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Abstract. This paper is concerned with intelligent agents that are able to perform
nonmonotonic reasoning, not onlyith, but alscaboutgeneral rules with excep-
tions. More precisely, the focus is on enriching a knowledge baséh a general
rule that is subsumed by another rule already there. Such a problemastamp
because evolving knowledge needs not follow logic as it is well-knowm fay.
the belief revision paradigm. However, belief revision is mainly conamigh
the case that the extra information logically conflicts withOtherwise, the extra
knowledge is simply doomed to exteddwith no change altogether. The prob-
lem here is different and may require a chang€'iaven though no inconsistency
arises. The idea is that when a rule is to be added, it might need to ovanyde
rule that subsumes it: preemption must take place. A formalism dedicated-to
soning with and about rules with exceptions is introduced. An approactaiing
with preemption over such rules is then developed.

Keywords: Dynamics of knowledge, Logic, Default reasoning.

1 Introduction

Assume a knowledge badeé contains the ruléf the switch is on then the light is on
Whenlf the switch is on and the lamp bulb is ok then the light i;veeds to be intro-
duced insidd”, it seems natural to require this new rule to preempt theralde: it is
no longer enough to know that the switch is on to be able tolodecthat the light is
on, it must additionally be the case thatyields the information that the lamp bulb is
ok. First, let us observe that a monotonic logic cannot aamuch dynamics of reason-
ing by simply adding the new rule. According to monotonicayy conclusion drawn
from a given set of premises can still be inferred whatevelitaahal premises happen
to supplement this set. In such a logic, the statertfenlight is on(concluded from the
former rule and the statemethie switch is ojis still concluded even though the second
rule is added, and, worse yet, regardless of any informatiating that the lamp bulb is
broken. Also, the usual approaches to belief revision [AGM4Eil to address this issue
because they make the new information to be set-theongtizailoned withI" in case
no inconsistency arises. Let us stress that moving to a noatanic formalism where



exception to rules depends on consistency checks like gdidihe switch is on and if
it can be consistently assumed that the lamp bulb is ok, theright is ondoes not
change the problem.

Technically, the problem can be described as follows. Geveset/” of formulas
and a ruleR, what changes shoulBl undergo so as to infeR but not to infer anyR’
subsumingR? In symbols, wheré™ stands forl” after these changes have taken place,

I''~R and TI*R

Clearly, the problem first requires several matters to beesktrirst, the syntax for
rules (in whichR, R/, ... are expressed) is to be defined. Second, an inference relatio
(denoted~) allowing rules to be handled needs to be settled. Thirdnaept of impli-
cant for rules expressing what doBSsubsuming? mean needs to be proposed, before
an approach to solve the above preemption issue can be defined

Accordingly, the paper is organized as follows. In the nextt®n, a general for-
malism for representing rules with exceptions is introdiliagth the aim of encompass-
ing various logic-based approaches allowing such ruledudting default reasoning.
Section 3 introduces useful inference tools to reason adach rules, while Section
4 connects the tools with default logic. In Section 5, a us&ftderivation concept is
proposed, allowing both plain formulas and rules to be nef@¢runder the possible as-
sumption of additional formulas or other rules with excep8. Section 6 investigates
a concept of implicant for rules with exceptions. The applot the preemption is-
sue is then developed in Section 7, based onXhaerivation and the latter implicant
concepts. Finally, some avenues for future research axédem in the conclusion.

Throughout the paper, the following notations are usedv, A and> denote the
classical negation, disjunction, conjunction and makenmplication connectives, re-
spectively. When(? is a set of formulasCn(f2) denotes the deductive closure Of
under a given logic, of whicl- denotes the consequence relationshigenotes ab-
surdity, andT denotes any tautology.

