all other agents of the profile who know the two arguments agree
on the existence of the attack® (resp. the non-attack); otherwise, it is added
to the ignorance relation.

This expansion policy is sensible as soon as each agent has a minimum level
of confidence in the other agents: if a piece of information conveyed by one
agent is not conflicting with the information stemming from the other agents,
every agent of the group is ready to accept it.

Definition 12 (Consensual expansion) Let P = (AFyq,...,AF,) be a pro-
file of n AFs such that AF; = (A;, R;). Let AF = (A, R, N) be an argumentation
system. Let conf(P) = (U; R;) N (U; N;) be the set of interactions for which
a conflict exists within the profile. The consensual expansion of AF over P is
the tuple denoted by exp, = (A", R',I', N') with:

[ ] A/:AUUiAia

o R'=RU((U; Ri \ conf(P)) \ N),
o I'=conf(P)\ (RUN),

o N=(AxA)\(RUT).

The next proposition states that, as expected, the consensual expansion of an
argumentation system over a profile is an expansion:

Proposition 13 Let P = (AFy,...,AF,) be a profile of n AFs such that
AF; = (A;, R;). Let AF = (A, R, N) be an argumentation system. The consen-
sual expansion exp, of AF over P is an expansion of AF over P in the sense
of Definition 11.

2 j.e., if a,b € Ay, then (a,b) € R;.
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Proof :  Consider (a,b) € A" x A’. There are several cases:
o if (a,b) € R then (a,b) € R and (a,b) € I' UN' (so, R C R');
o if (a,b) ¢ Rand (a,b) € N then (a,b) € I'UR" and (a,b) € N’ (so, N C N');
o if (a,b) ¢ RU N then there are two cases:
- if AAF; € P such that a,b € A; then (a,b) € conf(P); so, (a,b) € N’ and
(a,b) € R U,
- if 3AF; € P such that a,b € A; then we have 4 possible cases:
if (a,b) € R; and JAF; € P such that (a,b) € N; then (a,b) ¢
conf(P); so, (a,b) € R and (a,b) ¢ N'U I’
if (a,b) € R; and JAF; € P such that (a,b) € N; then (a,b) €
conf(P); so, (a,b) € I' and (a,b) & R U N’;
if (a,b) € N; and AAF; € P such that (a,b) € R; then (a,b) ¢
conf(P); so, (a,b) € N and (a,b) ¢ R'U I
if (a,b) € N; and JAF; € P such that (a,b) € R; then (a,b) €
conf(P); so, (a,b) € I' and (a,b) ¢ R UN'.
So, R, I' and N’ form a partition of A" x A’ which satisfies R C R’ and
N C N, O

The consensual expansion is among the most cautious expansions one can
define since it leads to adding a pair of arguments in the attack (or the non-
attack relation) associated with an agent only when all the other agents agree
on it.

Example 14 Consider the profile consisting of the following four argumen-
tation systems:

o AFy = (A} ={a,b}, Ry = {(a,b), (b,a)}),

® AFy = (Ay = {b,c,d}, Ry = {(b,c), (c,d)}),
o AF; *( {a b, d} R3 = {( )7( a, )}>;
* AF, = <A4 ={a,b,d}, Ry ={(b,d), (b,a)}).

AF, AF, AF, AF,
’0 O O,

@ (O (@] @

(@) @ @

For each i, the consensual expansion PAF; of AF; is given by:

o PAF; = ({a,b.c.d}, {(a,b), (b,a), (b, ), (c,d)}, {(a,d), (b,d)}),
e PAF, = ({a,b,c,d}, {(b,¢),(c,d)}, {(a,b), (b, a),(a,d)}),

e PAF; = <{(1, b7 G, d}7 {(a‘v b)v ((l, )7 (b’ C), (Cv d)’ {}}>7

o PAFy = ({a,b,c,d}, {(b,d), (b,a), (b,c), (c.d), {}}).
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PAF, PAF,

() (0)
@ D@ | ©
(D (&

When the expansion policies considered by each agent are the same one exp,
for any profile P = (AFy,..., AF,) we shall often note exp(P) the profile of
PAFs (exp(AFy,P), ..., exp(AF,, P)).

5 Merging Operators

In order to deal with Problem 2, we propose to merge interactions instead of
sets of acceptable arguments. The goal is to characterize the argumentation
systems which are as close as possible to the given profile of argumentation
systems, taken as a whole.

A way to achieve this consists in defining a notion of “distance” between an
AF and a profile of AFs, or more generally between a PAF and a profile of
PAFs. This calls for a notion of pseudo-distance between two PAFs, and a
way to combine such pseudo-distances:

Definition 15 (Pseudo-distance) A pseudo-distance d between PAFs over
A is a mapping which associates a non-negative real number to each pair of
PAFs over A and satisfies the properties of symmetry (d(x,y) = d(y,z)) and
minimality (d(xz,y) =0 if and only if x =y ).

d is a distance if it satisfies also the triangular inequality (d(x,z) < d(z,y) +
d(y,z)).

Definition 16 (Aggregation function) An aggregation function is a map-
ping ® from (R+)™ to (R+) (strictly speaking, it is a family of mappings, one
for each n), that satisfies

o ifx; >, then (a1, ..., T4y Ty) = (1, ..., T, 2p)
(non-decreasingness)

e R(xy,...,x,)=04fVi, 2, =0 (minimality)

e R(x)==x (identity)

The merging of a profile of AF's is defined as a set of AFs:
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Definition 17 (Merging of n AFs) Let P = (AFy, ..., AF,) be a profile
of n AFs. Let d be any pseudo-distance between PAFs, let ® be an aggregation
function, and let exp,,...,exp, be n expansion functions. The merging of P
is the set of AF's

AZ((AFy, ..., AF,), (exp,,...,exp,)) =

{AF over | JA; | AF minimizes ®}, d(AF, exp,(AF;,P))}.

In order to avoid heavy notations, we shall sometimes identify the resulting
set of AFs {AF},... AF,} with the profile (AF), ..., AF,) (or any other per-
mutation of it).

Thus, merging a profile of AFs P = (AFy,...,AF,) is a two-step process:

expansion: An expansion of each AF; over P is first computed. Note that
considering expansion functions specific to each agent is possible. What is
important is that exp,;(AF;, P) is a PAF over A = J; 4;.

fusion: The AFs over A that are selected as the result of the merging process
are the ones that best represent P (i.e., that are the “closest” to P w.r.t.
the aggregated distances).

In the following, we assume that each agent uses consensual expansion. In
order to lighten the notations, we remove (exp,...,exp,) from the list of
parameters of merging operators.

Note that it would be possible to refine Definition 17 so as to include in-
tegrity constraints into the picture. This can be useful if there exists some
(unquestionable) knowledge about the expected result (some attacks between
arguments which have to hold for the group). It is then enough to look only
to the AFs which satisfy the constraints, similarly to what is done in proposi-
tional belief base merging (see e.g., (20)). In contrast to the belief base merging
scenario, constraints on the structure of the candidate AFs can also be set. In
particular, considering only acyclic AFs can prove valuable since (1) such AFs
are well-founded, (which implies that only one extension has to be considered
whatever the underlying semantics — among Dung’s ones), and (2) this exten-
sion (which turns out to be the grounded one, see (13)) can be computed in
time polynomial in the size of the AF (while computing a single extension is
intractable for the other semantics in the general case — under the standard
assumptions of complexity theory — see (14)).

Now, many pseudo-distances between PAFs and many aggregation functions
can be used, giving rise to many merging operators. Usual aggregation func-
tions include the sum Y, the max Max and the leximax Leximax® but using

3 When applied to a vector of n real numbers, the leximax function Leximax gives
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non-symmetric functions is also possible (this may be particularly valuable
if some agents are more important than others). Some aggregation functions
(like the sum) enable the merging process to take into account the number of
agents believing that an argument attacks or not another argument:

Example 7 (continued) Two agents over three agree with the fact that e
attacks f and f does not attack e. It may prove sensible that the group agrees
with the magjority.

The choice of the aggregation function is very important for tuning the oper-
ator behaviour with the expected one. For example, sum is a possible choice
in order to solve conflicts using majority. Otherwise, the leximax function can
prove more valuable if the aim is to behave in a more consensual way, trying to
define a result close to the AF of each agent of the group. The distinction be-
tween majority and arbitration operators as considered in propositional belief
base merging (20) also applies here.

In the following, we focus on the edit distance between PAF's:

Definition 18 (Edit distance) Let PAF; = (A, Ry, 1, N1) and PAF, = (A,
Ry, 15, No) be two PAFs over A.

o Let a, b be two arguments € A. The edit distance between PAF; and PAF,
over a,b is the mapping deqyp such that:
- deq»(PAF1, PAF2) = 0 if and only if (a,b) € RiNRy or 1 N1y or NN Ny,
- deq,(PAFL, PAF2) =1 if and only if (a,b) € Ry N Ny or N1 N Ry,
- deq,(PAF1, PAF2) = 0.5 otherwise.

e The edit distance between PAF; and PAF, is given by

de(PAF1, PAF2) = ¥, 3)caxadeq;(PAF1, PAF2).

The edit distance between two PAFs is the (minimum) number of addi-
tions/deletions which must be made to render them identical. Ignorance is
treated as halfway between attack and non-attack.

It is easy to show that:
Proposition 19 The edit distance de between PAFs is a distance.

Proof : We show that de and de,, V(a,b) € A x A are distances, i.e. they
are (1) symmetric, they satisfy (2) the minimality requirement and (3) the
triangular inequality:

(1) Obvious.

the list of those numbers sorted in a decreasing way. Such lists are compared w.r.t.
the lexicographic ordering induced by the standard ordering on real numbers.
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(2) (=) Consider PAF; = (A, Ry, I;, N;) and PAFy = (A, Ry, I, N3) such
that PAF; = PAF,. For all (a,b) € A x A, if PAF; = PAF; then (a,b) €
Ry N Ry or (a,b) € Iy NIy or (a,b) € Ny N Ns. So, ¥(a,b) € A x A,
de,»(PAF1, PAF;) = 0, and de(PAF,, PAF3) = 0.

(<) Suppose de(PAF, PAF;) = 0 and make a reductio ad absurdum: if
PAF, # PAF; then 3(a, b) € Ax A such that (a,b) € RiNRy, (a,b) & [1NI,
and (a,b) & Ny N Ny; so, deq,(PAFy, PAF;) # 0; so, de(PAF,, PAF;) # 0
which is a contradiction with the hypothesis; so, PAF; = PAF,. The same
reasoning can be achieved with de, ,(PAF;, PAFy) = 0 and the same result
is obtained: PAF; = PAF,.

(3) Consider PAFI = <A, Fil,ll,]\/v1>7 PAF2 = <A,R27[27N2> and PAF3 =
(A, Rs, I3, N3). V(a,b) € AxA, we compute and compare de, ,(PAF;, PAF,),
de,»(PAF 1, PAF;) and de,;, (PAF;, PAF,), respectively denoted by z, y, 2.
We have three possible cases:

e r =0:Vy,z, we have z < y + z;

e v = 0.5z < y+ 2 is false if and only if y = 2z = 0; however, y =
z = 0 implies that (a,b) € RN Ry N Ry or (a,b) € [ NI N I3 or
(a,b) € Ny N Ny N N3 which also implies « = 0 (contradiction with the
hypothesis); so, z < y + z;

e x = 1: we have (a,b) € Ry N Ny or (a,b) € Ny N Ry; suppose that
(a,b) € Ry N Ny then there are 3 possible cases:

- (a,b) € R3: 80, y =0, z=1 and we have z < y + z;
- (a,b) € I3: 80, y = 0.5, z = 0.5 and we have z < y + z;
- (a,b) € N3:s0, y =1, z =0 and we have z < y + z.

The same reasoning can be achieved if (a,b) € Ny N Ry. So, V(a,b) €

A x A: de, ,(PAF1, PAF;) < de,,(PAFy, PAF;) 4 de, ,(PAF3, PAF,);

summing over all (a,b) € A x A, we get:

de(PAFq, PAF,) < de(PAFy, PAF3) + de(PAF;3, PAF,).

Let us now illustrate the notion of edit distance as well some associated merg-
ing operators on Example 14.

Example 14 (continued) We consider the following argumentation system

AF, = ({a,b,¢,d}, {(a,b), (b, a), (b,c), (c,d)}).

The edit distance between AF| and each of the PAFs PAF,, PAFy, PAF;, PAF,
obtained by consensual expansion from the profile (AFy, AFy, AF3, AF4) is:

o de(AF) PAF)) =1, o de(AF), PAF;) = 2,
o de(AF) PAF,) =15, o de(AF), PAF,) = 2.

Taking the sum as the aggregation function, we obtain:
1, de(AF}, PAF;) = 6.5.
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Taking the maz, we obtain: Max;_ de(AF), PAF;) = 2.
Taking the leximaz, we obtain: Leximax;_ de(AF,, PAF;) = (2,2,1.5,1).

By computing such distances for all candidate AFs (i.e., all AFs over {a,b,c,d}),
we can compute the result of the merging:

A% ((AFy, ..., AF,)) is the set containing the two following AFs:

b AF/I = <{a>b7 Cy d}7 {(a7 b)> (bv a)a (bv C)a (Cv d)}>7
o AF, = ({a,b,c,d}, {(a,b), (b,a), (b, c), (a,d),(c,d)}).

AF, AF,
@ (©)

AM=((AFy, ..., AF,)) is the set containing AF| and AFy = ({a,b,c,d}, {(b,a),
(b;¢), (a,d), (¢, d)}).

AF} AF;

Afeximax((AF - AF,)) is the singleton containing AF.
AF}

The discrepancies between the merging obtained with the various aggregation
operators can be explained in the following way:

o AF) is the most consensual AF obtained as it is almost equidistant from
each PAF;

o AF, is much closer to PAFy, PAFy and PAF; than to PAFy, thus it is selected
with the sum as an aggregation operator but it is too far from PAF, for being
selected with the Max or Leximax operators.
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o AF} is nearly equidistant from all four PAFs of the profile but less consensual
than AFy, thus it is selected neither with ¥ nor with Leximax but only with
Max as it is not far from any of the given PAFs.

Having AF' in all mergings - whatever the aggregation function chosen - seems
very intuitive. Indeed, whenever an attack (or a non-attack) is present in the
(weak) magjority of the initial AFs, it is also in AF}. This is not the case for
the two others AFs belonging to the above mergings.

Here is another simple example:

Example 20 Consider the two following argumentation systems:

o AF; = ({a,b,c,e}, {(b,a),(c,b),(c,e)})
o ARy = <{a7 dse, C}’ {(d’ a)v (67 d)’ (6’ C) >

AF (0)—© AF, ©
O, (@)
© (D)—©

Note that the attack from c to e is known by Agent 1 but not by Agent 2 and
the attack from e to c is known by Agent 2 but not by Agent 1. This illustrates
the fact that the agents do not share the same attack relation.

AF; has a unique preferred extension: {c,a}. AFy has a unique preferred ex-
tension: {e,a}.

The consensual expansions of AFy and AFy are respectively:

e PAF, = ({a,b,c,d, e}, {(b,a),(c,b),(c,e),(d,a),(e,d)}, D),
e PAFy = ({a,b,c,d, e}, {(d,a),(e,d), (e, c), (ba),(c,b)}, D).

