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Abstract

We proposein this papera new family of belief merging op-
erators,that is basedon a gamebetweensources: Until a
coherentsetof sourcesis reached,at eachrounda contestis
organizedto find out theweakestsources,thenthosesources
hasto concede(weakentheir point of view). This idealeads
to numerousnew interestingoperators(dependingof theex-
actmeaningof “weakest” and“concede”, thatgivesthe two
parametersfor this family) and opensnew perspectives for
belief merging. Someexisting operatorsarealsorecovered
asparticularcases.Thoseoperatorscanbeseenasa special
caseof Booth’sBelief NegotiationModels(Booth2002),but
theachievedrestrictionformsa consistentfamily of merging
operatorsthatworthsto bestudiedon its own.

Intr oduction
The problem of (propositional) belief merging (Revesz
1997;Lin & Mendelzon1999;Liberatore& Schaerf1998;
Konieczny & PinoPérez1999;2002a;Konieczny, Lang,&
Marquis2004)canbe summarizedby the following ques-
tion: givena setof sources(propositionalbelief bases)that
are mutually inconsistent,how to reacha coherentbelief
basereflectingthebeliefsof theset?

Theideahereis thatsome/eachsourceshasto concedeon
somepointsin orderto solve theconflicts. If onehassome
notion of relative reliability betweensources,it is enough
andsensibleto force the lessreliableonesto give up first.
Thereis a lot of differentmeansto do that,which haspro-
videdalargeliterature,e.g.(Cholvy1993;1995;1998;Ben-
ferhatet al. 1998;Benferhat,Dubois,& Prade1998). But
oftenwedonothavesuchinformation,andevenif wegetit,
it remainsthe morefundamentalproblemof how to merge
sourcesof equalreliability (Konieczny & PinoPérez1999;
2002a).

In this paperwe will investigate the merging methods
basedonanotionof gamebetweenthesources.Theintuitive
ideais simple: whentrying to imposeits wish, eachsource
will try to form somecoalition with near-mindedsources.
Sothesourcethat is the“furthest” from theotheroneswill
certainlybetheweakestone.And it will bethatsourcethat
haveto concedefirst. In thiswork, wewill not focusonhow
the coalitionsform, we only take this ideato designatethe
weakestones.

So the merging is basedon the following game: Until a
coherentsetof sourcesis reached,ateachroundacontestis
organizedto find outtheweakestsources,thenthosesources
hasto concede(weakentheir pointof view).

We canstateseveral intuitions and justificationsfor the
useof suchoperators.We have alreadygiven thefirst one:
coalitionwith near-mindedsources.In agroupdecisionpro-
cessbetweenrationalsources,it canbesensibletoexpectthe
sourcesto look for near-mindedsourcesin orderto find help
to defendtheir view, so the “furthest” sourceis the more
likely to have to concedeon its view.

A secondintuition is the onegiven by a socialpressure
on the sources.When confrontingseveral points of view,
usuallypeoplethathavethemoreexotic viewstry to change
theiropinionin orderto beacceptedby theothermembersof
thegroup,soopinionsthataredefendedby theleastnumber
of sourcesareusuallygivenupmoreeasilyin thenegotiation
process.

A last intuition thatgivesthemainrationalefor thatkind
of operatorsis Condorcet’s Jury theorem. This theorem
statesthat if all the membersof a jury are reliable (in the
sensethat they have morethana half of chancesto find the
truth), thenlistento themajority is themorerationalchoice.

After statingsomeusefuldefinitionsandnotationsin the
following section,we will definethe new family of opera-
tors we propose.The definition will usea notion of weak-
eningandchoicefunctions. We will explore thosenotions
in a subsequentsectionand we will give someexamples
of specificoperatorsin order to illustrate their behaviour.
We will then look at the logical propertiesof thoseopera-
tors. Finally, we will look at the links betweenthis work
andrelatedworks(especiallyBooth’sproposal(Booth2001;
2002)),beforeconcludingwith someopenissuesandper-
spectivesof this work.

Preliminaries
We considera propositionallanguage

�
over a finite alpha-

bet � of propositionalsymbols.An interpretationis a func-
tion from � to �������
	 . The setof all the interpretationsis
denoted� . An interpretation� is a modelof a formula 
 ,
noted��� ��
 , if andonly if it makesit truein theusualclas-
sical truth functionalway. Let 
 bea formula, ��������
�� de-
notesthesetof modelsof 
 , i.e. ��������
��������� !�"����� �
�	 . Conversely, let # bea setof interpretations,$%�'&��(�)#*�



denotestheformula(up to logicalequivalence)whosesetof
models+ is # .

A belief base
 is a consistentpropositionalformula(or,
equivalently, afinite consistentsetof propositionalformulae
consideredconjunctively).

Let 
�,-�/././.0�/
21 be 3 belief bases(not necessarilydiffer-
ent). We call belief profile the multi-set 4 consistingof
those3 belief bases: 45�5��
�,-�/././.0�/
21%� (i.e. two sources
canhave the samebelief base).We note 4 the conjunc-
tion of the belief basesof 4 , i.e. 46�7
�,98�:/:/:;8�
21 .
Wesaythatabeliefprofile is consistentif 4 is consistent.
Themulti-setunionwill benoted < andthemulti-setinclu-
sionwill benoted = . Thecardinalof a finite (multi-)set >
is noted ?@�A>B� (the cardinalof a finite multi-set is the sum
of thenumbersof occurrencesof eachof its elements).LetC

bethesetof all finite beliefprofiles.
Two belief profiles 4D, and 4FE aresaidto be equivalent

( 4D,HGI4JE ) if andonly if thereis abijectionbetween4B, and4FE suchthat eachbelief baseof 4D, is logically equivalent
to its imagein 4JE .