2 Rules with exceptions

2.1 Defaults

In the Artificial Intelligence research community, some loé tmost popular tools to
handle forms of defeasible reasoning remain rules with gtaoes, e.g., in the form
of defaults [Rei80]. They permit an inference system to juimplefault conclusions
and to withdraw them when new information shows that theselasions now lead to
inconsistency. Usually, such a rule is based on logical tdas that is, expressions of a
formal language upon which an inference system (no mattergwor or rich) models
some kind of reasoning.
For instance, in default logic [Rei80],defaultis of the form:

a:p
v

whereq, 3, v are formulas of classical logic.



Intuitively, such a default is intended to allow the reasgntProvided thata is
inferred and provided that is consistent w.r.t. what is inferred, infef.

Importantly, the inference notion alluded to is based org&l{Reiter made it to be
classical logic but it is possible to have another logicéast see paraconsistent default
logic [PB91] for example).

2.2 PECrules

Let us first concentrate on rules with exceptions under sbascy tests. Our leading
example is then expressed lashe switch is on and if it can be consistently assumed
that the lamp bulb is ok, then the light is and consists of three parts: its premises, its
exceptions, and its conclusions. E.g., it could be repteseny the default

switch_on : lamp_bulb_ok

light_on

We aim at representing such rules in a uniform way within diedisetting that is,
among other things, meant to be general enough as to encerdptilt logic while
allowing us to instantiate it to other logical formalismsshould also allow the repre-
sentation of both monotonic knowledge and rules involviogsistency checks.

Given a logical language, a PEC rule (for Premises-Excaptfoonclusions) is a
triple consisting of three sets of formulas. First, the pisss, which are the necessary
conditions forthis rule to apply. Then, the exceptions, which are based on stamy
tests. Finally, the conclusions, which list the claims ttat be made whenever the rule
applies.

Definition 1. A PEC rule is a tripleR = (P,&,C) whereP = {p1,...,pr} and
C = {s,...,s,} are consistent sets of formulas afd= {e;,...,¢,} is a set of
non-tautological formulas.

Importantly, we impose no constraint on the language: theag, or may not, be
connectives such as negation, conjunction, disjunctiahtia like. There may even be
no connective at all. However, an underlying inferencetietal|- must be available.
Of course, this means that the logical formalism used must laaform of tautology
(please note the subtlety here: this does not mean thatdiealdormalism used must
have tautologies!).

A PEC rule can be interpreted in different ways, dependingamits set of premises
and its set of conclusions are captured logically (presuynabnjunctively or disjun-
tively). In the sequel, we consider only unary PEC rulest ihaPEC rules whose sets
of premises and sets of conclusions are singletons. Abubmgnotation in order to
improve readability, we often omit curly brackets for thegsgletons.

Definition 2. A PEC ruleR = (P, &,C) is unary iff P andC are singleton sets.

Example 1.The PEC rulgswitch_on, {-lamp_bulb_ok}, light_on) is an encoding of
the rule with exceptioff the switch is on and, consistently assuming that the laatip b
is ok, then the light is an



Example 2.The PEC rule({switch_on,lamp_bulb_ok}, D, light_on) is an encoding
of a similar rule where the impossibility to derive elgmp_bulb_ok can block the
inference oflight_on. In this respectlamp_bulb_ok would be an exception to the
rule, which is however not to be included in the set of exaeystiof the PEC rule, since
it is not a consistency-based exception.

Example 3.The PEC rulg T, (), light_on) is an encoding of the fathe light is on

Example 4.The PEC ruleqswitch_on, 0, light_on), (switch-on D light_on,{,0)
and (0, 0, switch_on D light_on) are various encodings of the exception-free fiile
the switch is on then the light is on

As can be seen in the examples, exceptions to a rule thatjppesed to be derived
in the monotonic fragment of the logic (vs. consistency &sgare not included in the
set of exceptions in the PEC rule, which is devoted to exoaptbased on consistency
checks. As regards exception-free statements, we repréfgan as PEC rules whose
sets of exceptions are empty; regarding the premises,usdboices are possible (e.g.,
the set of premises being a tautological singleton). In téspect, it follows thaf—
is assumed to admit to represent effectively some formula. The various possibi-
codings of knowledge between premises and conclusionsitasito the well-known
difference in default logic between defaults with prereaifeis and the corresponding
prerequisite-free defaults (cf [Bra93]).