The result of merging the profile (AFy, AFy) with de and @ = Max (or ® =
Leximax) is:

AMex((AF,, AF5)) = Abemmax((AF, AF,)) = {AF}, AFy} with

o AF; = ({a,b,c,d, e}, {(b,a), (c,b), (c,e), (d,a), (e,d), (e,c)}),
o AF, = ({a,b,c,d, e}, {(b,a),(c,b),(d,a), (e,d)}).

Using the sum as an aggregation function, two additional AFs are generated:
A% ((AF1, AFy)) = {AF}, AF,, AF,, AF,}, with

o AF; = ({a,b,c,d, e}, {(b,a),(c,b), (c,e), (e,d), (d,a)}),
o AF, = {{a,b,c,d, e}, {(b,a), (c,b), (e,c), (e,d), (d,a)}).
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AF, /@) (© AR, (b)
@ :’ @
(D)—© (@)
ARy (1) AR, (b)
]|
(D—© (D—0O

Each of the resulting mergings contains an argumentation system from which
arqgument a can be derived, as it is the case in AF; and AF,. Using the sum
as an aggregation function leads to the most consensual result here since it
preserves the initial AFs of the different agents. Indeed, AF} is equivalent to
PAF, and AF) is equivalent to PAF,.

6 Some Properties

Let us now present some properties of consensual expansions and merging
operators based on the edit distance, showing them as interesting choices.

6.1 Properties of PAFs and consensual expansions

Intuitively speaking, a natural requirement on any AF resulting from a merg-
ing is that it preserves all the information which are shared by the agents
participating in the merging process, and more generally, all the information
on which the agents participating in the merging process do not disagree.

In order to show that our merging operators satisfy those requirements, one
first need the notions of clash-free part and of common part of a profile of
PAFs:

Definition 21 (Clash-free part of a profile of PAFs)
Let P = (PAFq,...,PAF,) be a profile of PAFs. The clash-free part of P is
denoted by CFP(P) and is defined by:

CFP(P) = <UAZ-,URZ- \ UNi>ICFPaUNi \ URz>
where [Cpp = (U, Ai X UZ Az) \ ((Uz Ri \ Uz Nz) U (Uz Ni \ Uz Rl))
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The clash-free part of a profile of PAFs represents the pieces of information
(attack / non-attack) that are not questioned by any other agent. As they are
not the source of any disagreement, they are expected to be included in each
AF resulting from the merging process.

Example 14 (continued) With P = (AFy, AFy, AF3, AFy), CFP(P) = ({a,b,
C’ d}7 {(b7 C)7 (C7 d)}7 {(a7 b)7 (b’ a)7 (a’ d)7 (b’ d)’ (a7 C)7 (C7 a)}>

Note that with exp(P) = (exps(AFy, P),. .., exp.(AFy, P)), CFP(exp.(P))

= ({a,b,c,d}, {(b,¢c),(c,d)}, {(a,b), (b,a), (a,d), (b,d)}) (now (a,c) and (c,a)
are non-attacks); so CFP(P) # CFP(exp.(P)).

Definition 22 (Common part of a profile of PAFs)
Let P = (PAFy,...,PAF,) be a profile of PAFs. The common part of P is
denoted by CP(P) and is defined by: CP(P) = (; Ai, (s R, M L, N N3

The common part of a profile of PAFs is a much more demanding notion than
the clash-free one. It represents the pieces of information on which all the
agents agree. There is no doubt that those pieces of information must hold in
any consensual view of the group’s opinion, so the common part of the profile
must be included in each AF of the result of the merging process.

Example 14 (continued) With P = (AF,, AFy, AFs, AF,), CP(P) = ({b},
o, @, {(b,b)}).

We have the following easy property:

Proposition 23 Let P = (PAFy,...,PAF,) be a profile of PAFs. The com-
mon part of P is pointwise included into the clash-free part of P, i.e.:

e N, R CU; R\ U; Ny;
e N, I; C Icrp;
o N, N; C Ule\Uth

Proof :  The proof is straightforward:

e N, R; € U; R; is obvious; and we also have V(a,b) € N; R;, (a,b) ¢ N; for
all j (otherwise, IPAF; such that (a,b) € Ry N Ny, that is impossible by
definition), so N, R; € U; R; \ U; ;.

e In the same way, we can prove (), N; C U, N; \ U; R;.

e if V(a,b) € N; I; then, by definition, (a,b) € R; and (a,b) & N; for all i ; so,
(a,b) € (Ui Ai x U; 4i) \ (U Bi \ Ui Ni) U (U; Ni \ U; Ry)).-

O

The common part of a profile of n PAFs (resp. AFs) is not always a PAF
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(resp. an AF). Contrastingly, the clash-free part of a profile of n PAFs is a
PAF (however, the clash-free part of a profile of n AFs is not always an AF).

There exists an interesting particular case: if the various PAF's of the profile are
based on the same set of arguments and if for each ordered pair of arguments
(a,b) such that (a,b) belongs to the ignorance relation in one PAF, this pair
belongs to the attack relation for another PAF of the profile and to the non-
attack relation for at least a third PAF of the profile, then the clash-free part
of the profile and its common part are identical:

Proposition 24 Let P = (PAFy,...,PAF,) be a profile of n PAFs over the
same set of arguments A. Consider the clash-free part of P denoted by CFP(P)
= (Acrp, Rerp, Icrp, Norp) and the common part of P denoted by C P(P)
= <ACP7 RCP7 Icp7 Ncp>. ]f Uz [z g conf(P) = (Uz Rl) N (Uz Nl), we have:

o Acrp = Acp,
e Repp = Rep,
e Ncrp = Ncp.

Proof : All the PAFs are over the same set of arguments, so we have
A=U;Ai =MN; Ai and Acrp = Acp.
First, we prove that Rocpp = Reop.
e Rorpp C Rep: consider (a,b) € Ropp; so (a,b) € U; R; \ U; IV;; suppose that
(a,b) ¢ Rep; so IPAF such that (a,b) & Ry; so (a,b) € Ny or (a,b) € Iy;
In the first case, we have (a,b) € U; R; \ U; N;: contradiction with the
hypothesis (a,b) € Ropp;
In the second case, we retrieve the first case because U; I; C conf(P) =
(U; Ri) N (Ui Ny).
Thus (a,b) € Rep.
e Rorp 2 Rep: given by Proposition 23.

Nerp = Ngp is proven in the same way. O

This result is interesting since this situation always holds (by definition) if
consensual expansion is used as an expansion policy by each agent.

Example 14 (continued) With P = (AFy, AFy, AF3, AFy) and exp.(P) =
(expc (AF1, P), expo(AFs, P), expo(AF;, P), expo(AF4, P)), we have:

P ) = <{a7bvcad}7 {(b,(‘) ((‘7 )} {( 7( a)a(a7d)7(b7d)}:
), (d,d), (a,), (c,a), (d, a), (db), (d, ), (e, b))

(0,0), (
b CP(expC(P)) = <{a7 b, c, d}7 {(b, C) ( )}a ’
(b,0), (¢, ), (d,d), (a,c), (c,a),(d, a), (d,b), (d,c), (c,b)}).

A valuable property of any consensual expansion over a profile of AFs is that
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it preserves the clash-free part of the profile:

Proposition 25 Let P = (AFy,...,AF,) be a profile of AFs. For each i, we
have:

* Acrpp) = Aexp (AF,p)’

* Rorpp) © RexpC(AFz,P)’

* Nerpepy © Nexpc(AFi,P)'

Proof : Consider AF;, denoted by (A;, R;, N;), and the set conf(P) =

(Ui Ri) N (U; ;). Each exp(AF;, P) is denoted by (Aj, R., I!, N}).

e By definition, the set of arguments is the same for CF P(AFy, ..., AF,) and
for each exp.(AF;, P), VAF;: it is equal to U; A4;.

e Consider a,b € U; A; such that (a,b) € Rerppry = (U; Ri) \ (U; V) ; so,
we have (a,b) & conf(P) and (a,b) € N;. So, (a,b) € R, = R; U (((U; R:) \
conf(P))\ Ni).

e Consider a,b € U; A; such that (a,b) € Nepprpy = (U; Ni) \ (U; R;) ; so, we
have (a,b) & conf(P) and (a,b) & U; R;. So, (a,b) ¢ I/, and (a,b) & R;. So,
(a,b) € NJ.

O

Now, concordance between AF's can be defined as follows:

Definition 26 (Concordance) Let AF; = (A1, Ry), AFy = (As, Ry) be two
AFs. AFy, AF, are said to be concordant if and only if V(a,b) € (A1 N Ay) X
(A1 N Ay), (a,b) € Ry if and only if (a,b) € Ry. Otherwise they are said to be
discordant.

Let P = (AFq,...,AF,) be a profile of AFs. P is said to be concordant if
and only if all its AFs are pairwise concordant. Otherwise it is said to be
discordant.

Of course, concordance is related to the set conf(P) representing clashs be-
tween attack and non-attack relations in the different AFs of the profile:

Proposition 27 Let P = (AFy,...,AF,) be a profile of argumentation sys-
tems. P is concordant if and only if conf(P) = U; R; NU; N; is empty.

Proof: P is concordant <

VAF;, AF; € P, Pa,b € A; N A; such that (a,b) € (R; \ R;) U (R; \ R) &
VAF;,AF; € P, fla,b € A; N A; such that (a,b) € R; and (a,b) € N; &

U RiNU; N; = 2. O
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When a profile of AFs is concordant, its clash-free part is the union of its
elements, and the converse also holds:

Proposition 28 Let P = (AFq,...,AF,) be a profile of AFs. P is concordant
if and only if CFP(P) = |, AF;.

Proof : CFP(P) is denoted by <ACFPa chp, ]CFPa NCFP>~

The proof for “P concordant = CFP(P) = U; AF;” is made using a reductio
ad absurdum. We suppose that CFP(P) # |J; AF; and we have the following
possibilities:

e J(a,b) € Repp and (a,b) U; R;; this case is impossible because, by defi-
nition, (a,b) € (U; \(z i);

e J(a,b) € Nerpp and (a, b) & U; N;; this case is impossible because, by defi-
nition, (a,b) € (U; N;) \ (U; R;);

e d(a,b) & Rcrp and (a,b) € U; Ry; so, by definition, (a,b) € (U; N;); s
JAF, AF; such that (a,b) € Ry and (a,b) € Nj; so, 3AF,, AF; such that
(a,b) € Ay N Aj and (a,b) € R, \ Rj; so, contradiction with the hypothesis
P concordant;

e J(a,b) ¢ Nepp and (a,b) € U; N;; so, by definition, (a,b) € (U; R:); so,
JAFy, AF; such that (a,b) € Ry and (a,b) € Nj; so, AFy, AF; such that
(a,b) € Ay N Aj and (a,b) € Ry \ Rj; so, contradiction with the hypothesis
P concordant.

For each possibility, we obtain a contradiction. So, if P is concordant, then
CFP(P) =\ AF,.

The proof for “P concordant <= CFP(P) = |J; AF,” is also made using a reduc-
tio ad absurdum. If P is discordant then JAF;, AF; such that 3(a,b) € A;N A,
and (a,b) € (R; \ R;) U(R; \ R;). So, a,b € Uy, A, (a,b) € Uy Ri and (a,b) €
Uk Ni; so, (a,b) appears in the attack relation and in the non-attack relation of
U; AF;. However, by definition, (a,b) cannot appear in the same time in Ropp
and in Ngpp. So, contradiction with the hypothesis CFP(AFy,..., AF,) =
U, AF,. O

Proposition 29 Let P = (AFy,...,AF,) be a profile of AFs. P is concor-
dant if and only if expo(P) = (exp-(AF1, P),. .., exps(AF,, P)) is reduced to
(U; AF;, ..., U; AF;) (i.e., each of the n elements of the vector is \J; AF;).

Proof : Consider a concordant profile of AFs P. VAF; = (A;, R;, N;), let us
consider exp.(AF;, P) = (A, R, I/, N}). Va,b € U; A;, there are several cases:

e if (a,b) € R; then (a,b) € R;;

o if (a,b) € R; and (a,b) € A; x A; then (a,b) € N;, so (a,b) € NI; with P
concordant, we also know that ﬂAFj € P such that (a,b) € Rj;

o if (a,b) € R; and (a,b) € A; x A; then there are two cases:
- either JAF; € P such that (a,b) € R;: because P is concordant, (a,b) €
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R
- or PAF; € P such that (a,b) € R;: so, (a,b) € NJ.
In all the cases, if (a,b) is an attack interaction for one of the AF;, (a,b) is also
an attack interaction for the consensual PAFs. So, all the consensual PAFs
are equal to |J; AF;.

For the second part of the proof, consider exp(P) = (U; AF;, ,...,U; AF;). We
suppose that P is discordant. So, 3AF;, AF; € P such that Ja,b € A;NA; and
(a,b) € (R;\ Rj)U(R;\ R;). If we suppose that (a,b) € R;, then exp.(AF;, P)
cannot contain the attack (a,b); so, exp.(AF;, P) # U; AF;: contradiction.
And the same problem appears when we suppose that (a,b) € R;. So, P is
concordant. O

Note that |J; AF; may appear into exp.(P), even if P is discordant. This is
illustrated by the following example:

Example 30 Consider the profile P = (AFy, AFy, AF3) consisting of the fol-
lowing three AFs:

o AF; = ({a,b,c}, {(a,b),(a,)}),
o AFy = ({a,b,c}, {(a,c)}),
o AF; = ({a,d},{(a,d)}).

The profile P = (AF1, AFy, AF3) is discordant and exp,(P) = (PAF, PAF,,
PAF3) is such that:

e PAF, = <{a7b> &) d}v {(a>b)v (a>c)7 (a7d)}7®> (: Ui AFi)f
e PAF, = <{a7 b, c, d}v {(a7 C), (av d)}v ®>7
e PAF; = <{a7b7 G, d}v {(G,C), (avd)}7 (a7b)}>

PAF, PAF, PAF,

O ® 1O,
0 © @ © 0 ©
(@) (@ (@

The following proposition states that whenever the presence of an attack (a, b)
does not clash with a profile of AFs, such an attack is present in all the
corresponding PAFs obtained by consensual expansion if and only if it is
present in one of the input AFs.

Proposition 31 Let P = (AFq,...,AF,) be a profile of AFs. Let (a,b) be a
pair of arquments such that a,b € \U; A; and AAF;, AF; € P such that (a,b) €
(Bi \ Bj) U (R \ Ry).
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JAF, € P such that (a,b) € Ry if and only if VAF, € P, (a,b) € R}, with R,
denoting the attack relation of the PAF exp.(AFy, P).

Proof : Consider AF;, € P. Since 3AF, € P such that (a,b) € R; and
BAF;, AF; € P such that (a,b) € (R;\R;)U(R;\R:), (a,b) & Ni;so, (a,b) € R}.
The second part of the proof is obvious with a reductio ad absurdum: if we
suppose that #AF, € P such that (a,b) € R; then we obtain VAF, € P,
(a,b) € Nj which is a contradiction with VAF, € P, (a,b) € R O

A notion of compatibility of a profile of PAFs over the same set of arguments
can also be defined:

Definition 32 (Compatibility) Let P = (PAFy,...,PAF,) be a profile of
PAFs over a set of arguments A. PAFy, ..., PAF, are said to be compatible
if and only if they have at least one common completion. Otherwise they are
said to be incompatible.