Belief GameModel
In (Booth 2001; 2002) Richard Booth proposea frame-
work for merging sourcesof informationincrementally. He
namedthis framework “Belief NegotiationModel” (BNM)
In this work we will usethe name“Belief GameModel”
(BGM) becausein our framework thereis no room for ne-
gociation,so we find it more accurateand it allows us to
make a distinction in this paperbetweenBooth’s proposal
and our. The BGM framework can be seenas a restric-
tion of Booth’s BNM framework: the main differencesbe-
tweenBooth’s proposalandour is thatBooth’s onetake the
sourcesascandidatesto weakening,whereaswerestrictour-
selves to “points of view”. That meansthat in Booth’s if
one sourcehasto weaken, it can be the casethat another
sourcewith exactly thesamebeliefsdo not have to weaken
too (that is not allowed in our framework). Our proposal
addmoreanonymity by sayingthatonly beliefsdecidewho
hasto weaken,not theidentity of onesource.Similarly, the
choicefunctionsaremoreMarkovian in our framework than
in Booth’s one. We think that thosehypothesisare more
realistic(andnecessary)on a belief merging point of view,
whereasBooth’s framework allows to modelmoregeneral-
ized negotiationschemes,whereonecandecidefor exam-
ple that eachsourcehasto weaken oneafter the other(see
SectionComparisonbetweenBGM andBNM for a deeper
comparisonof thetwo approaches).

Definition 1 A choicefunctionis a functionKML CONPC such
that:Q
K2�R4D�S=T4Q
If 4VU��W , thenK2�X4B�YU��WQ
If 4ZUG\[ , then ]�
^ _K2�X4D� s.t. 
`UGI[Q
If 4\GI4Fa , thenKb�R4D�SG�K2�X4JaA�
The choicefunction aims to find which are the sources

that must weaken at a given round. So the two first con-
ditions meanthat the sourcesthat will have to weaken are

a non-emptysubset1 of the belief profile. As the weaken-
ing function aims at weaken the belief base,and as there
is no weaker basethana tautologicalone, the third condi-
tion statesthat at leastone non-tautologicalbasemust be
selected.This condition is necessaryto ensuresto always
reacha resultwith Belief GameModel. Lastconditionis an
irrelevanceof syntaxcondition.It statesthattheselectionof
thebasesto weakendoesnot dependon theparticularform
of the bases,but only of they informationalcontent. Note
that we also have an additionalproperty: anonymity, that
meansthat the resultdoesnot dependof the “name” of the
source,but only on its point of view. This is dueto thefact
thatwe work with multi-sets,thatareequivalentby permu-
tation. If oneworks with an other representation(ordered
lists of sourcesfor example),this anonymity propertycan
begivenby thelastcondition,providedthattheequivalence
betweentwo belief profilesis rightly defined(asin thePre-
liminariessection).

Definition 2 A weakeningfunctionis a function c(L ��NP�
such that:Q

^d@cJ��
��Q
If 
^GecJ��
�� , then 
^G\[Q
If 
^G�
 a , then cJ�A
f�SGecJ��
 a �
The weakeningfunction aimsto give the new beliefsof

a sourcethat hasbeenchosento be weaken. The two first
conditionsensurethatthebasewill bereplacedby a strictly
weaker one(unlessthe baseis alreadya tautologicalone).
The lastconditionis an irrelevanceof syntaxrequirement:
the resultof theweakeningmustonly dependon the infor-
mationconvey by thebase,noton its syntacticalform.

We extendthe weakeningfunctionson belief profilesas
follows: let 4 a beasubsetof 4 ,

cbgih��X4B��� j;k gih cJ�A
��%< j;k g2l�gih 

Thismeansthatweweakenonly thebeliefbaseof 4 that

arein 4Fa , theotheronesdonot change.

Definition 3 A Belief GameModel is a pair m �onpKq��cFr
where K is a choicefunctionand c is a weakeningfunction.

Thesolutionto a beliefprofile 4 for a BeliefGameModelms�ZnpKq��cFr , notedm\�X4B� , is thebeliefprofile 4Ft , defined
as:Q
4Fuv�I4Q
4Hwyx , �Tciz|{ gf}�~ �X4Hw'�Q
4Ft is thefirst 4 w that is consistent

Sothesolutionto abeliefprofileis theresultof agameon
thebeliefsof thesources.At eachroundthereis acontestto
find out the weakestbases(the losers),andthe losershave
to concedeon their belief by weakeningthem.

1Indeed,all set notionsusedin this paper(subset,inclusion,
union,etc.),aremulti-setsone.Sohereit is strictly speakingsub-
muti-set. For the sake of simplicity, andsinceit cannot lead to
confusionsincewework in thispaperonly with multi-sets,wewill
take thesetnotions,withoutmentioningthe“multi-”.