3 Reasoning with and about PEC rules

Let us define a concept of a derivation for the very generajuage of PEC rules.
Interestingly, it will not only allow us to handle both moooic and defeasible rules in
the same setting, but it will also allow us to derive both @rth

A word of warning:ln the following,- does not represent an inference relatiorn
(resp.t/ a) means thatv has (resp. does not) the status “inferredthin the derivation
Also, “not inferred within the derivation” does not mean “ede negated form cannot
be inferred using the inferred formulas occurring in theidsgion” (which is a weaker
and less interesting notion). word of terminologyt « andt/ « are said to beigned
formulas Most naturally}- v (resp.t/ ) is said to be positive (resp. negative).

Definition 3. LetI" be a setof unary PEC rules attbe a PEC ruldp, {e1,...,€,},9).
A derivation ofX from I" is a treeT” whose nodes are signed formulas such that

1. for each leaf of the form a, either(a;,0, az) € I'anda = a1 D as, Or a = p,
2. for each leaf of the formy 3,
BECn({v1 D7l (n,0,72) € I'tU{a|F aisanode ofl'}),
3. ift/ gisanode thenitis a leaf,
4. eachnode, ifnotaleaf, hasatugle oy, ..., - ag,t/ 51, ...,/ Gn) asits parents
(k > 1onlyifm = 0),

! This restriction is due to considering only unary rules in our presentatids lited in the
general case.



5. if aisanode whose parents are atupteas, . .., F o) thena € Cn({aq, ..., ar}),
6. if - a is a node whose parents are a tugleay,t/ 51, ...,/ 5) then
(alv {613 v 7ﬂm}a Oé) er,
7. pe{a|FaisaleafofT} U{T}, and{ey,...,e,} = {8 | ¥ G isanode ofl'},
andt ¢ is the root of 7.

We writeI” i€} R and, whenevefe, . . ., ¢, } is empty,[” |~ X,

Let us provide some intuitions and examples. Let us stah thie simple case of
classical logic: items 2, 3, and 6 are ineffective becauseetlare no negative nodes,
while items 4 and 7 gets simpler for the same reason. In faetderivation then is a
classical proof: it contains only positive nodes and med#plays classical deductive
steps. Thus, the conclusion is a PEC mile- (p, 0, ) wheregs is the root of the deriva-
tion tree and either isT or is a formula from a rule of " representing a fact (¢f D «
in Example 5) or is an extra formula that plays tbéerof an additional hypothesis (ef.
in Example 64 D b in Example 7;-a in Example 8). Still in the case that no exception
is mentioned, classical trivialization from inconsistgtiereatens (cf Example 8).

Example 5.Let " = {(a,0,b), (T,0,a), (b,0,c)}.The tree 3.1 is a derivation ¢f D
a,P,c) and(a D b,0,c) from I'. The tree 3.1 is also a derivation ©f, 0, c) from I
(please note that the first part of item 7 is satisfiegplay { T }).

Example 6.Let I = {(a,0,b), (b,0,c)}.The tree 3.2 is a derivation df:, 0, ¢) from

I (please note that plays the dle of an additional hypothesis). The tree 3.2 is also a
derivation of(a, 0, c) from I" U {(T,0,a)}. Please compare with the tree 3.1 being a
derivation of(T 2 a,0,c) from I" U {(T,0,a)}.

Example 7.Let I = {(T,0,a), (b,0,c)}.The tree 3.1 is a derivation @& > b,0, c)
fromI".

Example 8.LetI" = {(T,0,a)}. The tree 3.3 is a derivation ¢fa, 0, c) from I".