Let P = (AFq, ..., AF,) be a profile of AFs. Let exp be an expansion function.
AFy, ..., AF, are said to be compatible given exp if and only if exp(AF;, P),
Vi = 1...n, are said to be compatible. Otherwise they are said to be incom-
patible.

There is a clear link between concordance and compatibility in the case of the
consensual expansion applied to a profile of AF's:

Proposition 33 Let P = (AFy,...,AF,) be a profile of AFs. P is concordant
if and only if exp.(AF1,P), ..., expo(AF,,P) are compatible.

Proof: The first part of the proof is obvious: if P is concordant then the pro-
file exp.(P) = (expy(AF1,P), ..., exp.(AF,,P)) is reduced to (U; AF,, ...,
U; AF;) (see Proposition 29); so, exp.(AFy, P), ..., exps(AF,,P) are equal
and have a common completion.

The second part of the proof uses a reductio ad absurdum: if we suppose that
P is discordant then JAF;, AF; such that 3(a,b) € R; N Nj; so, (a,b) € R]
with R denoting the attack relation of exp,(AF;, P) and (a,b) € N; with N;
denoting the non-attack relation of exp.(AF;, P); so, all the completions of
exp.(AF;, P) must contain the attack (a, b) and no completion of exp (AF;, P)
can contain the attack (a, b); so, AF; and AF; do not have a common comple-
tion which is in contradiction with the hypothesis of compatibility. o

Example 34 Consider the following argumentation systems AF;, AFy and
AF;.

The completions of their respective consensual expansions PAF;, PAF, and
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AF, AF, AF,
© @ @@

PAF5 are:
Completions of AF; Completions of AF, Completions of AF3

CNONO. O~ ® © @O-®
© @@ O—@—-®

AF, and AF, are discordant and incompatible given exp.. AFs and AF, are
concordant and compatible given exp,.

6.2 Properties of merging operators

Let us now give some properties of merging operators, focusing on those based
on the edit distance:

Proposition 35 Let P = (AFy,... AF,) be a profile of AFs. Assume that
the expansion function used for each agent is the consensual one. If P is
concordant then AS (P) = {U; AF,}.

Proof: If P is concordant, then by Proposition 29, we have exp.((AFy,. ..,
AF,)) = (U; AF;, ..., U; AF,). It remains to show that AS ((U; AF;, ..., U; AF;))
= {U; AF;}, which is obvious since de, as a distance, satisfies the minimality
requirement (|J; AF; is the unique PAF at edit distance 0 from itself). O

Now we show an expected property: that the clash-free part of any profile P
is included in each AF from the merging of P when the edit distance is used.

Proposition 36 Let P = (AFy,...,AF,) be a profile of argumentation sys-
tems. Assume that the expansion function used for each agent is the consen-
sual one. For any aggregation function ®, we have that : VAF = (A, R, N) €
AS ((AFy, ... AF)):

o Acrpp) C A,
e Reppepy C R,
e Neppepy € N.

Proof : Let CFP(P) = (Acrp, Rerp, Norp) (the ignorance relation does
not appear here because argumentation systems (and not partial ones) are
considered).
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o Acrp=U; Ai CA=U; As

e By Proposition 25, we know that C'FP(P) is pointwise included in each
expq(AF;,P). Let first consider the case (a,b) € Rcpp, we have (a,b) €
RexpC(AFi,Py VAF;.
Consider AF = (A, R) € A% ((AFy,...,AF,)). Suppose that (a,b) ¢ R and
consider AF' = (A" = A,R' = RU{(a,b)}).

VAF;, de(AF',exp,(AF;, P)) = de(AF,exp.(AF;,P)) — 1, since (a,b) €
R'n ReXpC(AFi,P) and € RN RexpC(AF,;,P); S0, since ® respects mono-
tonicity, we have @I, de(AF', exp,(P)) < Q! de(AF, exp,(P)) and we ob-
tain a contradiction with AF € A% ((AFy,... AF,)); so, (a,b) € R. Hence
Rorprpy C R.

o In the same way, we can prove that if (a,b) € Nepp then (a,b) € N. So
Nerprpy € N.
|

As a direct corollary of Propositions 23 and 36, we get that:

Corollary 37 Let P = (AFy,...,AF,) be a profile of argumentation sys-
tems. Assume that the expansion function used for each agent is the consen-

sual one. For any aggregation function ®, we have that: VAF = (A, R, N) €
AS ((AFy, ... AF)):

* Acpp) C A,
* Repp) € R,
e Necppy ©N.

When sum is used as the aggregation function and all AFs are over the same
set of arguments, the merging of a profile can be characterized in a concise
way, thanks to the notion of majority graph. Intuitively the majority graph
of a profile of AFs over the same set of arguments is the PAF obtained by
applying the strict majority rule to decide whether a attacks b or not, for
every ordered pair (a,b) of arguments. Whenever there is no strict majority,
an ignorance edge is generated.

Definition 38 (Majority PAF) Let P = (AFq, ..., AF,) be a profile of
AFs over the same set A of arguments. The majority PAF M P(P) of P is
the triple (R, N, I) such that Ya,b € A:*

. (a,}b)) € Rifandonlyif#({iel...n|(a,b) € R})>H#{icl...n]|(a,b) €
N;});

. (a,}b))GNifandonlyif#({iE1...n|(a,b)ENi})>#({i€1...n|(a,b)€
Rz’ 5

4 For any set S, #(S5) denotes the cardinality of S.
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e (a,b) € I otherwise.

The next proposition states that, as expected, the majority PAF of a profile
of AFs over the same set of arguments is a PAF:

Proposition 39 Let P = (AFy, ..., AF,) be a profile of AF's over the same
set A of arguments. The majority PAF MP(P) of P is a PAF.

Proof :  Obvious since by construction, R and I are disjoint sets and N is

the complement of RU I into A x A. o

Example 40 Consider AF; = ({a, b, c}, {(a,b), (b, ¢), (a,c)}), AFy = ({a, b, c},
{(a,b), (b,a), (a,c)}).

AF, AF,

We have MP({AF,AF2)) = ({a,b,c}, {(a,b),(a,c)}, {(b,c),(b,a)}, {(a,a),
(b,), (¢, ), (¢, a), (¢,0)}).

Proposition 41 Let P = (AFq, ..., AF,)) be a profile of AFs over the same
set A of arguments. A (P) = C(MP(P)).

Proof :  The key is that the edit distance between an AF denoted by AF
and a profile of AFs over A when ¥ is the aggregation operator is the sum
over the AF; of the profile of the sum over every ordered pair of arguments
over A of the edit distances between AF and AF; (this is a consequence of the
associativity of the sum).

Let AF be an AF over A which minimizes Y}, de(AF, AF;). Let a,b € A. If
#{iel...n|(a,b) € R} >#{iel...n| (a,b) € N;}, then (a,b) must
be in the attack relation of AF; otherwise, the AF AF’ over A which coincides
with AF except that (a,b) is in the attack relation of AF" would be such that
" de(AF' AF;) < Y, de(AF,AF;). Similarly, if #({i € 1...n | (a,b) €
N} > #({i € 1...n | (a,b) € R;}, then (a,b) must not be in the attack
relation of AF.
In the remaining case, i.e., when #({i € 1...n | (a,b) € R;} = #({i €
1...n| (a,b) € N;}, let AF" be the AF over A which coincides with AF except
that (a,b) is in the attack relation of AF" if and only if (a,b) is not in the
attack relation of AF. Then Y7, de(AF',AF;) = -1, de(AF, AF,).
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This shows that every AF over A which minimizes Y7 | de(AF, AF;) is a com-
pletion of the majority PAF M P(P).
Conversely, since every completion AF” of M P(P) is such that 37 ; de(AF', AF;) =
*_, de(AF, AF;) where AF minimizes Y ; de(AF, AF;), the conclusion follows.
O

Let us illustrate the previous proposition on Example 7

Example 7 (continued) The consensual expansions of AFy, AFy and AF3
are respectively:

@/ ‘. @/‘? ‘. OnO. @
So, the magjority PAF of (AFy, AFy, AF3) is:

PP

@ @ @
Using the edit distance and sum as the aggregation function, this PAF also

represents the result of the merging in the sense that the latter is the set of all
completions of this PAF.

Computing the majority PAF of a profile of AFs over the same set of argu-
ments amounts to wvoting on the attack relations associated to each AF. As
explained in Section 3, this can prove more suited to our goal than the ap-
proach which consists in voting directly on the acceptable sets of arguments
for each agent. The previous proposition shows that such a simple voting ap-
proach corresponds to a specific merging operator in our framework (but many
other operators, especially arbitration ones, can also be used).

7 Acceptability for Merged AF's

Starting from a profile of AFs (over possibly different sets of arguments), a
merging operator enables the computation of a set of AFs (this time, over the
same set of arguments) which are the best candidates to represent the AFs of
the group (a kind of “consensus”).

There is an important epistemic difference between those two sets of AFs, the
first one reflects different points of view given by different agents (and it can
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be the case that two distinct agents give the same AF), while the second set
expresses some uncertainty on the merging due to the presence of conflicts.

Let us recall that the main goal of this paper is to characterize the sets of
arguments acceptable by the whole group of agents. In order to achieve it, it
remains to define some mechanisms for exploiting the resulting set of AFs.
This calls for a notion of joint acceptability.

Definition 42 (Joint acceptability) A joint acceptability relation for a pro-
file (AFy, ..., AF,) of AFs, denoted by ACC(AF1 AF,) 15 @ total function from

.....

oUi4i ¢ {true, false} which associates each subset E of \U; A; with true if E
is a jointly acceptable set for (AFy,... AF,) and with false otherwise.

For instance, a joint acceptability relation for a profile (AFy,..., AF,) can
be defined by the acceptability relations AccAFi (based themselves on some
semantics and some selection principles), which can coincide for every AF; (but
this is not mandatory) and a voting method V' : {true, false}™ — {true, false}:

ACC<A|:1 7777 AFn>(E> = V(ACCAF1 (E), ey ACCAFn (E))

Here are some instances of Definition 42 based on voting methods:

Definition 43 (Acceptabilities for profiles of AFs) Let P = (AFq,...,
AF,.) be a profile of n AFs over the same set of arguments A. Let AccAFi be
the (local) acceptability relation associated with AF;. If n = 1, then we define
Acc(AF1> = ACCAFl. Otherwise, for any subset S of A, we say that:

e S is skeptically jointly acceptable for P if and only if S is included in at
least one acceptable set for each AF;:
VAF; € P,3E; such that ACCAFi(Ei) is true and S C E;.
e S is credulously jointly acceptable for P if and only if S is included in at
least one acceptable set for at least one AF;:
JAF; € P,3E; such that ACCAFj (E;) is true and S C E;.
e S is jointly acceptable by majority for P if and only if S is included in at
least one acceptable set for at least a weak majority of AF;:
#({AF; | 3E; such that Accpp (E;) is true and S C E;}) > 3.

Obviously enough, when none of the local acceptabilities ACCAFi is trivial (.e.,
equivalent to the constant function false) for the profile under consideration,
we have that any set of arguments which is skeptically jointly acceptable is
also jointly acceptable by majority, and that any set of arguments which is
jointly acceptable by majority is also credulously jointly acceptable.

Note that skeptical (resp. credulous) joint acceptability does not require that
the skeptical (resp. credulous) inference principle is at work for defining local
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acceptabilities Accpp , which remain unconstrained.

Focusing on the preferred semantics together with credulous local acceptabil-
ities, let us re-consider some previous examples:

Example 20 (continued) Using the edit distance and ® = Leximax (or
Max) as the aggregation function, we get two AFs AF| and AF, in the merging.

If the local acceptability relations are based on credulous inference from pre-
ferred extensions, we have:

o Accpp/ (E) = true if and only if E C {c,d} or E C {b,e};
o Accpp (E) = true if and only if E C {a, c,e}.

{c} and {e} are skeptically jointly acceptable and {b,e},{c,d} and {a,c,e}
(and their subsets) are credulously (and by majority) jointly acceptable for the
merging.

Using this method, the argument a can still be derived credulously, contrariwise
to what happens when the union of the two AFs AFy and AFy is considered.

Example 7 (continued) Using the edit distance and the sum as the aggre-
gation function, we get one AF in the merging, denoted AF:

’0 © ©
@ @ @
AF has two preferred extensions : {a,c,e} and {b,d,e}. So, AccpAp(E) = true
if and only if E C {a,c,e} or E C {b,d,e}. The three joint acceptability
relations coincide here (as there is only one AF in the result). The sets {a,c, e}
and {b,d,e} (and their subsets) are credulously, skeptically and by majority,
jointly acceptable for the merging, which is a more sensible result that the one

obtained using a voting method on the derived arquments of the initial AF's
(as explained in Section 3).

Example 14 (continued) Using the edit distance and the sum as the aggre-
gation function, we get two AFs in the merging:

P— P
OO @—(
The preferred extensions for these 2 AFs coincide (they are {a,c} and {b,d}).

As the preferred extensions for the 2 AFs are the same ones, the three relations
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of joint acceptability coincide here. Thus, the sets {a,c} and {b,d} (and their
subsets) are skeptically, credulously and by majority jointly acceptable for the
merging.

It is interesting to compare the joint acceptability relation for the input pro-
file P = (AFy, ..., AF,) with the joint acceptability relation for the merging
AZ(P). Unsurprisingly, both predicates are not logically connected (i.e., none
of them implies the other one), even in the case when the two joint acceptabil-
ity relations are based on the same notion of local acceptability (for instance,
considering a set of arguments F as acceptable for an AF when it is included
in at least one of its preferred extensions) and the same voting method (for
instance, the simple majority rule).

Thus, it can be the case that new jointly acceptable sets are obtained after
merging while they were not jointly acceptable at start:

Proposition 44 Let P = (AFy,...,AF,) be a profile of AFs over the same
set of arguments A. The set of all jointly acceptable sets for the profile P is
not necessarily equal to the set of all jointly acceptable sets for the merging of

P.
A counter-example is given by Example 14.

When each local acceptability relation corresponds exactly to the collective
acceptability proposed by Dung (for a given semantics and VAF;, Acc AF, (E) =
true if and only if F is an extension of AF; for this semantics), the following
remarks can be done:

e If a set of arguments is included in one of the acceptable sets for an agent,
it is not necessarily included into one of the acceptable sets of any AF from
the merging (and it also holds for singletons). The converse is also true.

e More surprisingly, even if a set of arguments is included into each acceptable
set for an agent, it is not guaranteed to be included into an acceptable set
of an AF from the merging. Conversely, if a set of arguments is included
into every acceptable set of the AFs from the merging, it is not guaranteed
to be included into an acceptable set for one of the agents. Intuitively, this
can be explained by the fact that if an argument is accepted by all agents
for bad reasons (for instance, because they lack information about attacks
on it), it can be rejected by the group after the merging. More formally,
this is due to the fact that nothing ensures that one of the initial AFs will
belong to the result of the merging and also to the fact that acceptability is
nonmonotonic (in the sense that adding a single attack (a,b) in an AF may
drastically change its extensions).
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8 Conclusion and Perspectives

We have presented a framework for deriving sensible information from a collec-
tion of argumentation systems ¢ la Dung. Our approach consists in merging
such systems. The proposed framework is general enough to allow for the
representation of many different scenarios. It is not assumed that all agents
must share the same sets of arguments. No assumption is made concerning
the meaning of the attack relations, so that such relations may differ not only
because agents have different points of view on the way arguments interact
but more generally may disagree on what an interaction is. Each agent may be
associated to a specific expansion function, which enables for encoding many
attitudes when facing a new argument. Many different distances between PAF's
and many different aggregation functions can be used to define argumentation
systems which best represent the whole group.