In somecases,the result of the merging hasto obey to
some+ constraints(physical constraints,norms,etc...). We
will assumethatthoseintegrity constraintsareencodedasa
propositionalformula (a belief base),andwe will notethis
base� . Thenwe introducethefollowing notion:

Definition 4 Thesolutionto a belief profile 4 for a Belief
GameModel m���npKq�
cfr underthe integrity constraints � ,
notedm_�q�X4D� , is thebeliefprofile 4 �t definedas:Q
4Fuv�I4Q
4 wyx ,9�Tciz|{ gf}�~ �X4 w �Q
4 �t is thefirst 4Hw that is consistentwith �
Often in thefollowing in this paperwe will call resultof

themerging operator(Belief GameModel), thebelief base4 �t 8v� . This abuseof notationis not problematic,since
this belief basedenotestheconsensuspoint obtainedby the
belief profile 4 �t solutionof the Belief GameModel pro-
cess.

Notethatthedefinitionof theBelief GameModel andof
the weakening and choicefunctionsensuresthat eachbe-
lief profile 4 hasa solutionassoonastheconstraints� are
consistent.

Weakeningand ChoiceFunctions
In orderto definea particularBelief GameModel, we have
to choosea choicefunctionanda weakeningfunction. We
will give in thissectionsomenaturalchoicesfor thosefunc-
tionsandseewhataretheresultingBGM operators.

WeakeningFunction
Let usfist turn out on weakeningfunction. Canwe find out
a “natural” one? In fact it is a difficult task,sincetheexact
choiceof aweakeningfunctiondependsontheexpectedbe-
haviour for theBelief GameModel anddependsalsoon the
existenceof some“preferential”information.But if wehave
no suchadditionalinformation,we have at leasttwo natural
candidates: drasticweakeninganddilatation.

Definition 5 Let 
 bea beliefbase. Thedrasticweakening
function forget all the informationaboutonesource, i.e. :cb����
�����[ .

After this roughfunction, let us seea morefine grained
one. Let us first recall what is the Hamming’s distance
betweeninterpretations(alsocalledDalal’s distance(Dalal
1988))sincewewill useit severaltimesin thispaper.

Definition 6 The Hamming distancebetweeninterpreta-
tions is the numberof propositionalsymbolson which the
two interpretationsdiffer. Let � and � a be two interpreta-
tions,then

�������Y�A� a ���(?@�R�
�� ��������A���9U��� a �����R	��
Thenthedilatationweakeningfunctionis definedas:

Definition 7 Let 
 bea beliefbase. Thedilatationweaken-
ing function is definedas:

�������'ci����
��X�������� ��"��]|� a � ��
������)�Y�A� a �S�I�
	

ChoiceFunction

Let us turn out now on choicefunction. The aim of this
function is to determinethe “losers”, that are the sources
that have to concedeby weakeningtheir beliefsat a given
round.

One of the simplestchoice function one can chooseis
identity (denotedK w�� ). It is not the expectedbehaviour for
this function,but it canprovetherationalityof ouroperators
if, evenin this case,weobtainasensiblemerging.

We will focuson two familiesof choicefunctions. The
first one is model-based,the secondone is formula-based.
We think that mostof the sensiblechoicefunctionsbelong
to oneof thosefamilies.

Model-BasedChoice Functions We will focus hereon
somemodelizationof whatcanbecalled“social pressure”,
andcanbeviewedasa majority principle. Namely, at each
round it is the “furthest” sourcesfrom the group that will
concede.Theexactchoiceof themeaningof “furthest” will
fix thechosenoperatorfrom thisfamily. Technicallywewill
useadistancebetweenbeliefbasesandanaggregationfunc-
tion to evaluatethedistanceof a belief basewith respectto
theothers.

We will startfrom thedefinitionof thedistancebetween
two beliefbases.

Definition 8 A (pseudo)distance2 � between two belief
basesis a function ��L �T���\N��p� such that:Q
����
S�0
 a ���(� iff 
M8!
 a����Q
����
S�0
 a ��������
 a �/
��
Two examplesof asuchdistancesare:Q
�|� �A
��/
 a ��� � if 
M8!
 a��*�� otherwiseQ
�|����
S�/
 a ��� ¡�¢�£¤q¥¦ j%§ ¤ h ¥ ¦ j h �����)�9��� a �

Definition 9 An aggregation function is a total function $
associatinganonnegativeinteger toeveryfinitetupleofnon-
negativeintegers andverifying (non-decreasingness), (min-
imality) and(identity).Q

if ¨ � © , then $b��¨�,-�/./.0./�A¨S�/.0././��¨21%� �$2�)¨�,-�/././.0�A©%�/.0././��¨21%� . (non-decreasingness)Q
$2�)¨�,-�/././.0�A¨21%���O� if andonly if ¨�,ª��./.0.«��¨21¬�(� .

(minimality)Q
for everynonnegativeinteger ¨ , $2�)¨�����¨ . (identity)

Wesaythatanaggregationfunctionis symmetricif it also
satisfies:Q

For any permutation ­ , $b��¨�,-�/./.0./�A¨212� �$2��­b�)¨�,-�/././.0�A¨21%�X� (symmetry)

Definition 10 A model-basedchoice function K �
§ ®

is de-
finedas:

2Remarkthat we missan importantpropertyof distances:we
haveonly ¯�°)±f²³±b´¶µ2·�¸ if ±¹·�±º´ , but not theonly if part.Remark
alsothatwedonot requirethetriangularinequality.



K �
§ ®
�X4D�����

 w  �4���»q�����A
 w �/
�,0���/././.././.0�/����
 w �/
212�X� is maximal 	

where » is an aggregation function,and � is a distancebe-
tweenbeliefbases.