FTDa
Fa FaDb Fa FaDb FTDa
Fb FbDe Fb FbDe F-a Fa
Fec Fec Fe
(3.1) 3.2) (3.3)

If some PEC rules il have a non-empty set of exceptions, derivation trees may
capture reasoning under some proviso(s) (meaning that tirerpossible exceptions)
as can be seen in Example 9. Item 2 guarantees reasoning ¢tm$istent in the sense
that exception-free information fro (that may, or may not, occur as positive nhodes)
does not yield exceptions whose absence is required foeteoning developed to be
acceptable (cf Example 10 wittin being classical logic and Example 11 wit being
an arbitrary logic). This needs not prevent trivializatiamwhich case only derivations
with no negative node may exist). Item 3 indicates that tescy statements occur
as hypotheses, they are not inferred. Iltem 4 makes suredbhtrede, if not a leaf, is
inferred from exception-free information and/or consi&tg hypotheses. As to items 5
and 6, they state that only inference steps from and rules (with exceptions) ifY
may apply. Lastly, item 7 specifies what components the PieCderived consists of:



— Its conclusion is the root of the derivation tree.

— Its exceptions exhaust all consistency hypotheses ooguimi the derivation tree
(cf Example 9).

— Its premise, if nofT, either amounts to some exception-free statement repegsen
by a rule fromI’, or it is an extra formula that plays théle of an additional
hypothesis in the reasoning (cf Example 9).

Example 9.Let I = {(a A b,{d, e}, f),(f,0,c)}.The tree 3.4 is a derivation @& A
b,{d, e}, c) from I" (please note that is a A b that plays thele of an additional hy-
pothesis and th&td, e} exhausts all negative nodes of the derivation tree). The3ré
is not a derivation ofa A b, {d, e, g}, ¢) from I" (item 7 in the definition of a derivation
fails because is listed as an exception of the PEC rule derivedtpytis not a node of
the derivation tree). The tree 3.4 is not a derivatioif{ d, e}, ¢) from I (here, item 7
is failed for a different reason: the purporteds a butt « is not a leaf of the derivation
tree).

Example 10.Let I" = {(a A b, {d, e}, [), (f,0,¢), (T,0,=f)}.

If C'n is taken to be classical logic, the tree 3.4 is not a derivatiqa A b, {d, e}, ¢)
from I". The reason is that item 2 in the definition of a derivatiotsfas follows. First,
F f is a node of the derivation tree hengec {« |+ «isanode ofl'}. Second,
(T,0,—f) belongs tol"’ henceT D ~f € {y1 D 72 | (T,0,71 D v2) € I'}. Third,
item 2 then becomes ¢ Cn({f,..., T D —f}) that must be checked fgt beingd
ande. However, ag’n is classical logicCn({f,..., T D —f}) contains all formulas
of the language, among them atande.

Example 11.Let I' = {(a A b,{d, e}, f),(f.0.d),(d,{—c},c)}. The tree 3.5 is not
a derivation of(a A b, {d, e, —c},c) from I" because item 2 is failed. First, d is a
node of the derivation tree hendec {a |+ aisanodeofl'}. Ast/ d is a leaf,
8 ¢ Cn({a |- aisanode off'}) must be checked fg# beingd and failure is clear.

Fanb Hd e

Fanb Hd He Ff Ff>d
Ff Ffoe Fd  —c
Fec Fec
(3.4) (3.5

4 A versatile approach

It must be clear that the present worknist the definition of a new nonmonotonic logic
and its proof theory. Instead, it is the definition of a franoekvexpressive enough to
capture an approach to the problem of overriding subsumied,rand general enough
to be instantiated by a number of logical formalisms. Imaotty, the concept of a
derivation is only a tool towards this aim which can be tabbto the proof theory of
various logics.

For instance, and importantly, the above concept of a di#mivaloesnot match
inference in default logic. To start with, there is no notiinan extension. Moreover,
there is no counterpart to the requirement that a defaulstapply whenever it can.
Also, it happens that derivations exist although there isxtension (cf Example 12).