By means of example, we have shown that our merging-based approach leads
to results which are much more expected than those furnished by a direct vote
on the (sets of) arguments acceptable by each agent. We have also shown that
union cannot be taken as a valuable merging operator in the general case. We
have investigated formally some properties of the merging operators which we
point out. Among other results, we have shown that merging operators based
on the edit distance preserve all the information on which all the agents partic-
ipating in the merging process agree, and more generally, all the information
on which the agents participating in the merging process do not disagree. We
have also shown that the merging operator based on the edit distance and the
sum as aggregation function is closely related to the merging approach which
consists in voting on the attack relations when the input profile gathers argu-
mentation systems over the same set of arguments. Finally, we have proven
that in the general case, the derivable sets of arguments when joint accept-
ability concerns the input profile may drastically differ from the the derivable
sets of arguments when joint acceptability concerns the profile obtained after
the merging step.

We plan to refine our framework in several directions:

Merging PAF's. Our framework can be extended to PAFs merging (instead of
AFs). This enables us to take into account agents with incomplete belief states
regarding the attack relation between arguments. Expansions of PAF's can be
defined in a very similar way to expansions of AFs (what mainly changes is
the way ignorance is handled). As PAFs are more expressive than AFs; an
interesting issue for further research is to define acceptability for PAFs.

Attacks strengths. Assume that each attack believed by Agent ¢ is associ-
ated to a numerical value reflecting the strength of the attack according to the
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agent, i.e., the degree to which Agent i believes that a attacks b. It is easy to
take into account those values by modifying slightly the definition of the edit
distance over an ordered pair of arguments (for instance, viewing such values
as weights once normalized within [0, 1]). Another possibility regarding attack
strengths is, from unweighted attack relations, to generate a weighted one,
representing different degrees of accordance in the group. For instance, each
attack (a,b) in the majority PAF of a profile (AFy, ..., AF,) can be labelled
by the ratio w and similarly for the non-attack relation (this
leads to consider both the attack and the non-attack relations of the majority
PAF as fuzzy relations). Corresponding acceptability relations remain to be
defined. This is another perspective of this work.

Merging audiences. In (7), an extension of the notion of AF, called valued
AF — VAF for short —, has been proposed in order to take advantage of
values representing the agent’s preferences in the context of a given audience.
A further perspective of our work concerns the merging of such VAFs.
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ABSTRAT. We proposein this papera new family of beliefmeiging operators, thatis basedon

a gamebetweersources: until a coheentsetof sourcesis readed, at eac rounda contest
is organizedto find out the wealestsources,thenthosesouiceshasto concedgwealen their

point of view). Thisidealeadsto numepusnew interestingoperators (dependingf the exact
meaningof “weakest”and “concede; that givesthe two parametes for this family) and opens
new perspectivedor beliefmeiging. Someexisting operators are alsorecovered as particular

cases. Thoseopemators can be seenas a specialcaseof Booth's Belief Negotiation Models
[BOO 02], but the achieved restriction forms a consistentfamily of meging operators that

worthsto be studiedon its own.

KEYWORDS:beliefmewging, beliefnegotiation.

1. Intr oduction

Theproblemof (propositionalpeliefmeging[REV 97,LIN 99,LIB 98,KON 99,
KON 023 KON 04] can be summarizedby the following question: given a set of
sourceqpropositionabelief bases}hatare (typically) mutuallyinconsistenthow do
we obtaina coherenbelief basereflectingthe beliefsof the set?

The ideahereis that some/eaclsourceshasto concedeon somepointsin order
to solve the conflicts. If onehassomenotion of relative reliability betweensources,
it is enoughand sensibleto force the lessreliable onesto give up first. Thereis
a variety of differentmeansto do that, which hasprovided a large literature, e.qg.
[CHO 93, CHO 95, CHO 98, BEN 98a,BEN 98b]. But often we do not have such
information,andevenif we getit, it remainsthe morefundamentaproblemof how
to melge sourcef equalreliability [KON 99, KON 024.

In this paperwe will investigatethe meiging methodshasedon a notion of game
betweenthe sources. The intuitive ideais simple: whentrying to imposeits wish,
eachsourcewill try to form somecoalitionwith the closest{more compatible)other

Journalof Applied Non-ClassicalLogics.\blume14—n° 3/2004,page75to 294
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sources.Sothe sourcethatis the “furthest” from the otheroneswill certainlybethe
wealestone. And it will bethatsourcethatwill have to concedsdfirst. In this work,
we will notfocuson how the coalitionsform, we only take this ideato designatehe
wealestones.

So the meging is basedon the following game: until a coherentsetof sources
is reachedat eachrounda contestis organizedto find out the wealestsourcesthen
thosesourceshave to concedgwealentheir point of view).

We can stateseveral intuitions and justificationsfor the use of suchoperators.
We have alreadygiventhe first one: coalition with nearmindedsources.In a group
decisionprocesshetweenrational sources,t canbe sensibleto expectthe sources
to look for nearminded sourcesin orderto find help to defendtheir view, so the
“furthest” sourceis themorelikely to have to concedeonits view.

A secondintuition is the one given by a social pressureon the sources. When
confrontingseveral pointsof view, usuallypeoplethathave the moreexotic views try
to changetheir opinionin orderto be acceptedy the othermemberof the group,so
opinionsthataredefendedyy the leastnumberof sourcesareusuallygiven up more
easilyin thenegotiationprocess.

A lastintuition thatgivesthemainrationalefor thatkind of operatoiis Condorce®
Jurytheorem.Thistheoremstateghatif all the memberof ajury arereliable(in the
sensehatthey have greaterthan’50% chanceto find the truth), thenlisteningto the
majority is themorerationalchoice.

After statingsomeusefuldefinitionsandnotationsn Section2, we will definethe
new family of operatorswe proposein Section3. The definition will usea notion
of wealeningandchoicefunctions. We will explore thesenotionsin Section4. We
will give someexamplesof specificoperatorsn Section5 in orderto illustratetheir
behaiour. We will look at the logical propertiesof thoseoperatordn Section6. In
Section7 we will look at the links betweenthis work andrelatedworks (especially
Booth's proposal[BOO 01, BOO 02]). We concludein Section8 with someopen
issuesandperspectiesof thiswork.

2. Definitions

We considera propositionallanguagel over afinite alphabetP of propositional
symbols.An interpretationis a functionfrom P to {0, 1}. Thesetof all theinterpre-
tationsis denoted/V. An interpretationv is a modelof a formulay, notedw = ¢,
if andonly if it makesit truein the usualclassicaltruth functionalway. Let o bea
formula,mod(y) denoteghe setof modelsof ¢, i.e. mod(¢) = {w € W | w |= ¢}.
Corversely let X be a setof interpretations,form(X) denoteshe formula (up to
logical equivalence)\whosesetof modelsis X.
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A belief baseyp is a consistentpropositionalformula (or, equivalently a finite
consistensetof propositionaformulaeconsideredonjunctively). Let usnote the
setof all beliefbases.

Let 1, ..., v, ben beliefbasegnot necessarilyifferent). We call belief profile
themulti-set¥ consistingof thosen beliefbases¥ = (¢, ..., p,) (i.e. two sources
canhave thesamebeliefbase).We note A ¥ the conjunctionof thebeliefbaseof ¥,
i.e. AU =1 A+ - Ap,. Wesaythatabeliefprofileis consistentf A ¥ is consistent.
The multi-setunionwill be notedU andthe multi-setinclusionwill be notedC. The
cardinalof afinite (multi-)setV is noted+(¥) (thecardinalof afinite multi-setis the
sumof the numbersof occurrencesf eachof its elements).

Let us definethosemulti-setnotionsmore formally. As a set® (from elements
in asetA) canbe definedfrom its characteristidunctionys : A — {0,1}, amulti-
set¥ (from elementsn a setA) canbe definedfrom its characteristidunction yy :
A — N, whereN is the setof nonngjative integerg. Thenthe multi-setunion, noted
U, is definedas yguvv = xwv + xwr- The cardinality of a multi-setis definedas

#(V) = Laeaxu(a).

Indeed,all setnotionsusedin this paper(subset,nclusion, union, etc.), are for
multi-sets.For the sale of simplicity, andsinceit cannoteadto confusionsincethose
notionsarea generalizatiorof the setones we will omit the “multi-".

Let £ bethesetof all finite non-emptybelief profiles.

Two belief profilesW; and ¥, aresaidto beequivalent(¥, = Ws) if andonly if
thereis a bijection between¥; and ¥, suchthateachbelief baseof VU, is logically
equivalentto its imagein V.

3. Beliefgamemodel

In [BOO 01, BOO 02] RichardBooth proposes framework for meging sources
of informationincrementally He namedthis framework “Belief NegotiationModel”
(BNM). In this work we will usethe name“Belief GameModel” (BGM) becausen
our framework thereis no room for negotiation, so we find it more accurateand it
allows usto malke a distinctionin this paperbetweerBooth’s proposalkandours. The
BGM framewvork canbe seenasa restrictionof Booth's BNM framework: the main
differencedetweerBooth’s proposalandour is thatBooth’s onetake the sourcesas
candidatego wealening, whereaswe restrictoursehesto “points of view” (logical
contentof thesources) Thatmeanghatin Booth'sif onesourcehasto wealen,it can
be the casethat anothersourcewith exactly the samebeliefsdo not have to wealen
too (thatis notallowedin our framavork). Our proposainvolvesmoreanorymity by
sayingthatonly beliefsdecidewho hasto wealen,nottheidentity of onesource Sim-
ilarly, the choicefunctionsare more“Markovian” in our framework thanin Booth’s
one,thatmeanghatwe only look atthecurrentprofile to chooseghebaseswhereasn

1.if a € A, xw(a) = n intuitively meanghata appears: timesin the multi-setw.
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Booth’s work, onecanusethewhole history of profilesto make the choice.We think
that thosehypothesisare more realistic (and necessarypn a belief meiging point
of view, whereasBooth's framework allows to model more generalizechegotiation
schemeswhereonecandecidefor examplethateachsourcehasto wealenoneafter
theother(seeSection7 for adeepercomparisorof thetwo approaches).

DEFINITION 1. — A choicefunctionis a functiong : £ — & sud that:
—g(¥)E v
—IfAP #£T,thendp € g(V)st.p#T
—If U = ¥, theng(¥) = g(V')

Thechoicefunctionaimsto find which arethesourceghatmustwealenatagiven
round (seedefinition 3). As the wealeningfunctionaimsto wealen the belief base,
andasthereis nowealer baseghanatautologicalone,the seconctonditionstateghat
atleastonenon-tautologicabasemustbe selected.Soit stateshatat eachroundat
leastonebasewill bewealen. This conditionis necessaryo ensureso alwaysreach
aresultwith Belief GameModel. Note thata consequencef this conditionis that
we have g(¥) # () assoonasthe profile containsat leastonenon-tautologicabase.
Lastconditionis anirrelevanceof syntaxcondition. It stateshatthe selectionof the
basego wealendoesnot dependonthe particularform of thebasesbut only ontheir
informationalcontent.Notethatwe alsohave anadditionalproperty:anorymity, that
meansthat the resultdoesnot dependon the “name” of the source,but only on its
pointof view. Thisis dueto thefactthatwe work with multi-sets thatareequialent
by permutationlf oneworkswith anotherepresentatioforderedists of sourcegor
example),this anorymity propertycanbe given by the last condition, provided that
theequivalencebetweertwo belief profilesis rightly defined(asin Section2).

DEFINITION 2. — Awealeningfunctionis a functionv : £ — £ sud that:

-k v(p)

—lfo=v(p),thenp =T

—If o = ¢/, thenv(p) = v(¢)

The wealeningfunction aimsto give the new beliefsof a sourcethat have been
choserto bewealened.Thetwo first conditionsensurethatthe basewill bereplaced
by a strictly wealer one (unlessthe baseis alreadya tautologicalone). The lastcon-

dition is anirrelevanceof syntaxrequirement theresultof thewealeningmustonly
depencdbntheinformationcorveyedby thebase notonits syntacticaform.

We extendthewealeningfunctionson belief profilesasfollows: let ¥/ beasubset
of U,

Yo (V) = |_| v(p)U |_| ®

e’ CET\ T

This meanghatwe only wealenthebeliefbasef ¥ thatarein ¥/, andthe other
onesdo notchange.
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DEFINITION 3. — A BeliefGameModelis a pair V' = (g, ¥) whee g is a choice
functionand v is a wealeningfunction.

The solutionto a belief profile ¥ for a Belief GameModel V' = (g, ¥), noted
N (), is thebeliefprofile ¥z, definedas:

—Ty=1T

Wit = V) (V)
— W isthefirst ¥, thatis consistent

So the solutionto a belief profile is the result of a gameon the beliefs of the
sourcesAt eachroundthereis acontesto find outthewealestbasegthelosers),and
thelosershave to concedeon their belief by wealeningthem.

It may prove reasonabl¢hateachsourcehasits own wealeningfunction,thatde-
notesdifferentconcedingpolitics. After all, thepointis thatthe sourcehasto wealen
its beliefs,not how shedoesso. Sowe canfigure out a generalizatiorof the belief
gamemodel,wherethereis no onewealeningfunction, but onefor eachsourcé. But
thisis notthepointin this paper sowe will supposeahatthereis a uniquewealening
functionfor all the sources.

In somecasesthe resultof the meging hasto obey someconstraintgphysical
constraintsnorms,etc...).We will assumehattheseintegrity constraintsaareencoded
asa propositionalformula (a belief base),and we will notethis baseu. Thenwe
introducethefollowing notion:

DEFINITION 4. — Thesolutionto a belief profile ¥ for a BeliefGameModel N =
(g9, ¥) undertheintegrity constaints 1., noted\,, (¥), is thebeliefprofile ¥ defined
as:

—Uy ="
= Wit1 = Vo) (V)
— W/, isthefirst &; thatis consistentith /.

Oftenin thefollowing in this papemwewill call resultof themerging operator(Be-
lief GameModel), thebeliefbase/ W/, A . Thisakuseof notationis notproblematic,
sincethis belief basedenoteshe consensugpoint obtainedby the belief profile U/,
solutionof the Belief GameModel process.

Notethatthedefinitionof theBelief GameModelandof thewealeningandchoice
functionsensureshateachbelief profile U hasa solutionassoonasthe constraintg:
areconsistent.

2. Technically it forcesto drop out thewealeningfunctionfrom the belief gamemodel A/ and
to putit in theinput,i.e. theinputwould bea list of sources thatarecouplescompoundof a
belief baseanda wealeningfunction: (¢;, ¥;)
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THEOREM 5. — Let ¥ bea beliefprofile, and » bea beliefbase If ¥ is non-empty
andy is consistentthen/\ ¥/t. A1 is consistenand ¥y is reaedfor a finite number
of rounds.