Wesaythat themodel-basedchoicefunctionis symmetric
if theaggregationfunctionis symmetric.

We will focuson somespecificaggregation functionsin
this paper, but we can usedifferent aggregation functions
here. In particularwe will only focuson symmetricalag-
gregation functions in this paper(to fit with choicefunc-
tions requirements)but notethat the definition allows non-
symmetricalfunctions.This allows to defineoperatorsthat
arenot anonymous,i.e. whereeachbasehasnot the same
importance. So one can usepriorities (a weight or a pre-
orderon thesources)for denotingdifferentlevel of reliabil-
ity, differenthierarchicalimportance,etc.

We will usein the following asexamplesof aggregation
functions,two typicalones,thesum(noted ¼ ) andthemax-
imum (noted���0¨ ).

Formula-BasedChoiceFunctions All interestingchoice
functions are not capturedin the definition given in the
previous section. In particular, a lot of interestingchoice
functionscanbe definedby usingmaximalconsistentsub-
sets.Note,however that,converselyto usualformula-based
merging operators(Baralet al. 1992;Konieczny 2000),we
usemulti-setsinsteadof simplesets.

Definition 11 Let MAXCONS�X4B� bethesetof themaxcons
of 4 , i.e. the maximal(with respectto multi-setinclusion)
consistentsubsetsof 4 . Formally, MAXCONS�R4D� is theset
of all multi-sets½ such that:Q
½¾=I4 andQ
if ½À¿`½ a =T4�� then ½ a � � � .

Definition 12 A formula-basedchoice function K�ÁJÂ is a
functionof thesetof themaxconsof 4 andthebeliefbase,
i.e. :

K ÁHÂ �X4B�����

 w  �4���»%�A
 w � MAXCONS�X4B�X� is minimal 	
Examplesof theuseof maxconsarenumerous,let ussee

two of them.

Definition 13

» ÁHÂ , ��
S� MAXCONS�X4B�X���?@���
½Ã��½¾ MAXCONS�X4B� and 
^ ¹½�	��
» ÁHÂ E ��
S� MAXCONS�X4B�X���¡�Ä�Å%�R�-?@�A½Æ����½¾ MAXCONS�X4B� and 
^ ¹½�	��
The first function computesthe numberof maxconsthe

belief basebelongsto. The secondfunction computesthe
sizeof thebiggestmaxconsthebelief basebelongsto.

We will noteK�ÁHÂ , (respectively K�ÁHÂ E ) theformula-based
choicefunctionthatuse »�ÁHÂ , (resp. »�ÁJÂ E ).

Instantiating the BGM Framework
In this sectionwe will try to illustratehow interestingthe
definedBelief GameModel framework is by giving several
examples.We will first seesomeof the simplestoperators
thatwe candefinewith this framework. Thenwe will illus-
tratethebehaviour of morecomplex operatorson a typical
mergingexample.

SomeSimpleExamples

Let usfirst seewhatoperatorsareobtainedwith thesimplest
weakeninganddilatationfunctions(thatmeansthatwe will
eitherchoosetheweakeningfunction to be thedrasticone,
or thechoicefunctionto beidentity).Q
n)K w�� ��cb�Yr : In this casethebelief baseresultof theBGM
on 4 undertheconstraints� is theconjunctionof all the
basesof theprofilewith theintegrity constraints( 4v8b� )
if this conjunctionis consistent,and � otherwise. This
operatoris calledthebasicmerging operator (Konieczny
& PinoPérez1999).Q
n)K w�� ��ci��r : In this case,at eachstepof the game,each
sourceweaken using dilatation. This gives the well
known model-basedmerging operator Ç ��È

§ É�ÊXË
defined

in (Revesz1993;1997;Konieczny & PinoPérez2002a).Q
n)K ��Ì

§ Í
�
cb�Yr : Here,the result is the cardinality-maximal

consistentsubsetof 4 if it is uniqueandconsistentwith
theconstraints� , andit is simply � otherwise.Thisoper-
ator is a new one. It is interestingsinceit canbeviewed
asa generalizedconjunction: it givestheconjunctionof
all thebasesandtheconstraintsif it is consistent,but if it
is not, it triesto find theresultby doingtheleastnumber
of repairs(forgetof onebelief base)of thebelief profile.
If thereis no ambiguityon the correction(i.e. a unique
cardinality-maxcons),thenit acceptsit astheresult.Q
n)K ��Ì

§ ÉSÊ'Ë
��cb�Yr : Thisoperatorgivesasresulttheconjunc-

tion of all the formulasthatbelongsto all maxcons(also
calledfreeformulasin (Benferhat,Dubois,& Prade1997;
1999))andtheintegrity constraintsif it is consistent,and� otherwise.Q
n)K�ÁHÂ , �
cb�Yr : This operatorgives the conjunctionof the
formulasthat belongsto the maximumnumberof max-
consandtheintegrity constraintsif consistent,and� oth-
erwise.Q
n)K�ÁHÂ E �
cb�Yr : In this case,the belief baseresult of the
merging is theconjunctionof thebelief basesthatbelong
to the biggestmaxconsfor cardinality and the integrity
constraintsif consistent,and� otherwise.

All thoseoperatorsare not logically independent,some
of themare logically strongerthanothers,asstatedin the
following proposition.