Example 12.Let " = (A, ) be a default theory withd = { 12 "%} and & = {b}.
Let us represent’ by the PEC ruleg” = {(T, {—a}, —a), (b, {—~d, —e},c), (T,0,b)}.
I" has no extension becaugecontains the defaulf—a“, yet there exists a derivation of

the PEC rulgT, {—~d, —e}, c¢) from I'/, as can be seen from the tree 4.1.

Similarly, Example 13 shows that it may happen that a fornmiia no extension
although there exists a derivation for it.

Example 13.LetI" = (A, X) be a default theory with\ = {2, 20} and X = {a}.
Let us represent’ by the set of PEC ruleg’ = {(T,{-a},b), (a,{b},c),(T,0,a)}.
I' has a single extension, i.&, = Cn({a,b}). Although the formula is not in E,
there exists a derivation of the PEC ryl€, {b}, ¢) from I’ as shown by the tree 4.2.

TD0b FTDa

Fb H-d t/—e Fa b
Fe Fe
4.1 4.2)

Still, the concept of a derivation is powerful enough to captcredulous reasoning
as modeled by default logic. More preciselyyiis a formula that belongs to an exten-
sion of a default theory™ then there exists a derivationlefy from the set of PEC rules
encodingl”, which amounts td " {€t (T {e, ... €.}, ).

5 X-derivations

We are now to extend the concept of a derivation by taking amtmount an additional
hypothesis, which, in full generality, can be a PEC rule lfvat without exceptions).
This full-fledged account is called an X-derivation, theailstof which are explained
and more generally discussed after the formal definitionvel

Definition 4. LetI" be a set of PEC rules. LeX be a PEC rule. AnX-derivation of
N = (p,{e1,...,en},s) from " is a treeT whose nodes are signed formulas such that

1. for each leaf of the forth «, either(ay,0,a0) € T'U{X} anda = a1 D ag, OF
a = p,

2. for each leaf of the foriy 3,
BECn({v1 D7l (mn,0,v2) € I'tU{a|F aisanode ofl'}),

3. ift/ fisanode thenitis a leaf,

4. each node,if not a leaf, has atugle aq, ...,k ax,t/ f1,...,/ B) asits parents

(k > 1 only if m = 0),
5. ifk aisanode whose parents are atugteas, . .., ai) thena € Cn({ay, ..., ar}),
6. ifF a is a node whose parents are a tugle s, t/ 51, ...,/ 5) then

(alv{ﬂlw'-vﬂm}aa) € FU{X}!
7.pe{a|FaisaleafofT} U{T}, and{ei,...,e,} = {0 |/ Bisanode off '},
andt ¢ is the root ofT".



The extra hypothesi& mainly comes into play through items 1 and 6. This means
that the PEC ruleX is actually regarded as supplementing the set of PEC tiles
Accordingly, if X = (T,0, T), then anX-derivation ofX from I" happens to be a
derivation ofX from I" (cf Example 14). Thedle of each of the three components of
the derived ruleX is detailed by item 7. Importantly, item 1 expresses thatpbaitive
leaf (tautologies aside) is not some exception-free infdrom encoded as a PEC rule
from I" then it is the premise oR. Similarly to Definition 3, conditional reasoning
can be conducted using exception-free information as am éxtpothesis, turning it
into a positive leaf. However, the conditional piece can m@itheX rule itself (more
exactly, an equivalent form) whek represents a formula of classical logic for instance
(cf Example 16). WhetX is a PEC rulgp, {&1, . - ., &, }, v) that does have exceptions,
if its premisep stands as a positive leaf (i.&:,0) not issued from a rule id” (that is,
there exists ndx, 0, ¢) in I" such thatc O ¢ be g), thenp turns out to be the premise
of X (cf Example 18).

When X is used in the derivation and that the premisef X is not a leaf, therp
comes from a subproof in the tree (cf Example 19).