To prove that Uy, is reachedor afinite numberof roundsi,it is sufficient to note
that, at a givenround, either ¥; is consistentwith 1., so ¥\, = ¥;, andthe process
end,sowe aredone. Or ¥, is not consistentwith , in this casethereis an other
round. Fromthe defintionof the wealeningof a profile, the resultingprofile ¥, , ; is
logically strictly wealerthan¥;, thatmeanghateachbaseof ¥, ; is eitherlogically
equivalentto the correspondindpasein ¥;, or logically strictly wealker thanthis base
(seedefinition 2). Now just notethatthe logically wealestprofile, is the onewhere
eachbasds equialentto T, andthatthis profile is achievablefrom every givenbelief
profile by successie applicationof thewealeningfunction. Sincewework in afinite
propositionallogic setting,this canbe doneby a finite numberof rounds. Finally,
notethat this profile is consistenwith every consistenintegrity constraintu. Soif
the procesglescribedn definition4 hasnot stoppedbefore,it is guaranteedo give a
resultwith this belief profile.

4. Weakening and choicefunctions

In orderto definea particularBelief GameModel, we have to choosea choice
functionandawealeningfunction. We will give in this sectionsomenaturalchoices
for thesefunctionsandseewhataretheresultingBGM operators.

4.1. Weakening functions

Let usfirst turn out to wealeningfunctions.Canwe find a “natural” one? In fact
it is a difficult task, sincethe exact choice of a wealeningfunction dependon the
expectedbehaiour for the Belief GameModel anddependslsoon the existenceof
some“preferential” information. But if we have no suchadditionalinformation,we
have atleasttwo naturalcandidates drasticwealeninganddilation.

DEFINITION 6. — Lety bea beliefbase Thedrasticwealeningfunctionforgetall
theinformationaboutonesource i.e.: ¥ () = T.

This wealeningfunctionsimply forgetall theinformationin ¢ !

After this roughfunction, let us seea morefine grainedone. Let usfirst recall
whatis the Hammings distancebetweerinterpretationgalsocalled Dalal’s distance
[DAL 88]) sincewe will useit severaltimesin this paper

DEFINITION 7. — TheHammingdistancebetweerinterpretationsis the numberof
propositionalsymbolson which the two interpretationsdiffer. Letw andw’ be two
interpretations then

du(w,0’) = #({a € P |w(a) # w'(a)})
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Thenthedilation wealeningfunctionis definedas:

DEFINITION 8. — Lety beabeliefbase Thedilation wealeningfunctionis defined
as:
mod(Vs(p)) ={weW | W' E pdg(w,w’) <1}

This wealening function takes as modelsof the wealenedbaseVv;(y), all the
modelsthatareat an Hammingdistancdessor equalto 1 from the modelsof ¢, i.e.
all themodelsthatarein thebasep andall the modelsthatareachievableby flipping
the truth value of one propositionalsymbolin a model of ¢. This is closeto the
dilation operatorusedin morpho-logicdBLO 00,BLO 04].

4.2. Choice functions

Let usnow turn to choicefunctions. The aim of this functionis to determinethe
“losers”, thatarethesourceghathave to conceddy wealeningtheir beliefsatagiven
round.

Oneof thesimplestchoicefunctionsis identity (denotedy; ;). It is nottheexpected
behaiour for this function, but it canprove therationality of our operatorsf, evenin
this casewe obtaina sensiblememging.

We will focuson two familiesof choicefunctions. Thefirst oneis model-based,
the secondoneis formula-basedWe think thatmostof the sensiblechoicefunctions
belongto oneof thosefamilies.

4.2.1. Model-basedhoicefunctions

We will focushereonsomemodelizationof whatcanbecalled“social pressure”,
andcanbe viewed asa majority principle. Namely at eachroundit is the “furthest”
sourcesrom the groupthatwill concede.The exactchoiceof the meaningof “fur-
thest"will fix the choseroperatorfor this family. Technicallywe will usea distance
betweerbelief basesandan aggreation functionto evaluatethe distanceof a belief
basewith respecto theothers.

We will startfrom thedefinitionof the distancebetweertwo belief bases.

DEFINITION 9. — A (pseudo)distanded betweertwo beliefbasesis a functiond :
L x £ — IN sud that:

—d(p, @) =0iff oA ¥ L
—d(p.¢") =d(¢'. p)

3. Remarkthatwe missanimportantpropertyof distanceswe have only d(p, ¢') = 0 if ¢ =
¢, but notthe only if part. Remarkalsothatwe do not requirethetriangularinequality
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Two examplesof suchdistancesre:

0 ifeAp' ¥ L
—_— / —
dp(p¢') { 1 otherwise
—du(p,¢)= min  dy(w,w)
wEpw Ee’
DEFINITION 10. — An aggregation functionis a total function f associatinga

nonngative integer to every finite tuple of nonngative integers and verifying (non-
decreasingnesgiminimality) and (identity).

—ifz <y, thenf(zy,...,x,....;2n) < f(T1,. -, Yy, Tn).
(non-decreasingness)

- f(xy,...,2,) = 0if andonlyif z; = ... =2, = 0. (minimality)

— for everynonne@ativeinteger z, f(z) = «. (identity)

We saythat an aggregationfunctionis symmetridf it alsosatisfies
— For anypermutations, f(z1,...,2n) = f(Zo(1)s-- s Zom)) (symmetry)
DEFINITION 11. — A model-basedhoicefunctiong®” is definedas:
g""M(W) = {pi € ¥ | h(d(ps, 1), - - - d(pi, pn)) is maximal}
whete h is an aggregationfunction,andd is a distancebetweerbeliefbases.

We saythat the model-basedhoicefunctionis symmetridf the aggregationfunc-
tion is symmetric.

We will focuson somespecificaggregationfunctionsin this paper but we canuse
differentaggreationfunctionshere.In particularwe will only focuson symmetrical
aggreationfunctionsin this paper(to fit with choicefunctionrequirementsput note
thatthe definition allows non-symmetricafunctions. This allows to defineoperators
thatarenot anorymous,i.e. whereeachbasehasnot the sameimportance.Soone
canusepriorities (a weightor a pre-orderon the sourcesfor denotingdifferentlevel
of reliability, differenthierarchicaimportancegtc.

We will usein the following as examplesof aggreation functions, two typical
onesthesum(notedX) andthe maximum(notedmazx).
4.2.2. Formula-basedhoicefunctions

Not all interestingchoicefunctionsarecapturedn thedefinitiongivenin theprevi-
oussection.In particular alot of interestingchoicefunctionscanbedefinedby using
maximal consistensubsets.Note, however that, corverselyto usualformula-based
memging operatorgBAR 92, KON 00], we usemulti-setsinsteadof simplesets.

DEFINITION 12. — Let MAXCONS(¥) be the set of the maxconsof U, i.e. the
maximal (with respectto multi-setinclusion) consistentsubsetsof W. Formally,
MAXCONS() is thesetof all multi-setsM sud that:

- M C ¥and
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—ifMC M CU,then\M | L.

DEFINITION 13. — A formula-basedhoicefunctiong”¢ is a functionof the setof
themaxconof ¥ andthebeliefbasei.e. :

9" (0) = {pi € U | h(p;, MAXCONS(T)) is minimal }

Examplesof the useof maxconsarenumerouslet usseetwo of them.
DEFINITION 14, —

—h™< (o, MAXCONS(¥)) = #({M | M € MAXCONS(¥) andp € M})
—h™2(p, MAXCONS()) = max({#(M) | M € MAXCONS(¥) andy € M})

Thefirst functioncomputeshe numberof maxconghebeliefbasebelongso. The
secondunctioncomputeghesizeof the biggestmaxconghebelief basebelongsto.

We will noteg™<! (respectiely ¢™<2) theformula-baseahoicefunctionthatuse
h™el (resp.h™<2).

5. Instantiating the BGM framework

In this sectionwe will try to illustrate how interestingthe definedBelief Game
Modelframework s by giving severalexamples We will first seesomeof thesimplest
operatorghatwe candefinewith thisframewvork. Thenwewill illustratethebehaiour
of morecomple operatorson atypical meiging example.

5.1. Some simple examples

Let usfirst seewhatoperatorareobtainedvith thesimplestwealeningandchoice
functions (that meansthat we will either choosethe wealening function to be the
drasticone,or the choicefunctionto beidentity).

—{gia, ¥7): In this casethe belief baseresultof the BGM on ¥ underthe con-
strainty is the conjunctionof all the basef the profile with theintegrity constraints
(A A ) if this conjunctionis consistentand i otherwise. This operatoris called
thebasicmeging opeator [KON 99].

— (g4, ¥5): In this case,at eachstepof the game, eachsourcewealensusing
dilation. This givesthe well known model-basedneging operator/A 4= m2x defined
in [REV 93,REV 97, KON 02a].

— (g?P>* w+): Here,theresultis the cardinality-maximakonsistensubseof ¥
if it is uniqueandconsistentvith the constraints:, andit is simply x otherwise.This
operatoris a new one. It is interestingsinceit canbe viewed asa generalizeccon-
junction: it givesthe conjunctionof all thebasesndthe constraintsf it is consistent,
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but if it is not, it triesto find the resultby doing the leastnumberof repairs(forget
onebelief base)of the belief profile. If thereis no ambiguityon the correction(i.e. a
uniguecardinality-maxcons)henit acceptst astheresult.

— (g?r-max y1): This operatorgivesasresultthe conjunctionof all theformulas
thatbelongto all maxcong(alsocalledfree formulasin [BEN 97, BEN 99]) andthe
integrity constraintsf it is consistentandy otherwise.

— (g™, v1): This operatorgivesthe conjunctionof the formulasthatbelongto
the maximumnumberof maxconsand the integrity constraintsf consistentand
otherwise.

— (g™, v1): In this casethe belief baseresultof thememing is the conjunction
of thebelief baseghatbelongto thebiggestmaxcondor cardinalityandtheintegrity
constraintsf consistentandy. otherwise.

Theseoperatorarenotlogically independentsomeof themarelogically stronger
thanothers asstatedn thefollowing proposition.

THEOREM 15. — In figure 1 an arrow betweenan opemtor A and an opertor
B (A — B) meansthat opeiator A is logically stronger* (or lesscautious)than
operator B. Resultoobtainedby transitivity are notrepresented.

s LU
(id, 6 /,<gz‘d, V1)
<QmC1,VT <ng,max’vT>

Figure 1. Cautiousness

5.2. An example

We will seeonanexample[REV 97], whatis the behaiour or someBGM opera-
tors, namelythe operators(g?:"~ W), (g4:h™ ws), (g™l w5) and (g™<2, ¥5).
Here is the example : There are three sourcesU = {1, @2, 3} with the
following belief basesMod(p1) = {(1,0,0),(0,0,1),(1,0,1)}, Mod(v2) =
{(0,1,0),(0,0,1)}, Mod(es) = {(1,1,1)}. Thereareno constrainton theresult,
sopu=T.

4. An operatorA is logically strongerthananoperatorB iff for all profile U, A(¥) - B(7),
where A(¥) denoteghebeliefbaseresultof theBGM A ontheprofile .
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—(g4m:h” ws) © As U is not consistentjet us do the first round. d(¢1,ps) =
0, dlpr,s) = 1, dlpa,ps) = 2. Sohgler)) = 1 hgle2) = 2
h3(ps) = 3. Thatgivesg?m"” (U) = {ps}. So s is replaced by Vs(ps) =
form({(1, 1,1),(1,1,0),(1,0,1),(0,1,1)}). We have not yet reacheda con-
sistent U, so let us do a further round. Let us first compute the new dis-
tances. d(@l,@z) = 0, d(ng,(pg) = 0, d((pg,gﬂg) = 1. So h%(gﬁl) = 0,
hE(ps) = 1, h¥(ps) = 1. Thatgives gmm" () = {5, ps3}. S0 s is re-
placedby vs5(¢2) = form({(0,1,0),(0,0,1),(1,1,0),(0,0,0),(0,1,1),(1,0,1)}),
and o3 is replacedby ¥;5(p3) = form({(1,1,1),(1,1,0),(1,0,1),(0,1,1),(0,
1,0),(1,0,0),(0,0,1)}). We have reacheda consistentelief profile, so the result
is Mod(‘lf@dH,hz’m) ={(0,0,1),(1,0,1)}.

— (g% w5 : As W is not consistentlet usdo thefirst round. d(¢1, p2) = 0,
d(p1,03) = 1, d(p2,3) = 2. SOhy™(p1) = 1, hg™(p2) = 2, hy™(ps3) =
2. That gives g% (T) = {ps,03}. S0 ¢, is replacedby Vs(ps) =
form({(0,1,0),(0,0,1),(1,1,0),(0,0,0),(0,1,1), (1,0,1)}), and @3 is replaced
by v5(v3) = form({(1,1,1),(1,1,0),(1,0,1),(0,1,1)}). The obtainedprofile is
consistentsotheresultis Mod(V (jay nmex y ) = {(1,0,1)}.

— (g™, ¥ws) 1 U is not consistent,and MAXCONS(V) = {{¢1,¢2}, {p3}}
So hgt(er) = hgtle2) = hgtes) = 1, and g"H(T) =
¥. So we wealen the three bases, which gives respectiely V;s(p1) =
form({(1,0,0),(0,0,1), (1,0,1),(0.0, 0),(1,1,0), (0,1, 1), (1, 1,1)}), Vs(p2) =
form({(0,1,0),(0,0,1),(1,1,0), (0,0,0),(0,1,1),(1,0,1)}), and Vs(p3) =
form( {(1,1,1),(1,1,0),(1,0,1), (0,1,1)}). This belief profile is consistentand
theresultingbaseis Mod(V (ymet y;y) = {(1,0,1),(1,1,0),(0,1,1)}.

—(g™2,¥s) : W is not consistent, and we haie MAXCONS(¥) =
{{on,o2h {wstt. S0 hg2(p1) = hgP(p2) = 2 and hg?(ps) =
1, and ¢g™2(¥) = {3} So 3 is replaced by V¥s(p3) =

form({(1,1,1),(1,1,0),(1,0,1),(0,1,1)}).  The belief profile is still not
consistent, so we need one more round. Now we have MAXCONS(¥) =

{{o1 w2} {p1 03t} S0 Rg©(p1) = hgP(e2) = hg©(ps) = 2
and ¢"?(U) = W. So we wealen the three bases, which gives respec-
tively vs(p1) = form({(1,0,0),(0,0,1),(1,0,1),(0,0,0),(1,1,0), (0,

1,1),(1,1,1)}), V¥s(p2) = form({(0,1,0),(0,0,1),(1,1,0),(0,0,0),(0,1,1),
(1,0,1)}), and ¥v5(3) = form( {(1,1,1),(1,1,0),(1,0,1),(0,1,1)}). The
belief profile is consistent, and the resulting base is Mod(¥ gme y;)) =
{(0,0,1),(1,0,1),(1,1,0),(0,1,1)}.

As we can note, on this examplethe four operatorsgive different (non trivial)
results. As all theseoperatorsake dilation aswealening functions,we sometimes
have the interpretation(1, 1,0) asmodelof the baseresultof the memging, whereas

5. In orderto avoid unnecessaryotations,we do not usesubscriptsto denotethe different
wealeningstepf thebaseswe simply replacethebeliefbasedy theirwealenedcounterparts.
Hopefully, it cannotleadto confusions.
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it is amodelof noneof theinitial belief bases.This meansthat, cornverselyto usual
formula-basedneiging operator§BAR 92, KON 00, KON 04], theresultof theBGM
doesnot (always)imply thedisjunctionof the belief baseof the profile.