Proposition1 In figure 1 an arrow betweenan operator >
andanoperator Î ( >�Ï N Î ) meansthatoperator > is log-
ically stronger (or lesscautious)than operator Î . Results
obtainedby transitivityarenot represented.



npK ÁHÂ E ��cb�Yr npK ��Ì
§ Í
��cb��r

npK w�� �/Ð
r n)K w�� ��cb�Yr
npK�ÁHÂ , ��cb�Yr npK ��Ì

§ É�Ê'Ë
��cb��r

Figure1: Cautiousness

An Example

We will see on an example (Revesz 1997), what is
the behaviour or some BGM operators, namely the
operators npK ��È

§ ®�Ñ
��ci�
r , npK �|È

§ ®�Ò�ÓÕÔ
��ci�
r , npK�ÁHÂ , ��ci�
r andnpK�ÁHÂ E ��ci�
r . Here is the example : There are three

sources45�Ö�

�,��0
qE��/
q×�	 with the following belief bases½e�����A
f,/��� ���X���R���R�;�����p���R�����������X���R���|�
�R	 , ½T�
���A
qE�������p�������R�;�����Ø���R���|�
�R	 , ½e�����A
%×��B�Ù���X������������	 . Thereareno
constraintson theresult,so �O��[ .Q
n)K ��È

§ ®0Ñ
��c � r : As 4 is not consistent,let us make the

first round. ���A
f,��/
%E����\� , ���A
�,-�/
%×����V� , ����
qE��/
q×����Ú
. So »

Í
g �A
f,/��� � , »

Í
g ��
qE��V� Ú

, »
Í
g �A
q×��V�ÜÛ .

That gives K ��È
§ ®�Ñ
�R4D�¬�Ý��
q×�	 . So 
%× is replaced3 byci�
��
q×�����$q�'&��O�����X�����|�|�
�����X�������R�;�A�|�R���R�����������p�����������R	�� .

We have not reachyet a consistent4 , so let us make
a further round. Let us first compute the new dis-
tances. ����
�,-�/
qE����Þ� , ����
�,-�/
q×����Þ� , ����
qE��/
q×����� . So »

Í
g �A
f,/���Ü� , »

Í
g ��
qE��V� � , »

Í
g �A
q×��V� � .

That gives K �|È
§ ®�Ñ
�X4B�ß� �

qE��/
q×�	 . So 
qE is re-

placedby ci�
��
qE��9�à$q�'&��O�����Ø�����|�X�«���q�Ø���X���|�
���q�X�|�����R�;����p���R���R�;���¬�p�������������¬�R���R�������R	�� , and 
q× is replacedbyci�
��
q×����7$%�'&��(�R���X�|�|�|�|�
�����R�������R�;���S�X���R�������A���Ø��������������p�������R�;���ª�X���R���R�;�A�|�p���R�������R	�� . We have reacha consis-
tentbelief profile, so theresultis ½e�����X4Bá z|â È�ã ä Ñ § åqæ¶ç �Y����Ø���R�������A�|�R���R�������R	 .Q
n)K ��È

§ ®0Ò�ÓÕÔ
�
ci��r : As 4 is not consistent,let us make the

first round. ���A
f,��/
%E����\� , ���A
�,-�/
%×����V� , ����
qE��/
q×����Ú
. So »

É�ÊXË
g ��
�,0�*�À� , »

É�ÊXË
g ��
qE��*� Ú

, »
É�Ê'Ë
g ��
q×��`�Ú

. That gives K ��È
§ ®�Ò�ÓÕÔ

�X4B�¹�è��
%E��0
q×�	 . So 
qE is re-
placedby ci�
��
qE��9�à$q�'&��O�����Ø�����|�X�«���q�Ø���X���|�
���q�X�|�����R�;����p���R���R�;���¬�p�������������¬�R���R�������R	�� , and 
q× is replacedbyci�
��
q×��H�e$%�'&��(�R���R���������������X�|�|�|�X�«�����X���R�������A�|�p�����������R	�� .
The obtained profile is consistent, so the result is½T�
���X4 á z�â È�ã ä Ò�ÓÕÔ § åqæ¶ç ���\���X���R�������R	 .Q
n)K�ÁHÂ , �
ci��r : 4 is not consistent,and MAXCONS�X4D����
�

�,-�/
qE�	
�0�

q×�	�	 . So »�ÁJÂ ,g �A
f,/�é� »�ÁHÂ ,g ��
qE��é�»�ÁHÂ ,g ��
q×����"� , and K�ÁHÂ , �R4D���"4 . So we weaken
the three bases, that gives respectively c � ��
 , �ê�$q�'&��O�����X���R���R�«�����Ø���X�����������R���R���������M�Ø���R���R�;�A���X�|�����R�;����p�������������
�X������������	�� , ci�
��
qE�����$q�'&��O�����Ø�������R�;�A���Ø���R����������R�������R�;�����Ø���X���R�;�����Ø�����������A���X���R��������	�� , and ci�
��
q×��I�
3In order to avoid unnecessarynotations,we do not usesub-

scripts to denotethe different weakening stepsof the bases,we
simply replacethe belief basesby their weakenedcounterparts.
Hopefully, it cannot leadto confusions.