In all cases, wherX is used in the derivation, its premise occurs (as an hypisthes
or an intermediate conclusion) higher in the tree. Theefapt only isX introduced
as an extra hypothesis, but when it is mentioned in the tféts, premisep does not
come from a subproof then p occurs as a leaf (and is regarded as established); hence
o enters the set of premises Rf(whereX is the PEC rule which is the conclusion of
the derivation).

More generally, aiX -derivation encompasses conditional reasoning in vafimumss
because it involves consistency hypotheses, it can inaadsxtra ruleX, and assumes
the premise oR (the PEC rule to be inferred).

Example 14.Let us return to Example 9, i.el; = {(a A b, {d, e}, ), (f,0,¢)}.
The tree below, reproduced from Example 9, is both a dedwatind a(T, 0, T)-
derivation of(a A b, {d, e}, c) from I".

Fanb Hd FHe
Ff Ffoec (3.4)
Fec

Example 15.Again, I" = {(a A b,{d, e}, ), (f,0,c)} as in Example 9.

The tree (3.4) above, reproduced from Example 9, {(§ &), a A b)-derivation of
(anb,{d,e},c)from I', although in a rather vacuous way because the extra hypsthes
X = (T,0,a Ab) is left unused.

The tree (3.4) is not &T, 0, a A b)-derivation of(T, {d, e}, ¢) from I". The reason
is that item 1 in the definition of aX -derivation is not satisfied because b is not of
the forma; D as while p = T.

In contrast, the tree in the next example isTa ®, a A b)-derivation of(T, {d, e}, c)
from I".

Example 16.Let us still considel” = {(a A b, {d, e}, f), (f,D,c)}. The following tree
isa(T,0,aAb)-derivation of(T, {d, e}, ¢) from I" (informally meaning that assuming
a A b allows us to conclude, unlessd or e be the case).



FTDaAbd
Fanb Fd He
Ff Ffoec
Fe

Example 17.0nce more/” = {(a A b, {d, e}, f), (f,D,¢c)}.

The tree (3.4) reproduced above in Example 14 (s a b, {d, e}, f)-derivation of
(anb,{d, e}, c) from I" although in a rather vacuous way becaiSe- (aAb, {d, e}, f)
isinI.

Indeed, the tree (3.4) is alsd @A b, {d, e}, f)-derivation of(a A b, {d, e}, c) from
I'" whereI” is taken to bd™ \ {(a A b, {d, e}, f)}.

(5.1)

Example 18.Let I' = {(f,{e}, ¢)}. The following tree is gda A b, {d}, f)-derivation
of (a Ab,{d,e},c) fromT.
Fanb Kd
Ff e (5.2)
Fec

Please observe that the premiseXagfhamelya A b, is not issued froni” hence is also
the premise oR (here,X is (a A b,{d}, f) andXis (a A b, {d, e}, ¢)).

Example 19.LetI" = {(aAb, {d, e}, f)}. The following tree is & f, { g}, ¢)-derivation
of (a Ab,{d,e,g},c) fromI.

Fanb Hd e
FJ 7 g (5.3)
Fec
Importantly, X -derivations are not meant to be optimal proofs: There ismieav-

our as to avoid detours or to impose shortcuts.
Lastly, a concept of consistency can be introduced into € ffamework.

Definition 5. I"is consistent iff” | L.

As usual, a notion of consistency opens up a choice of negathatever such
a choice of a negatior for PEC rules, it is likely to be such that bofh |~ R and
I'~ ~Rwhile I'l¥ R & ~R (where & stands for some conjunction of PEC rules, again
whatever choice is made there) is possible. Purposedlyawve keft out any notion of
inferential closure and similarly any subgrouping of cansences, e.g. in forms of
extensions la default logic.