6. Logical properties

Somework in beliefmeging aimsatfinding setsof axiomaticpropertiesoperators
may exhibit in orderto ensurethe expectedbehaiour [REV 93, REV 97, LIB 98,
KON 98, KON 99, KON 02b]. We focus here on the characterizatiorof Integrity
ConstraintgIC) memging operator§K ON 99, KON 024.

DEFINITION 16 (IC MERGING OPERATORS). — A isanlC meiging operatoiif and
onlyif it satisfieghefollowing properties:

(IC0) A,() = 4
(IC1) If pis consistentthenA () is consistent

(IC2) If A ¥ is consistentvith i, thenA,(T) = AT A p
(IC3) If U1 = Uy andp; = po, thenA,, (¥q) = Ay, (T2)

(IC4) If 1 = pandys = p, thenA,({e1,92}) A @1 is consistenif and only if
Ap({e1,92}) A o is consistent

(IC5) A;t(\pl) A A/t(\IIZ) ‘: A/1,(\111 U \IJQ)

(IC6) If A, (T1) AAL(T2) isconsistentthenA, (T L Ws) = A, (T1) A AL (T2)
(|C7) AMI (\II) A H2 ‘: Aul/\ug (\Il)

(IC8) If A, (¥) A pg is consistentthenA 1., () = A, ()

The intuitive meaningof the propertiesis the following: (IC0) ensureshat the
resultof memging satisfiesthe integrity constraints.(IC1) statesthat, if the integrity
constraintsare consistentthenthe resultof meging will be consistent.(IC2) states
thatif possibletheresultof megingis simply theconjunctionof thebeliefbasewith
theintegrity constraints.(IC3) is the principle of irrelevanceof syntax: theresultof
meing hasto dependonly on the expressedpinionsand not on their syntactical
presentation.(IC4) is a fairnesspostulatemeaningthat the resultof meging of two
belief baseshouldnot give preferencdo oneof them(if it is consistentvith oneof
both,it hasto be consistentvith the otherone.)It is asymmetrycondition,thataims
to rule out operatorghat cangive priority to one of the bases. (IC5) expresseghe
following idea: if belief profilesareviewed asexpressinghe beliefsof the members
of agroup,thenif ¥, (correspondingo afirst group)compromise®n a setof alter
natveswhich A belongsto, and ¥, (correspondingo a secondgroup)compromises
on anothersetof alternatveswhich containsA too, then A hasto bein the chosen
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alternatvesif we join thetwo groups.(IC5) and (IC6) togetherstatethatif onecould
find two subgroupsvhich agreeon atleastonealternatve, thentheresultof theglobal
meuging will be exactly thosealternatvesthe two groupsagreeon. (IC7) and (IC8)
statethatthe notion of closenesss well-behaed, i.e. thatan alternatve thatis pre-
ferredamongthe possiblealternatves (1), will remainpreferredif onerestrictsthe
possiblechoicequ1 A u2). For moreexplanationsonthosepropertiesseelKON 024.

So,let usseenow whatarethe propertiesof BGM operators.

THEOREM 17. — BGM opemtors® satisfy properties (IC0), (IC1), (IC2), (IC3),
(IC7), (IC8). They do notnecessarilysatisfyproperties(IC4), (IC5), (IC6).

PrROOF. —

(1C0) is satisfiedby definition (seedefinition4), sincetheresultof the BGM pro-
cesssthebase/\ ¥, A p, soit implies .

(IC1) s satisfiedby definition (seetheoremb).

(IC2) by definition of the BGM (seedefinition 4), if A U is consistentwith ,
thenthe halting conditionis satisfiedbeforeary wealeninground,so ¥y, = ¥, and

ANV AR= AT Ap

(IC3) is a straighforvard consequencef the third condition of the wealening
functions,andof thelastconditionof the choicefunctions.

(IC7)and(IC8) aresatisfied.First notethatif A, (¥) A u» is notconsistentthen
Ay (O)Apg = Dy, (T), s0(IC7) istrivially satisfied Now, in thecaseA ,, () A
w2 consistentlet us prove (IC7) and (IC8), thatis A, . (¥) = A, (F) A po.
As Ay, (V) = Uit A pg, andby definition 4, W} s the first profile ¥; suchthat
A ;A uy is consistent.As we alsoknow that, by hypothesis, A ¥; A u1 A po is
consistent, W, is alsothe first profile suchthat A U; A p; A us is consistent. By
definitionit meanshat W41"#2 = ¥,. Sowe getthatwh} = U2, Fromthatwe
get(W\; Apr) Apa = BN Ay Apg, whichis exactly A, () Apa = Ay apy (9).

||

So, asstatedin the previous proposition,BGM operatorgdo not fit all properties
of IC memging operators.On the otherhand,we know for examplethatthe operator
(gia, ¥s) = Adu-max gatisfiesalso (IC4), (IC5) [KON 02d. So the questionis to

know if we canensuremore logical propertiesby making somerestrictionson the
wealeningand/orthe choicefunctions.

A first remarkis that (IC4) cannotbe provedto hold for ary BGM operatoybut it
is satisfiedfor all the particularoperatorsve have definedin this paper

THEOREM 18. — If thewealeningfunctionis dilation or drasticwealening and if
the choicefunctionis a symmetrianodel-basedhoicefunctionor the formula-based
choicefunctiong™<! or ¢™°2, thenthe BGM opeator satisfie(/C4).

6. Definedfrom ary choicefunctionandary wealeningfunction.
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ProoF. — Firstnotethatfor all thoseoperatorsf thetwo basesareconsistentvith
the constraints(i.e. ¢1 A @2 A ), thenthe resultof the memging is (from (IC2))
Ap({e1,92}) = 01 A g2 A p, s0(IC4) is trivially satisfied. The interestingpart of
(IC4)iswhenp; A 3 A 11 is notconsistent.

If the choicefunctionis a symmetricmodel-baseahoicefunction, thensimply
note that the distanceusedto define the model-basedunctions are symmetricby
definition, so d(¢, ¢’) = d(¢’, ¢). Let notealsothat by definition of the distance
d(p, ) = d(¢',¢") = 0. So,now, usingthe symmetryconditionof the aggreyation
function, it is easyto shav that h(d(p, ¢),d(e, ¢")) = h(d(¢’, ), d(¢, ¢")), that
meanghat ¢ and’ arealwaysboth maximal,andthatthey alwaysboth have to be
wealened. If we usedrasticwealening asthe wealeningfunction, we have that ¢
andy’ arereplacedby T andT. Sotheresultof thememgingis consistentvith ¢ and
©’. So(IC4) is satisfied.If thewealeningfunctionis dilation, thenwhenwe wealen
© (resp. ¢') for then'” time, we getasthe resultthe basep™ (resp. ¢'") thatis the
formula (up to logical equivalence)whosemodelsarethe onesthat are at a (Dalal)
distanceessor equalto n to modelsof ¢ (resp. ¢’). So, let notethefinal profile of
the BGM VU, = {¢?, ¢}, if A ¥; A @ is consistentjt meangthatd (¢, ¢) = 0,
but by symmetryit impliesthatdz (4%, ¢') = 0, so(recallalsothat, by definition of
dilationdg (%, ¢) = 0 andd g (", ¢') = 0) that \ ¥; A ¢’ is consistentSo(IC4) is
satisfied.

If thechoicefunctionis ¢g™<! or g2, let us notethatthe maximalconsistensets
are{¢} and{¢’}, sothe p andy’ arebothminimal, andthatthey alwaysboth have
to bewealened.If we usedrasticwealeningasthewealeningfunction,we have that
p andy’ arereplacedby T and T. Sotheresultof the memging is consistentvith ¢
andy’. So(IC4) is satisfied.If the wealeningfunctionis dilation, we usethe same
symmetryargumentasfor symmetricmodel-basedhoicefunctions. ]

The property (IC5) can also be recoreredfor someBGM operators,but (IC6)
seemshardly recoverable. Thosetwo properties((IC5) and (IC6)) areimportantfor
classicalmemging operatorsso we canwonderif the BGM operatoramissingthose
propertiecanstill becalled“merging” operatorsOneanswelto thisis thatthe BGM
operatorsaim at focusingon the interactionbetweerthe beliefsof the sourcessoiit
seemsaturalto looseproperty (IC6). Indeed,whereasclassicalmeging operators
aimatgiving theresultof thememging processn anidealframavork, BGM operators
seemmoreadequatelyeflectthe behaiour of a realmulti-sourcemeging process.

Anotherimportantlogical link to be underlinedis the relationshipbetweerBGM
operatorsaand AGM belief revision operatordALC 85, GAR 88, KAT 91, GAR 92].
Belief revisionaimsto make theminimumchangen abeliefbasein orderto take into
accountnew informationthatis morereliablethanthe currentbelief base(andthat
usually contradictsthe currentbelief base). Technicallythoseoperatorscan be de-
scribedasfollows: until thebeliefbases consistentith thenew item of information
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(seenasanintegrity constraintthenwealenthe beliefbasé. Statedthis way, we can
immediatelyseethe parallelwith BGM operatorsincethey aredescribedasfollows:
until thebelief profile is consistentvith the constrainthenwealensomebeliefbases.
The following resultshavs more formally that, asexplainedabove, BGM operators
canbeseenasadirectgeneralizatiorof AGM belief revision operators.

THEOREM 19. — Let N = (g, ¥) bea BGM opemtor. Lety andx betwo belief
basesTheopeator o definedaspop = N, ({¢}) isan AGM beliefrevisionopertor
(i.e. it satisfieproperties(R1-R6)of [KAT 91]).

PrROOF. — It is easyto seethatif werestrictbelief profiles¥ to singletons{}, then
postulates(IC0), (IC1), (IC2), (IC3), (IC7), (IC8) directly translateto (R1-R6).
After thatthe proof follows from theoreml7. ]

In particular we have thateachBGM usingthe dilation wealeningfunctionis a
generalizatiorof Dalal’s revision operatofDAL 88].

Finally let usseeanothercardinalityrestrictionon the belief profile.

THEOREM 20. — Let N = (¢%", v5) be a BGM opemator definedfrom a symmet-
ric model-basedahoicefunctionand dilation wealeningfunction. Let o1, p2 and
be three belief bases thenthe opefator NV,,({¢1, ¢2}) is the model-basedneging
opemtor Ad#-max({o) oy}) [KON024.

Notethatthe previousresultholdsonly whenwe meigetwo belief bases.

7. Comparison betweenBGM and BNM

In this sectionwe will mainly compareour proposalwith Booth’s Belief Negotia-
tion Model (BNM) [BOO 02]. Let usfirst briefly recallBooth's proposal.

Belief profilesin this framenork are no longer multi-setsbut vectorsof belief
basesnoted¥. Let usnote& the setof belief profiles,andlet us note & the setof
all sequenceévectors)of belief profiles,and# oneelementof this set. When X is a
vector we will note X' the ith elementof the vectorand X™ the lastelementof the
vector

Soa sequencef belief profiles 7 is of theform & = {Uy,..., ¥, }, with each
U, beinga vectorof belief basesi.e. U, = (@i1,--->Pin,)- And, for example,the
notation#® stand<for ¥, andthe notations™ standor \0,,.

Thena BNM negotiation(choice)functionis definedas:

DEFINITION 21. — A BNM negotiationfunctionis a function ¢®" : Y — & sudh
that:

7. It is the intuitive meaningbehindKatsunoand Mendelzonrepresentatiotheoremin terms
of faithful assignmentfKAT 91].
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—g(F) o

—g™"(@) # 0

—If ¢; € ¢®(F), thenp; T

And aBNM wealeningfunctionis definedas:
DEFINITION 22. — A BNM wealeningfunctionis a functionv®™ : & — & suc
that:

—(@™)" - wE(5)?

—If (6™)1 = ¥®™(5)¢, then(6™)i = T

Finally thesolutionto aBNM is definedas:
DEFINITION 23. — Thesolutiontoabeliefprofile\ff for a BeliefNegotiationModel
NEW = (g, v&") undertheintegrity constaints i, noted\V2"™(), is givenby the
functionfVV : £ — ¥ definedas:

- fN(B) =& = (To,..., Ty)

with \170 =V, kis thesmallestinteger suc that A\ \f/k A p is consistentandfor each
0 < j < k wehave( g; denoteg ¥y, ..., ¥;)):

ve(ay)t i (B) € ¢™™(d))
(F;)¢ otherwise

(&5 =

Finally, the beliefbaseresultof the BNMis A N I

We changesomenotation,in orderto shav the closenessvith our presentwork.
Fortheoriginal presentatiomnddetailedexplanationonthedefinitionssegBOO 02,
BOO01].

ThemaindifferencedetweerBNM andBGM are:

— BNM's definition of belief profile asvectorsallows us to speakaboutsources
separatelySowhentherearetwo identicalbelief basesn the belief profile, it is pos-
sibleto wealenonly oneof thesebasesThisis notpossiblein the BGM framework.

— TheBNM negotiationfunctiontakesasinputthewholenegotiationhistoryfrom
theinitial belief profile. Soit is possibleto implementa negotiationprocessuchthat
eachsourcewealensafterthe previousone(for example,sourcel, thensource2, .. .),
or suchthatwe preventa sourceto wealentwo timessuccessiely. The BGM choice
functionsaremoreMarkovian, takingonly into accounthe currentbelief profile.

— Similarly, the BNM wealeningfunction alsotakesasinput the whole negotia-
tion history It allows usto wealen differentlytwo identicalbelief basesobtainedat
differentroundsor to wealendifferentlytwo identicalbelief basef the samebelief
profile.

— Accordingto the previousitemsideas theirrelevanceof syntaxconditionof the
BGM wealeningfunction,andthe anorymity conditionof the BGM choicefunction
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arenotrequiredin theBNM framework.

The main differencebetweenBooth’s proposaland our is that Booth's takesthe
sourcesascandidateso wealening,whereaswe restrictourselhesto “points of view”
(logical contentof thebases) Thatmeanghatin Booth'sif onesourcehasto wealen,
it canbe the casethat anothersourcewith exactly the samebeliefs do not have to
wealentoo. Our proposaladdsmore anorymity by sayingthat only beliefs decide
who hasto wealen, not theidentity of onesource.Similarly, the choicefunctionsare
more“Markovian” in our framewvork thanin Booth’s one.We think thatthosehypoth-
esisare morerealistic (and necessarypn a belief meging point of view. Whereas
Booth's framework allows us to model more generalizednegotiation frameworks,
whereonecandecidefor examplethateachsourcehasto wealenoneafterthe other
So, despitethe closenes®f the models,andthe objective factthat our proposalis a
particularcaseof Booth's one (i.e. eachof our operatorscanbe definedin Booth’s
framawork), the intendedapplicationsof thosetwo frameworks are quite different.
And the particular propertiesachiered by addingthoserestrictionsshows that this
framavork formsa consistenfamily of meging operatorslt explainswhy it is worth
focusingon the modelwe have defined.

A lastdifferenceis that,in this paperwe areinterestedn theresultof the process
(asabelief base) whereaBNM framavork aimsat studyingthe resultingprofile, in
connectionwith anotionof “social contraction” See[BOO 02] for a studyof logical
propertiedor socialcontraction.

An additional contritution of this work is to give examplesof purely proposi-
tional logic BNM operators.In [BOO 02], Booth proposetwo examplesof BNM,
bothworking on ordinal conditionalfunctions(OCF) [SPO88], but noneon a propo-
sitional belief base. So this work can be seenas an investication of what kind of
operatorghis definition cangive on propositionabelief baseqthroughaddingaddi-
tional requirements).