$q�'&��O�H���R���������������X�����|�X�«�����X���R�������A�S�Ø�����|�|�
�R	�� . This be-
lief profile is consistent, and the resulting base is½T�
���X4 á z0ëºìÕí § åqæ¶ç �������R���R�����������X�����|�X�«�����Ø������������	 .Q
n)K ÁHÂ E �
ci��r : 4 is not consistent, and we have
MAXCONS�R4D�M�ß�
�

�,-�S
qE�	
���

q×�	
	 . So »�ÁHÂ Eg ��
�,0���»�ÁHÂ Eg ��
qE��`� Ú

and »�ÁHÂ Eg ��
q×��`�î� , and K�ÁHÂ E �X4B�����
%×�	 . So 
q× is replacedby ci����
q×��B�V$%�'&��(�R���R��������������R�������R�;���F�X���R�������A�J�Ø���������
�R	�� . The belief profile is still
not consistent,so one needsone more round. Now
we have MAXCONS�X4B�\�ê���

�,-�/
qE�	
�0��
f,-�/
q×�	
	 . So»�ÁHÂ Eg ��
�,0�ï� »�ÁHÂ Eg ��
qE��é� »�ÁJÂ Eg �A
q×��é� Ú

, andK�ÁJÂ E �R4D��� 4 . So we weaken the three bases,
that gives respectively ci���A
�,0�î� $%�'&��(�R���R���R���R�;����p���R���������;�X�|�X���������;�Ø���R���R�;�A�;�X�������R�;���;�Ø�������������;�X�����|�|�
�R	�� ,ci�
��
qE����7$%�'&��(�R���Ø���|�|�X�«�����p���R���������S�X�������R�;�A���Ø���R���R�;����p���������������R���R�������R	�� , and ci����
q×����î$%�'&��(�����X�|������������R�������R�;�����X���R�������A���Ø���|�|�|�
�R	�� . The belief profile is con-
sistent, and the resulting baseis ½e�����X4 á z�ëºì�ð § å æ ç �I����Ø���R�������A�|�R���R�����������X�|�|�|�X�«�����Ø������������	 .
As onecannote,on this examplethe four operatorsgive

different (non trivial) results. As all theseoperatorstake
dilatationasweakening functions,we sometimeshave the
interpretation �X�������R�;� as model of the baseresult of the
merging, whereasit is a modelof noneof the initial belief
bases.This meansthat, converselyto usualformula-based
merging operators(Baral et al. 1992; Konieczny 2000;
Konieczny, Lang,& Marquis2004),the resultof theBGM
doesnot (always) imply the disjunctionof the belief bases
of theprofile.

Logical Properties
Somework in belief merging aims at finding setsof ax-
iomatic propertiesoperatorsmay exhibit the expectedbe-
haviour (Revesz1993; 1997; Liberatore& Schaerf1998;
Konieczny & Pino Pérez 1998; 1999; 2002b). We fo-
cus here on the characterizationof Integrity Constraints
(IC) merging operators(Konieczny & Pino Pérez 1999;
2002a).

Definition 14 (IC merging operators) Ç is an IC merging
operatorif andonly if it satisfiesthefollowingpostulates:

(IC0) Ç��%�R4D�S� ���
(IC1) If � is consistent,then Çñ�%�R4D� is consistent

(IC2) If 4 is consistentwith � , then Çñ�q�X4B��G 4�8v�
(IC3) If 4D,�G 4FE and �J,PGê�bE , then Ç�� í �R4D,0�VGÇ�� ð �R4JE��



(IC4) If 
�,D� ��� and 
qE�� ��� , then Çñ�q�R�

�,��0
qE�	��º8�
�, is
consistentò if andonly if Çñ�q�R�

�,-�/
qE�	��%8!
qE is consistent

(IC5) Ç��%�R4D,0�q8MÇñ�q�X4FE��S� �\Ç��%�R4D,�<M4JE��
(IC6) If Ç � �R4 , ��8�Ç � �X4 E � is consistent,then Ç � �X4 , <4FE��S� ��Çñ�q�X4D,/�%8MÇ��%�X4FE��
(IC7) Ç�� í �R4D�%8 �bEv� ��Ç�� ípó � ð �R4D�
(IC8) If Çñ� í �X4B�J8��bE is consistent,then Ç�� ípó � ð �R4D��� �Ç�� í �R4D�

For moreexplanationsonthosepropertiessee(Konieczny
& PinoPérez2002a).So,let usseenow whataretheprop-
ertiesof BGM operators.

Proposition2 BGM operators satisfy properties (IC0),
(IC1), (IC2), (IC3), (IC7), (IC8). They do not necessarily
satisfyproperties(IC4), (IC5), (IC6).

So, as statedin the previous proposition,BGM opera-
tors do not fit all propertiesof IC merging operators.On
the other hand, we know for example that the operatornpK w�� ��ci�
r���Ç �|È

§ É�ÊXË
satisfiesalso(IC4), (IC5) (Konieczny

& PinoPérez2002a).So thequestionis to know if we can
ensuremorelogical propertiesby makingsomerestrictions
on theweakeningand/orthechoicefunctions.

A first remarkis that (IC4) cannot beprovedto hold for
any BGM operator, but it is satisfiedfor all the particular
operatorswehave definedin thispaper.

Proposition3 If the weakening function is dilatation or
drasticweakening, andif thechoicefunctionis a symmetric
model-basedchoice function or the formula-basedchoice
function K�ÁHÂ , or K�ÁHÂ E , then the BGM operator satisfies
(IC4).