6 PEC-Implicants

Definition 6. Let I" be a set of unary PEC rules andl = (p, {€1,...,em},<) be a
unary PEC rule. A unary PEC rul&’ is a PEC-implicant ofR modulo I" iff there
exists anR’-derivationD of (p, E*,<) from I" such that

1. Ve' € E*,3e € {e1,...,em} st.e € Cn({e'}),
2. Ve" € {er,...,em} \ E*, e’ € Cn{a |F ais a node ofD}.



Definition 7. LetI be a set of unary PEC rules. L&tand R’ be two unary PEC rules.
R’ is a strict PEC-implicant of2 modulo!” iff R’ is a PEC-implicant of2 and R is not
a PEC-implicant ofR’.

To simplify mattersCn stands for classical logic in all of the following examples.

Example 20.Let I" be empty. LetR = (a A b, {~d, —e},c) andR' = (a, {—d},¢).

R’ is a PEC-implicant o2 modulo!". Indeed, the tree 6.1 below is @‘-derivation
of (a A b, {—d}, c) from I', =d is in the set of exceptions & (taking care of item 1),
and-—e does not follow from{a, a A b, ¢} (taking care of item 2).

Example 21.Let ' = {(T,0,a D —e),(T,0,—e D f)}. Let R = (a A b, {~d, —e}, c)
and letR’ = (f,{—~d},c).

Considering the following tree 6.2’ is not a PEC-implicant of modulo I".
Although this tree is arR’-derivation of (a A b, {—d},c) from I", item 2 from the
definition of a PEC-implicant is not satisfigd:—e is a node of the tree althougte is
an exception of?. Informally, R’ then fails to subsumg& because the wai’ is applied
when attempting to infer this “neighbouring” version Bfinvolves a case that happens
to be an exception t&.

FaAnb
Fa FaD-e FaAnb
FaAb F —e F-eD f Fa Fh
Fa i -d - f Y-d kg  -d
Fc ke Fe
(6.1) (6.2) (6.3)
TD(aDb)
FaD>b Fa Fa W —dA-f
Fb Fc
(6.4) (6.5)
Example 22.Let I' = {(a,{h},g9)}. Let R = (a A b,{—~d,—-h},c) and letR’ =
(9, {=d}, ©).

Considering the tree 6.3R’ is not a PEC-implicant o modulo I". Although
the tree 6.3 is ark’-derivation of (a A b, {—d, h},c) from I, item 1 in the definition
of a PEC-implicant is failed becauseis a formula inE* from which no formula in
{—d,-h} (i.e., {e1,...,en}) can be inferred. InformallyR’ then fails to subsum®&
because the wajt’ is applied when attempting to infer this “neighbouring” sien of
R introduces a new exception.

Example 23.Let I" be empty. LetR = (a, {—b},b) and letR’ = (T,0,a D b).

R’ is a PEC-implicant of? moduloI". Witness, the tree 6.4 is a®'-derivation of
(a,0,b) from I', item 1 is trivially satisfied a€/* is empty, and, as regards item-2
cannot be deduced froffu, b, T O (a D b)} (i.e., the formulas in the positive nodes of
the tree). This example shows that the context is taken i@t comes to assessing
whether a rule subsumes another one, in the sense of bein@anfiticant. Indeed,
the implicant and the implicate need not have the same peemis



Example 24.Let I" be empty. LelR = (a, {—d, —e}, c) and letR’ = (a, {—~dA—f},c).
R’ is a PEC-implicant ofR moduloI". Firstly, the tree 6.5 is ai’-derivation of
(a,{~d A =f},c) from I'. As to item 1,-d A —f (namely, the only member df*)
entails—d (a member of ¢y, . .., ¢, }). As to item 2, neither-d nor —e (the members
of {e1,..., e, }) are entailed by a, ¢} (the formulas in the positive nodes of the tree).

Fairly weak requirements aboGt: are enough to show that being a PEC-implicant
defines a pre-order. Of special interest then is the casewltaPEC rules are PEC-
implicants of each other: They surely are equivalent in argfrsense closely related to
Cn-equivalence of exceptions. It is possible to obtain suaksalt, as follows.