8. Conclusion

We have proposedn this papera new family of belief meiging operatorsthatwe
call Belief GameModel (BGM) operators.The hypothesidor thoseoperatorss that
all thesourcesareapriorireliable,or thatwe know thatsomesourcesarelessreliable
thanthe others,but without knowing which ones. This hypothesideadsto choosing
a majority approach justified by Condorcets Jury Theorem. The idea behindthe
Belief GameModel is simple: Until a coherentsetof sourcess reachedat each
rounda contestis organizedto find out the wealestsourcesthenthosesourceshave
to concedgwealentheir point of view). Thisidealeadsto numeroushew interesting
operatorsandopensew perspectiesfor belief meiging. Someexisting operatorsare
alsorecoreredasparticularcases.

Not surprisingly the operatorsdefineddo not satisfy all logical propertiespro-
posedfor IC melging operators. The reasonis that thoselogical propertiesaim at
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giving constrainton theresultof the merging in anideal frameavork, whereaBGM
operatorsaim at describingmore accuratelywhat canhappenin a real multi-source
ervironment. So usuallC meging operatorscan be seenas a normativeapproach
to memging. They shav the way to a purely logical result. Corversely BGM op-
eratorsadopta descriptiveapproachto meiging, taking into accountthe interaction
betweenthe sources. They try to simulatemore adequatelywhat can happenin a
group-decisiorprocess Sothey aremaybemorerealistic.

This papermainly aimsto introduceBGM operatorsbut it providesseveralopen
guestionghatareleft for furtherresearch.

The first oneis aboutthe definition of BGM operatorsand the computationof
theresult. We give aniterative definition of BGM operatorsthatleadsto aniterative
computatiorof theresult. Thequestioris to know if we canfind anon-iteratve equiv-
alentdefinition. We know that somesimple operatorcanbe definednon-iteratvely.
But the questionis to know if all operatorsor a non-trivial subclasof themarealso
definablenon-iteratvely.

Anotheropenquestionis aboutthe logical characterizatiomf this family. In this
paperwe studythelogical propertiesof this family with respecto the generaldefini-
tion of IC meging operators.The questionis to know if we canfind a setof logical
propertieghatcharacterizeBGM operators.

Finally, we have recentlystudiedthe stratgyy-proofnesof the usualpropositional
meging operatorsshaving thatmostof themarenot stratgy-proof [EVE 04]. And
we have exhibited several restrictionson which stratey-proofnesanbe achieved.
So an interestingquestionis to comparethe stratgy-proofnessof BGM operators
with the oneof the classicaimeiging operators.
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Abstract. In the logic based framework of knowledge representation and rea-
soning many operators have been defined in order to capture different kinds of
change: revision, update, merging and many others. There are close links between
revision, update, and merging. Merging operators can be considered as extensions
of revision operators to multiple belief bases. And update operators can be con-
sidered as pointwise revision, looking at each model of the base, instead of taking
the base as a whole. Thus, a natural question is the following one: Are there nat-
ural operators that are pointwise merging, just as update are pointwise revision?
The goal of this work is to give a positive answer to this question. In order to do
that, we introduce a new class of operators: the confluence operators. These new
operators can be useful in modelling negotiation processes.

1 Introduction

Belief change theory has produced a lot of different operators that models the different
ways the beliefs of one (or some) agent(s) evolve over time. Among these operators,
one can quote revision [1,5, 10, 6], update [9, 8], merging [19, 14], abduction [16], ex-
trapolation [4], etc.

In this paper we will focus on revision, update and merging. Let us first briefly
describe these operators informally:

Revision Belief revision is the process of accomodating a new piece of evidence that
is more reliable than the current beliefs of the agent. In belief revision the world is
static, it is the beliefs of the agents that evolve.

Update In belief update the new piece of evidence denotes a change in the world. The
world is dynamic, and these (observed) changes modify the beliefs of the agent.

Merging Belief merging is the process of defining the beliefs of a group of agents.
So the question is: Given a set of agents that have their own beliefs, what can be
considered as the beliefs of the group?

Apart from these intuitive differences between these operators, there are also close
links between them. This is particularly clear when looking at the technical definitions.
There are close relationship between revision [1,5, 10] and KM update operators [9].
The first ones looking at the beliefs of the agents globally, the second ones looking at
them locally (this sentence will be made formally clear later in the paper)?. There is

3 See [8, 4, 15] for more discussions on update and its links with revision.
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also a close connection between revision and merging operators. In fact revision op-
erators can be seen as particular cases of merging operators. From these two facts a
very natural question arises: What is the family of operators that are a generalization
of update operators in the same way merging operators generalize revision operators?
Or, equivalently, what are the operators that can be considered as pointwise merging,
just as KM update operators can be considered as pointwise belief revision. This can
be outlined in the figure below. The aim of this paper is to introduce and study the oper-
ators corresponding to the question mark. We will call these new operators confluence
operators.

Revision  __ Update

Merging

Fig. 1. Revision - Update - Merging - Confluence

these new operators are more cautious than merging operators. This suggest that
they can be used to define negotiation operators (see [2, 20, 18, 17, 12]), or as a first step
of a negotiation process, in order to find all the possible negotiation results.

In order to illustrate the need for these new operators and also the difference of
behaviour between merging and confluence we present the following small example.

Example 1. Mary and Peter are planning to buy a car. Mary does not like a German car
nor an expensive car. She likes small cars. Peter hesitates between a German, expen-
sive but small car or a car which is not German, nor expensive and is a big car. Taking
three propositional variables German_car, Expensive_car and Small_car in
this order, Mary’s desires are represented by mod(A) = {001} and Peter’s desires by
mod(B) = {111,000}. Most of the merging operators* give as solution (in seman-
tical terms) the set {001,000}. That is the same solution obtained when we suppose
that Peter’s desires are only a car which is not German nor expensive but a big car
(mod(B’) = {000}). The confluence operators will take into account the disjunctive
nature of Peter’s desires in a better manner and they will incorporate also the interpre-
tations that are a trade-off between 001 and 111. For instance, the worlds 011 and 101
will be also in the solution if one use the confluence operator G4#:G™a% (defined in
Section 7).

This kind of operators is particularly adequate when the base describes a situation
that is not perfectly known, or that can evolve in the future. For instance Peter’s desires
can either be imperfectly known (he wants one of the two situations but we do not
know which one), or can evolve in the future (he will choose later between the two
situations). In these situations the solutions proposed by confluence operators will be

4 Such as A% ¥ and Adm-Gmaz [14),
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more adequate than the one proposed by merging operators. The solutions proposed by
the confluence operators can be seen as all possible agreements in a negotiation process.
In the next section we will give the required definitions and notations. In Section
3 we will recall the postulates and representation theorems for revision, update, and
merging, and state the links between these operators. In Section 4 we define confluence
operators. We provide a representation theorem for these operators in Section 5. In
Section 6 we study the links between confluence operators and update and merging. In
Section 7 we give examples of confluence operators. And we conclude in Section 8.

2 Preliminaries

We consider a propositional language £ defined from a finite set of propositional vari-
ables P and the standard connectives, including T and L.

An interpretation w is a total function from P to {0, 1}. The set of all interpretations
is denoted by W. An interpretation w is a model of a formula ¢ € £ if and only if it
makes it true in the usual truth functional way. mod(yp) denotes the set of models of
the formula @, i.e., mod(p) = {w € W | w = ¢}. When M is a set of models we
denote by ¢ a formula such that mod(¢pr) = M.

A base K is a finite set of propositional formulae. In order to simplify the notations,
in this work we will identify the base K with the formula ¢ which is the conjunction of
the formulae of K.

A profile ¥ is a non-empty multi-set (bag) of bases ¥ = {®1,...,n} (hence
different agents are allowed to exhibit identical bases), and represents a group of n
agents.

We denote by /\ ¥ the conjunction of bases of ¥ = {¢1,...,¢n}, e, AV =
@1 A ...\ pp. A profile ¥ is said to be consistent if and only if A ¥ is consistent. The
multi-set union is denoted by L.

A formula ¢ is complete if it has only one model. A profile ¥ is complete if all the
bases of ¥ are complete formulae.

If < denotes a pre-order on W (i.e., a reflexive and transitive relation), then <
denotes the associated strict order defined by w < w’ if and only if w < w’ and w’ £ w,
and ~ denotes the associated equivalence relation defined by w ~ '’ if and only if
w < w and W’ < w. A pre-order is fotal if Vw,w' € W, w < W orw’ < w. A pre-
order that is not total is called partial. Let < be a pre-order on A, and B C A, then
min(B,<) ={b€ B|fa € Ba<b}.

3 Revision, Update and Merging

Let us now recall in this section some background on revision, update and merging, and
their representation theorems in terms of pre-orders on interpretations. This will allow
us to give the relationships between these operators.

5 Some approaches are sensitive to syntactical representation. In that case it is important to
distinguish between K and the conjonction of its formulae (see e.g. [13]). But operators of
this work are all syntax independant.
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3.1 Revision

Definition 1 (Katsuno-Mendelzon [10]). An operator o is an AGM belief revision op-
erator if it satisfies the following properties:

R poptp

R2) IfpAuk¥F Lthenpou=pApu

R3) Ifu¥ Lthenpopu¥ L

(R4) If o1 = o and j11 = 2 then 1 0 1 = g 0 g
(RS) (pop)ANpEpo(une)

(R6) If (pop) Nop¥ Lithenpo(uho)t (pou)A¢

When one works with a finite propositional language the previous postulates, pro-
posed by Katsuno and Mendelzon, are equivalent to AGM ones [1, 5]. In [10] Katsuno
and Mendelzon give also a representation theorem for revision operators, showing that
each revision operator corresponds to a faithful assignment, that associates to each base
a plausibility preorder on interpretations (this idea can be traced back to Grove systems
of spheres [7]).

Definition 2. A faithful assignment is a function mapping each base @ to a pre-order
<, over interpretations such that:

L Ifwlpandw' |= ¢, thenw ~, W'
2. lfwlEgand W' = o, thenw <, W'
3. Ifo=¢, then <, =<,

Theorem 1 (Katsuno-Mendelzon [10]). An operator o is a revision operator (ie. it
satisfies (R1)-(R6)) if and only if there exists a faithful assignment that maps each base
© to a total pre-order <, such that

mod(yp o p) = min(mod(p), <,).

This representation theorem is important because it provides a way to easily define
revision operators by defining faithful assignments. But also because their are similar
such theorems for update and merging (we will also show a similar result for conflu-
ence), and that these representations in term of assignments allow to more easily find
links between these operators.

3.2 Update

Definition 3 (Katsuno-Mendelzon [9, 11]). An operator < is a (partial) update oper-
ator if it satisfies the properties (U1)-(U8). It is a total update operator if it satisfies the
properties (U1)-(US), (U8), (U9).

(U1) poptp

U2) If ot p, then pou = ¢

WU3) If p¥ Land p¥ L thenpopuk L

(U4) If p1 = @2 and 1 = po then o1 O 1 = @2 ©
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(US) (pop) Aot po(ung)

U6) If oo 1 - po and p © o - py, then p © g =  © g

(U7) If p is a complete formula, then (o o 1) A (@ © p2) @ o (11 V p2)

(U8) (o1 Vpa) op=(prop)V(p2omn)

(U9) If ¢ is a complete formula and (p o p) AN d¥ L, thenpo (LA o) F (pop) Ao

As for revision, there is a representation theorem in terms of faithful assignment.

Definition 4. A faithful assignment is a function mapping each interpretation w to a
pre-order <., over interpretations such that if w # ', then w <, w'.

One can easily check that this faithful assignment on interpretations is just a special
case of the faithful assignment on bases defined in the previous section on the complete
base corresponding to the interpretation.

Katsuno and Mendelzon give two representation theorems for update operators. The
first representation theorem corresponds to partial pre-orders.

Theorem 2 (Katsuno-Mendelzon [9,11]). An update operator ¢ satisfies (Ul )-(US8)
if and only if there exists a faithful assignment that maps each interpretation w to a
partial pre-order <,, such that

mod(p o p) = U min(mod(p), S@{w})
wi=p

And the second one corresponds to total pre-orders.

Theorem 3 (Katsuno-Mendelzon [9, 11]). An update operator ¢ satisfies (U1)-(US),
(U8) and (U9) if and only if there exists a faithful assignment that maps each interpre-
tation w to a total pre-order <, such that

mod(p o @) = U min(mod(), <e.,,)
wi=p

3.3 Merging

Definition 5 (Konieczny-Pino Pérez [14]). An operator \ mapping a pair ¥, u (pro-
file, formula) into a formula denoted /\,(¥) is an IC merging operator if it satisfies
the following properties:

AC0) A, (F) - p

(IC1) If p is consistent, then I\, (¥) is consistent

(IC2) If NV is consistent with i, then A, (W) = AW A p

(IC3) If ¥, = W, and py = po, then Ny, (V1) = Dy, (W)

(ICH If o1 F pand o2 F p, then A, ({1, p2}) A @1 is consistent if and only if
Ap({e1, 2}) A @2 is consistent

(AC5) A (1) A D (T) F A, (T L)

(IC6) If AL (W1) A AL (W2) is consistent, then /N, (W1 U W) = AL (W) A A, (P2)

ACT) Ay (F) A pia b= Dy e (F)
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(IC8) If A, (V) A po is consistent, then Ny, pp, (P) F A, (F)

There is also a representation theorem for merging operators in terms of pre-orders
on interpretations [14].

Definition 6. A syncretic assignment is a function mapping each profile ¥ to a total
pre-order <y over interpretations such that:

fwlEYandw' =V, thenw ~y W'
IfwEYandw £V, thenw <g w'

If U =Wy, then <g, =<y,

Yw = ¢ ' | ¢ W Sqepugey w

Ifw <y, W and w <g, W', then w <y, g, W’
Ifw <y, W andw <g, W', then w <y, g, W’

QA W~

Theorem 4 (Konieczny-Pino Pérez [14]). An operator A\ is an IC merging operator
if and only if there exists a syncretic assignment that maps each profile ¥ to a total
pre-order <y such that

mod(A,,(¥)) = min(mod(u), <)

3.4 Revision vs Update

Intuitively revision operators bring a minimal change to the base by selecting the most
plausible models among the models of the new information. Whereas update operators
bring a minimal change to each possible world (model) of the base in order to take into
account the change described by the new infomation whatever the possible world. So, if
we look closely to the two representation theorems (propositions 1, 2 and 3), we easily
find the following result:

Theorem 5. If o is a revision operator (i.e. it satisfies (R1)-(R6)), then the operator ©
defined by:
popu=\ Quyon
wi=p
is an update operator that satisfies (Ul )-(U9).
Moreover, for each update operator o, there exists a revision operator o such that
the previous equation holds.

As explained above this proposition states that update can be viewed as a kind of
pointwise revision.

3.5 Revision vs Merging

Intuitively revision operators select in a formula (the new evidence) the closest infor-
mation to a ground information (the old base). And, identically, IC merging operators
select in a formula (the integrity constraints) the closest information to a ground infor-
mation (a profile of bases).