Theproperty(IC5) canalsoberecoveredfor someBGM
operators,but (IC6) seemshardly recoverable. Thosetwo
propertiesareimportantfor classicalmergingoperators.The
BGM operatorsaim at focusingon sourcesbeliefsinterac-
tions,so it seemsnaturalto missesproperty(IC6). Indeed,
whereasclassicalmerging operatorsaim at giving the re-
sultof themergingprocessin anidealframework, BGM op-
eratorsseemmoreadequatelyreflect the behaviour of real
multi-sourcemergingprocess.

Anotherimportantlogical link to beunderlinedis there-
lationshipbetweenBGM operatorsand AGM belief revi-
sionoperators(Alchourrón,Gärdenfors,& Makinson1985;
Gärdenfors1988;Katsuno& Mendelzon1991;Gärdenfors
1992). Belief revision aim is to make theminimumchange
in a belief basein orderto take into accounta new informa-
tion that is more reliable than the currentbelief base(and
thatusuallycontradictsthecurrentbelief base).Technically
thoseoperatorscanbedescribedasfollows : until thebelief
baseis consistentwith thenew item of information(seenas
an integrity constraint)thenweaken the belief base4. Stat-
ing thisway, onecanimmediatelyseetheparallelwith BGM
operatorssincethey aredescribeasfollows : until thebelief
profile is consistentwith the constraintthenweaken some

4It is theintuitivemeaningbehindKatsunoandMendelzonrep-
resentationtheoremin termsof faithful assignments(Katsuno&
Mendelzon1991).

beliefbases.Thefollowing resultshowsmoreformally that,
as explainedabove, BGM operatorscan be seenas direct
generalizationof AGM belief revisionoperators.

Proposition4 Let mÜ�ôn)Kq�
cfr be a BGM operator. Let 

and � betwobeliefbases.Theoperator õ definedas 
Bõ��(�m_�q�R�

�	�� is anAGM beliefrevisionoperator (i.e. it satisfies
properties(R1-R6)of (Katsuno& Mendelzon1991)).

In particular, we have thateachBGM usingthedilatation
weakening function is a generalizationof Dalal’s revision
operator(Dalal 1988).

Finally let usseeanothercardinalityrestrictionon belief
profile.

Proposition5 Let m���n)K �
§ ®
��ci�
r bea BGM operator de-

finedfroma symmetricmodel-basedchoicefunctionanddi-
latationweakeningfunction.Let 
�, , 
%E and� bethreebelief
bases,thenthe operator m_�q�R�

�,��0
qE�	�� is the model-based
merging operator Ç �|È

§ ÉSÊ'Ë
� ���

�,-�/
qE�	�� (Konieczny& Pino

Pérez2002a).

Note that the previous resultholdsonly whenwe merge
two beliefbases.

ComparisonbetweenBGM and BNM
In this sectionwe will mainly compareour proposalwith
Booth’s Belief Negotiation Model (BNM) (Booth 2002).
Let usfirst briefly recallBooth’s proposal.

Belief profiles in this framework areno moremulti-sets
but vectorsof belief bases,noted ö4 . Let us note öC the set
of belief profiles,andlet usnote ö¼ thesetof all sequences
(vectors)of belief profiles, and ö­ one elementof this set.
When ö# is avector, wewill note ö# 1 the 3 th elementof the
vectorand ö#�Á thelastelementof thevector.

ThenaBNM negotiation(choice)functionis definedas:

Definition 15 A BNM negotiation function is a functionK BNM LSö¼ N öC such that:Q
K BNM � ö­b��= ö­�ÁQ
K BNM � ö­b�YU��WQ
If 
 w  �K BNM � ö­º� , then 
 w UG\[
And aBNM weakeningfunctionis definedas:

Definition 16 A BNM weakening function is a functionc BNM LSö¼ N öC such that:Q
� ö­«Á�� w d÷c BNM � ö­b� wQ
If � ö­«Á�� w Gec BNM � ö­b� w , then � ö­«Á�� w G\[
Finally thesolutionto aBNM is definedas:

Definition 17 Thesolutionto a beliefprofile ö4 for a Belief
NegotiationModel m BNM ��npK BNM ��c BNM r undertheintegrity
constraints � , notedm BNM� �X4B� , is givenby thefunction $ t LöC(N ö¼ definedas:Q
$ t ��ö4B��� ö­��\��ö4Fu��/././.0�;ö4ªø��



with ö4Ju!� ö4 , ù is thesmallestinteger such that ö4ªø 8��
is consistent,ò andfor each �M�*ú!ûÆù wehave( ö­�ü denotes��ö4Fu��/././.0�qö4ªü�� ):

��ö4ªü x ,0� w � c BNM � ö­�ü�� w if ��ö4Hü
� w  _K BNM � ö­�ü����ö4ªü�� w otherwise

Finally, thebeliefbaseresultof theBNM is ö4ªø�8 � .

We changesomenotations,in order to show the close-
nesswith our presentwork. For the original presenta-
tion and explanationson the definitionssee(Booth 2002;
2001).