Giventwo unary PEC ruleB = (p, {€1,...,em},s)andR’ = (p',{€},..., e, },<),
if Ris a PEC-implicant of®" moduloI", and R’ is a PEC-implicant of2 modulo "
wherel” = () then:

1. pl=p" andp’|-p,
2. Ve, € {e1,...,em}, 3ej, €, Wheree; € {e1,..,en, } ande), € {€},...€,}, S.tej|-¢€;
ete;|l-€, ande) |-¢;.

In particular, item 2 means that exceptionsiinand R’ are the same, up to logical
equivalence (by subsumption, there can be more exceptiaRr in R’, though).

7 Overriding subsuming rules

We are now ready to introduce our approach to override sulrguruales.

To override the subsuming rules of a PEC riileand makeR preempt, it is pre-
sumably not sufficient to “withdraw” all strict PEC-implints of R and insertR (or
"revise” by R in case of inconsistency). Indeed, there may remain in theltiag I"
some information of a self-conflicting change, e.g. so thameverR is derivable, one
of its strict PEC-implicants is also derivable. Accordinghe process will be a little
more elaborate.

In the sequel, we assume two operatgrand\ to be available in the PEC frame-
work with the following features. Intuitively, is a kind of contraction operator which
applies to a set of PEC rules and to a pair of PEC rulé§: (R, R’) is intended to
contractl” of R’ in the presence oR. Intuitively, & is some revision operator in the
PEC framework that restores consistency while enforcingmeeo derive a given PEC
rule. More formally, the following properties are requiredon these two operators:

- I'\(R,R) 3 R’
-I'\(RR)rR' = TIp°R"
- I'\(R,R)=Cn(I"\ (R, R))

— I' ® R is consistent

- I'®RPMR

wheneverR, R’, R” are PEC rules andl' is a set of PEC rules that does not need to be
consistent.

Definition 8. Let R’ be a strict PEC-implicant of2 modulol".
I DByrr¢ R =gey I\ (R,R/) U {R}



Theorem 1. Let R’ be a strict PEC-implicant o2 modulo!".
r ®>R’( R I’)JE R.
r Dyr/( R |N‘E R.

The next step consists in iterating the above process ortrigh snplicants of X.
Assuming that the, operator is extended so that it applies to all the elementssof
second argument which is now a set of PEC rules, we only needname definition.

Let Y be the finite set of strict PEC-implicants Bfmodulo!".

Definition 9. I' ©yy( R =qcy I'\ (R,Y) U{R}.

Theorem 2. I" ©yy( R | R’ for all R’ that is a strict PEC-implicant oR moduloI".
Also, I’ @)y( R I’\/ R.

8 Conclusions and future work

The contribution of this paper is at least twofold. First,rafied framework has been
presented that allows both monotonic knowledge and ddfieasiles to be represented
and reasoned about in a uniform way. Derivation tools hawnluefined allowing to
reason and infer both kinds of knowledge indifferently. Tiext step will be to address
algorithmic aspects aX -derivations and associated inference, within the prajoosil
setting. Also, theX -derivation concept implements the possibility to statéedsible
rules as extra assumptions, which are coming in additiorneodefeasible character
of rules with exceptions. We believe that this two-levelsricof hypothetical reason-
ing could be further explored and refined. Also, a whole fgroil forms of implicants
could be devised for defeasible rules, depending on thebftitm of reasoning that is
modelled and on the intended actual epistemologi@iaisrof the involved exceptions,
premises and conclusion. Second, this framework has begnied to solve a spe-
cific problem in knowledge representation and reasoning liha not received much
attention so far. Namely, how could new information ovegritie relevant subsuming
available one? We claim that such an issue should not be fakegranted. Indeed,
in real life we do often get information that is logically wesa but that appeansore
precisethan the previously recorded one, and should therefore éferped.
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