So following this idea it is easy to make a correspondence between IC merging
operators and belief revision operators [14]:
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Theorem 6 (Konieczny-Pino Pérez [14]). If /\ is an IC merging operator (it satisfies
(ICO-IC8)), then the operator o, defined as pop = A, (), is an AGM revision operator
(it satisfies (RI-R6)).

See [14] for more links between belief revision and merging.

4 Confluence operators

So now that we have made clear the connections sketched in figure 1 between revision,
update and merging, let us turn now to the definition of confluence operators, that aim
to be a pointwise merging, similarly as update is a pointwise revision, as explained in
Section 3.4. Let us first define p-consistency for profiles.

Definition 7. A profile W = {¢1, ...y} is p-consistent if all its bases are consistent,
i.eVp; € U, @; is consistent.

Note that p-consistency is much weaker than consistency, the former just asks that
all the bases of the profile are consistent, while the later asks that the conjunction of all
the bases is consistent.

Definition 8. An operator < is a confluence operator if it satisfies the following prop-
erties:

(UCO) ©,(F)
(UCY) If p is consistent and W is p-consistent, then O“(LD) is consistent
(UC2) If W is complete, U is consistent and \¥ = p, then &, (0) = A&
(UC3) If ¥y = Vs and j11 = g, then Oy, (U1) = Oy, (U2)
(UC4) If p1 and w2 are complete formulae and 1 & 1, w2 = 1,
then &, ({1, p2}) A @1 is consistent if and only <, ({1, p2}) A 2 is consistent
(UC5) Cu(Wr) AOu(W2) O (W U Ws)
(UC6) If ¥ and Wy are complete profiles and < ,,(W1) A <, (P2) is consistent,
then OM(Wl [ 11/2) F OM(WI) A\ OM(WQ)
(UC7) <>#1 (QI) 0y F <>lt1/\#2 (q/)
(UC8) If ¥ is a complete profile and if <, (¥) A p2 is consistent
then <>#1/\H2 (![/) - <>lt1 (W) A p2
(UC9) 0, (I Ui v '}) = 0,0 L {igh) v 0, (0 L {'})

Some of the (UC) postulates are exactly the same as (IC) ones, just like some (U)
postulates for update are exactly the same as (R) ones for revision.

In fact, (UCO0), (UC3), (UCS) and (UC7) are exactly the same as the correspond-
ing (IC) postulates. So the specificity of confluence operators lies in postulates (UC1),
(UC2), (UCH), (UCS8) and (UCY). (UC2), (UC4), (UCO6) and (UCB) are close to the
corresponding (IC) postulates, but hold for complete profiles only. The present for-
mulation of (UC2) is quite similar to formulation of (U2) for update. Note that in the
case of a complete profile the hypothesis of (UC2) is equivalent to ask coherence with
the constraints, i.e. the hypothesis of (IC2). Postulates (UC8) and (UC9) are the main
difference with merging postulates, and correspond also to the main difference between
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revision and KM update operators. (UC9) is the most important postulate, that defines
confluence operators as pointwise agregation, just like (U8) defines update operators as
pointwise revision. This will be expressed more formally in the next Section (Lemma

1.

S Representation theorem for confluence operators

In order to state the representation theorem for confluence operators, we first have to be
able to “localize” the problem. For update this is done by looking to each model of the
base, instead of looking at the base (set of models) as a whole. So for “localizing” the
aggregation process, we have to find what is the local view of a profile. That is what we
call a state.

Definition 9. A multi-set of interpretations will be called a state. We use the letter e,
possibly with subscripts, for denoting states. If U = {¢@1,...,¢n} is a profile and
e ={wi,...,wn} is a state such that w; = p; for each i, we say that e is a state of the
profile U, or that the state e models the profile U, that will be denoted by e = W. If e =
{wi,...,wn} is a state, we define the profile U, by putting We = {04} - Pfwn} }-

State is an interesting notion. If we consider each base as the current point of view
(goals) of the corresponding agent (that can be possibly strengthened in the future) then
states are all possible negotiation starting points.

States are the points of interest for confluence operators (like interpretations are for
update), as stated in the following Lemma:

Lemma 1. If $ satisfies (UC3) and (UC9) then < satisfies the following

Ou®) = \/ Oulie)

e=v

Defining profile entailment by putting ¥ ¥’ iff every state of ¥ is a state of ¥’,
the previous Lemma has as a corollary the following:

Corollary 1. If & is a confluence operator then it is monotonic in the profiles, that
means that if O = W' then &, (V) = <, (0')

This monotony property, that is not true in the case of merging operators, shows one
of the big differences between merging and confluence operators. Remark that there is
a corresponding monotony property for update.

Like revision’s faithful assignments that have to be “localized” to interpretations for
update, merging’s syncretic assignments have to be localized to states for confluence.

Definition 10. A distributed assignment is a function mapping each state e to a total
pre-order <. over interpretations such that:

1w <qu,. oy W ifw #w
2wy W
3 lfw <, wandw <., W, then w <, e, W'
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4 Ifw <e, wandw <., W', then w <¢ye, W'
Now we can state the main result of this paper, that is the representation theorem
for confluence operators.

Theorem 7. An operator < is a confluence operator if and only if there exists a dis-
tributed assignment that maps each state e to a total pre-order <. such that

mod(©, () = | J min(mod(p), <.) (1)

el=v

Unfortunately, we have to omit the proof for space reasons. Nevertheless, we indi-
cate the most important ideas therein. As it is usual, the if condition is done by checking
each property without any major difficulty. In order to verify the only if condition we
have to define a distributed assigment. This is done in the following way: for each
state e we define a total pre-order <, by putting Vw,w’ € W w <, «’ if and only if
w E Oy, . (Pe). Then, the main difficulties are to prove that this is indeed a dis-
tributed assigment and that the equation (1) holds. In particular, Lema 1 is very helpful
for proving this last equation.

Note that this theorem is still true if we remove respectively the postulate (UC4)
from the required postulates for confluence operators and the condition 2 from dis-
tributed assignments.

6 Confluence vs Update and Merging

So now we are able to state the proposition that shows that update is a special case of
confluence, just as revision is a special case of merging.

Theorem 8. If < is a confluence operator (i.e. it satisfies (UCO-UC9)), then the oper-
ator o, defined as ¢ o 1 = <, (), is an update operator (i.e. it satisfies (UI-U9)).

Concerning merging operators, one can see easily that the restriction of a syncretic
assignment to a complete profile is a distributed assignment. From that we obtain the
following result (the one corresponding to Theorem 5):

Theorem 9. If A is an IC merging operator (i.e. it satisfies (ICO-1C8)) then the opera-
tor < defined by
0u) = \/ Au()
e=w
is a confluence operator (i.e. it satisfies (UCO-UC9)).

Moreover, for each confluence operator <, there exists a merging operator /\ such
that the previous equation holds.

It is interesting to note that this theorem shows that every merging operator can be
used to define a confluence operator, and explains why we can consider confluence as a
pointwise merging.
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Unlike Theorem 35, the second part of the previous theorem doesn’t follow straight-
forwardly from the representation theorems. We need to build a syncretic assignment
extending the distributed assignment representing the confluence operator. In order to
do that we can use the following construction: Each pre-order <. defines naturally a
rank function r, on natural numbers. Then we put

w <y ' if and only if Z re(w) < Z re (W)
el=v e=v

As a corollary of the representation theorem we obtain the following
Corollary 2. If < is a confluence operator then the following property holds:
IfANP * pand W is consistent then AW A p F <, ()
But unlike merging operators, we don’t have generally <, (W) = AW A p.

Note that this “half of (IC2)” property is similar to the “half of (R2)” satisfied by
update operators.

This corollary is interesting since it underlines an important difference between
merging and confluence operators. If all the bases agree (i.e. if their conjunction is
consistent), then a merging operator gives as result exactly the conjunction, whereas a
confluence operator will give this conjunction plus additional results. This is useful if
the bases do not represent interpretations that are considered equivalent by the agent,
but uncertain information about the agent’s current or future state of mind.

7 Example

In this section we will illustrate the behaviour of confluence operators on an example.
We can define confluence operators very similarly to merging operators, by using a
distance and an aggregation function.

Definition 11. A pseudo-distance between interpretations is a total function d : VYV x
W = Rt s.t. for any w, ' € W: d(w,w') = d(w',w), and d(w,w") = 0 if and only if
w=uw

A widely used distance between interpretations is the Dalal distance [3], denoted
dpr, that is the Hamming distance between interpretations (the number of propositional
atoms on which the two interpretations differ).

Definition 12. An aggregation function f is a total function associating a nonnegative

real number to every finite tuple of nonnegative real numbers s.t. for any x1, ..., Tn, X,
y € RT:
- ifx <y, then f(x1,...,2,...,2n) < f(x1,...,9,...,2,) (non-decreasingness)
- f(z1,...,zn) =0ifandonlyifx1 =... =2z, =0 (minimality)
- fx)=2 (identity)
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Sensible aggregation functions are for instance max, sum, or leximax (Gmaz) ©

[14].

Definition 13 (distance-based confluence operators). Let d be a pseudo-distance be-
tween interpretations and f be an aggregation function. The result Oﬁ’f (@) of the

confluence of W given the integrity constraints p is defined by: mod(Oﬁ’f(@)) =
Uew min(mod(pn), <c), where the pre-order <. on W induced by e is defined by:

- w <. W' ifand only if d(w, e) < d(w', e), where
- d(w,e) = f(d(w,wr) ..., d(w,wy)) withe = {w1, ...

,Wn }-

It is easy to check that by using usual aggregation functions we obtain confluence
operators.

Proposition 1. Let d be any distance, Oﬁ’z (¥) and OZ*G’”‘“” () are confluence op-
erators (i.e. they satisfy (UCO)-(UC9)).

Example 2. Let us consider a profile ¥ = {1, v2, @3, @4} and an integrity constraint
u defined on a propositional language built over four symbols, as follows: mod(u) =
W\ {0110, 1010, 1100, 1110}, mod(p1) = mod(p2) = {1111,1110}, mod(p3) =
{0000}, and mod(p4) = {1110, 0110}.

W [1111]1110[0000|0110[ €1 e2 es ea es eg  |[OLF[odom

Y Gmax| Y Gmax|X Gmax|Y Gmax|X Gmax|X Gmax
0000] 4 | 3 | 0 | 2 [114430[10 442010 4330]9 43209 3330| 8 3320
0001 3 | 4 | 1 | 3 |114331|103331|124431|11 4331|13 444112 4431
0010[ 3 | 2 | 1 | 1 |9 3321|8 3311|8 3221|7 3211|7 2221|6 2211| X X
0011 2 | 3 | 2 | 2 |9 32228 2222|103322| 9 3222|11 3332|10 3322 X
0100| 3 | 2 | 1 | 1 |9 33218 3311|8 3221|7 3211|7 2221| 6 2211| x X
0101] 2 | 3 | 2 | 2 |9 3222|8 2222/103322|9 322211 3332|10 3322 X
0110 2 | 1 | 2 | 0 |7 2221|6 2220|6 2211|5 2210|5 2111|4 2110
0111 1 | 2 | 3 | 1 |7 3211|6 3111|8 3221|7 32119 3222(8 3221| x X
1000| 3 | 2 | 1 | 3 |9 3321|103331|8 3221|9 3321|7 2221|8 3221| x X
1001 2 | 3 | 2 | 4 |9 3222{104222|10 3322|11 4322|11 3332|12 4332
1010 2 | 1 | 2 | 2 |7 2221|8 2222|6 22117 2221|5 2111|6 2211
1011 1 | 2 | 3 | 3 |7 3211|8 3311|8 3221|9 3321|9 3222(10 3322 X
1100] 2 | 1 | 2 | 2 |7 2221|8 2222|6 2211|7 2221|5 2111|6 2211
1101 1 | 2 | 3 | 3 |7 3211|8 3311|8 3221|9 3321|9 3222|10 3322 X
11100 1 | 0 | 3 | 1 |5 31106 31114 3100|5 3110| 3 3000| 4 3100
1111) 0 | 1 | 4 | 2 |5 4100 6 4200 6 4110|7 42107 4111|8 4211] x

Table 1.

The computations are reported in Table 1. The shadowed lines correspond to the in-
terpretations rejected by the integrity constraints. Thus the result has to be taken among

® leximax (Gmazx) is usually defined using lexicographic sequences, but it can be easily repre-

sented by reals to fit the above definition (see e.g. [13]).
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the interpretations that are not shadowed. The states that model the profile are the fol-
lowing ones:

e; = {1111,1111,0000,1110},eo = {1111,1111,0000, 0110},

es = {1111,1110,0000,1110},e4 = {1110,1111,0000,0110},

es = {1110,1110,0000,1110}, e = {1110,1110,0000,0110}.

For each state, the Table gives the distance between the interpretation and this state
for the X' aggregation function, and for the Gmax one. So one can then look at the best
interpretations for each state.

So for instance for OZ’E (¥), e selects the interpretation 1111, ey selects 0111
and 1111, etc. So, taking the union of the interpretations selected by each state, gives
mod(Oﬁ’E(W)) = {0010,0100,0111,1000,1111}.

Similarly we obtain mod(Oz*Gm‘”(W)) = {0100,0011,0010, 0101,0111, 1000,
1011,1101}.

8 Conclusion

We have proposed in this paper a new family of change operators. Confluence operators
are pointwise merging, just as update can be seen as a pointwise revision. We provide
an axiomatic definition of this family, a representation theorem in terms of pre-orders
on interpretations, and provide examples of these operators.

In this paper we define confluence operators as generalization to multiple bases of
total update operators (i.e. which semantical counterpart are total pre-orders). A per-
spective of this work is to try to extend the result to partial update operators.

As Example 1 suggests, these operator can prove meaningful to aggregate the goals
of a group of agents. They seem to be less adequate for aggregating beliefs, where
the global minimization done by merging operators is more appropriate for finding the
most plausible worlds. This distinction between goal and belief aggregation is a very
interesting perspective, since, as far as we know, no such axiomatic distinction as been
ever discussed.
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RESUME

Ce travail se situe dans le domaine des logiques pour I’intelligence artificielle, et concer-
ne plus précisément la modélisation et la représentation des connaissances et des rai-
sonnements (KR).

Nous nous intéressons au probleme du raisonnement en présence d’incohérence. Selon
les informations supplémentaires dont on dispose, cela conduit a des cadres différents,
nécessitant des méthodes de raisonnement spécifiques :

Incohérence : on ne dispose d’aucune information supplémentaire. Il est donc né-
cessaire d’obtenir des conclusions cohérentes (raisonnables) a partir d’un ensemble
d’information incohérent.

Révision : une des formules est plus importante que les autres. Il faut donc garder
cette formule, tout en éliminant les incohérences.

Fusion : les formules proviennent de sources différentes. Il faut alors définir une
base cohérente a partir de ces informations, en prenant en compte la localisation de
ces informations (avec des arguments majoritaires par exemple).

Négociation : les formules proviennent de sources différentes, comme pour la fu-
sion, mais les sources gardent la maitrise des modifications de leurs formules. 11 faut
donc tenir compte de possibles interactions (coalitions, etc.).

Notre démarche est principalement axiomatique, c’est-a-dire que nous tentons de trou-
ver des caratérisations logiques pour les différentes méthodes de raisonnement. Nous
présentons nos travaux concernant ces quatre cadres, en particulier les caractérisations
obtenues pour les mesures d’incohérence, la révision itérée, et la fusion ; ainsi que les
premiers résultats concernant la négociation.
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