ThemaindifferencesbetweenBNM andBGM are:

i. BNM’s definition of belief profile asvectorsallows to
speakaboutsourcesseparately. So whenthereis two
identicalbelief basesin thebelief profile, it is possible
to weakenonly oneof thisbase.It is notpossiblein the
BGM framework.

ii. TheBNM negotiationfunctiontakesasinput thewhole
negotiationhistory from the initial belief profile. So it
is possibleto implementnegotiationprocesssuchthat
eachsourceweakenafterthepreviousone(for example,
source � , thensource

Ú
, ./.0. ), or suchthat we prevent

a sourceto weak two times successively. The BGM
choicefunctionsaremoreMarkovian, takingonly into
accountthecurrentbeliefprofile.

iii. Similarly, theBNM weakeningfunctionalsotakeasin-
put the whole negotiationhistory. It allows to weaken
differentlytwo identicalbelief basesobtainedat differ-
entroundsor to weakendifferentlytwo identicalbelief
basesof thesamebelief profile.

iv. Accordingto the previous items ideas,the irrelevance
of syntaxconditionof BGM weakening function, and
the anonymity condition of BGM choicefunction are
not requiredin theBNM framework.

ThemaindifferencebetweenBooth’s proposalandour is
that Booth’s onetake the sourcesascandidatesto weaken-
ing, whereaswe restrictourselvesto “points of view”. That
meansthatin Booth’s if onesourcehasto weaken,it canbe
thecasethatanothersourcewith exactly thesamebeliefsdo
not have to weakentoo. Our proposaladdmoreanonymity
bysayingthatonlybeliefsdecidewhohastoweaken,notthe
identity of onesource. Similarly, the choicefunctionsare
moreMarkovian in our framework thanin Booth’s one.We
think thatthosehypothesisaremorerealistic(andnecessary)
on a belief merging point of view. WhereasBooth’s frame-
work allows to modelmoregeneralizednegotiationframe-
works, whereonecandecidefor examplethat eachsource
hasto weakenoneafter theother. So,despitethecloseness
of the models,andthe objective fact that our proposalis a
particularcaseof Booth’sone(i.e. eachof ouroperatorscan
bedefinedin Booth’s framework), theintendedapplications
of thosetwo frameworksarequitedifferent.And thepartic-
ular propertiesachievedby addingthoserestrictionsshows
thatthisframework formsaconsistentfamily of mergingop-
erators.It explainswhy it worthsto focuson themodelwe
defined.

A last differenceis that, in this paper, we are interested
on theresultof theprocess(asabeliefbase),whereasBNM
framework aimsat studyingtheresultingprofile, in connec-
tion with anotionof “social contraction”. See(Booth2002)
for astudyof logical propertiesfor socialcontraction.

An additionalcontribution of this work is to give exam-
plesof purelypropositionallogic BNM operators.In (Booth
2002),Boothproposetwo examplesof BNM, bothworking
on ordinal conditionalfunctions(OCF) (Spohn1987),but
noneon propositionalbelief base.Sothis work canbeseen
asan investigationof whatkind of operatorsthis definition
cangiveonpropositionalbeliefbases(throughaddingaddi-
tional requirements).

Conclusion
Wehaveproposedin thispaperanew family of beliefmerg-
ing operators,that we call Belief GameModel (BGM) op-
erators. The hypothesisfor thoseoperatorsis that all the
sourcesare a priori reliable, or that we know that some
sourcesarelessreliablethantheothers,but without know-
ing which ones. This hypothesisleadto choosea majority
approach,justifiedby Condorcet’s JuryTheorem.The idea
behindBelief GameModel is simple: Until a coherentset
of sourcesis reached,at eachrounda contestis organized
to find out the weakest sources,then thosesourceshasto
concede(weaken their point of view). This idea leadsto
numerousnew interestingoperatorsandopensnew perspec-
tives for belief merging. Someexisting operatorsarealso
recoveredasparticularcases.

Non-surprisingly, theoperatorsdefineddo not satisfyall
logical propertiesproposedfor IC merging operators.The
reasonis thatthoselogicalpropertiesaimatgiveconstraints
on theresultof themerging in an ideal framework, whereas
BGM operatorsaim at describingmoreaccuratelywhatcan
happenin a real multi-sourceenvironment. So usual IC
merging operatorscanbe seenasa normativeapproachto
merging. They show the way to a purely logical result.
Conversely, BGM operatorsadopta descriptiveapproach
to merging, taking into accountthe interactionbetweenthe
sources.They try to simulatemoreadequatelywhatcanhap-
pen in a group-decisionprocess.So they aremaybemore
realistic.

This papermainly aimsto introduceBGM operators,but
it provides several openquestionsthat are left for further
research.

Thefirst oneis aboutthedefinitionof BGM operatorsand
thecomputationof theresult.Wegiveaniterativedefinition
of BGM operators,that leadsto aniterative computationof
the result. The questionis to know if we can find a non-
iterative equivalentdefinition. We know that somesimple
operatorscanbedefinednon-iteratively. But thequestionis
to know if all operatorsor a non-trivial subclassof themare
alsodefinablenon-iteratively.

Anotheropenquestionis aboutthe logical characteriza-
tion of this family. In thispaperwestudythelogicalproper-
tiesof this family with respectto thegeneraldefinitionof IC
merging operators.Thequestionis to know if we canfind a
setof logical propertiesthatcharacterizesBGM operators.



Finally, wehaverecentlystudiedthestrategy-proofnessof
usualý propositionalmergingoperators,showing thatmostof
themarenot strategy-proof (Everaere,Konieczny, & Mar-
quis 2004). And we have exhibit several restrictionson
which strategy-proofnesscanbe achieved. So an interest-
ing questionis to comparethe strategy-proofnessof BGM
operatorswith theoneof classicalmergingoperators.
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