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Abstract. In this paper, a new form of explanation and recovery technique for the
unsatisfiability of discrete CSPs is introduced. Whereas most approaches amount
to providing users with a minimal number of constraints that should be dropped in
order to recover satisfiability, a finer-grained alternative technique is introduced.
It allows the user to reason both at the constraints and tuples levels by exhibiting
both problematic constraints and tuples of values that would allow satisfiability
to be recovered if they were not forbidden. To this end, the Minimal Set of Un-
satisfiable Tuples (MUST) concept is introduced. Its formal relationships with
Minimal Unsatisfiable Cores (MUCs) are investigated. Interestingly, a concept
of shared forbidden tuples is derived. Allowing any such tuple makes the cor-
responding MUC become satisfiable. From a practical point of view, a two-step
approach to the explanation and recovery of unsatisfiable CSPs is proposed. First,
arecent approach proposed by Hemery et al.’s is used to locate a MUC. Second, a
specific SAT encoding of a MUC allows MUSTS to be computed by taking advan-
tage of the best current technique to locate Minimally Unsatisfiable Sub-formulas
(MUSes) of Boolean formulas. Interestingly enough, shared tuples coincide with
protected clauses, which are one of the keys to the efficiency of this SAT-related
technique. Finally, the feasibility of the approach is illustrated through extensive
experimental results.
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1 Introduction

In this paper, we are concerned with unsatisfiable finite CSPs, namely finite Constraint
Satisfaction Problems for which no solution exists. Recent approaches to explain such a
form of unsatisfiability have been defined at the constraints level. For example, Hemery
et al. [1] have proposed an approach called DC (wcore) to detect Minimally Unsat-
isfiable Cores (MUCs) of CSPs, i.e. unsatisfiable subsets of constraints of the initial
CSP that are such that dropping any one the constraints allows the resulting subset to
become satisfiable. In this paper, a finer-grained alternative technique is introduced.
Indeed, dropping constraints can be too much destructive. Finer-grained information



could be provided to the user, allowing him (her) not only to pinpoint the causes of
unsatisfiability at the constraints level, but also detect the tuples of values that are for-
bidden by the constraints and that would lead to satisfiability if they were allowed by
those constraints.

In this respect, the contribution of this paper is twofold. On the one hand, a Mini-
mally Unsatisfiable Set of Tuples (MUST) concept is introduced: it is aimed at encom-
passing the aforementioned notion of tuples that can allow satisfiability to be regained.
The formal relationships between MUSTs and MUCs are investigated. Interestingly,
a concept of shared forbidden tuples is derived. Allowing any shared tuple makes the
corresponding MUC become satisfiable. On the other hand, a two-step approach to the
explanation and recovery of unsatisfiable CSPs is proposed. A specific SAT encoding
of a MUC allows MUSTS to be computed by taking advantage of the best current tech-
nique to locate Minimally Unsatisfiable Sub-formulas (MUSes) of Boolean formulas.
Interestingly enough, shared tuples coincide with protected clauses [2], which are one
of the keys to the efficiency of this SAT-related technique.

Accordingly, the paper is organized as follows. First, some basic definitions about
CSPs and MUC:s are provided. In section 3, MUSTs are introduced and linked to MUCs
in section 4. Next, an original two-step approach to explain and recover from unsatis-
fiable CSPs is described. In section 5, a SAT-related approach to compute MUSTSs and
shared forbidden tuples of a MUC is introduced. The feasibility of the approach is il-
lustrated through extensive experimental results in section 6. Section 7 compares the
contribution presented in this paper with the current existing works. In the conclusion,
some interesting paths for future research are described.

2 Background: CSPs and MUCs

In this section, the reader is provided with basic concepts about CSPs and MUC:s.

Definition 1. A finite Constraint Satisfaction Problem (in short, CSP) is a pair P =
(V,C) where

1. V is a finite set of n variables {v1,...,v,} s.t. each variable v; € V has an as-
sociated finite instantiation domain, denoted dom(v;), which contains the set of
possible values for v;,

2. C'is afinite set of m constraints {c1, ..., cp} s.t. each constraint c; € C involves a
subset of variables of 'V, called scope and denoted V ar(c;), and has an associated
relation R(c;), which contains the set of tuples allowed for the variables of its
scope.

Definition 2. Solving a CSP P = (V,C') consists in checking whether P admits at least
one solution, i.e. an assignment of values for all variables of V s.t. all constraints of
C are satisfied. If P admits at least one solution then P is called satisfiable else P is
called unsatisfiable.

In this paper, it will prove useful to adopt an alternative but equivalent definition for
CSPs, expressed in terms of forbidden tuples of values.
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Fig. 1: Graph-representations of Example 1

Definition 3. Let (V,C) be a CSP and let c € C s.t. Var(c) = {v},...,v.}. A forbid-
den tuple of values is a member of dom(v}) x --- x dom(vl) s.t. R(c) is not satisfied.
The set of forbidden tuples of values for a constraint c is denoted T'(c).

Accordingly, CSPs can be redefined as follows.
Definition 4. A finite CSP is a pair P = (V,C') where

1. V is a finite set of n variables {v1,...,v,} s.t. each variable v; € V has an as-
sociated finite instantiation domain, denoted dom(v;), which contains the set of
possible values for v;,

2. C'is afinite set of m constraints {c1, . .., cp} s.t. each constraint c; € C involves a
subset of variables of V, called scope and denoted V ar(c;), and is given a relation
T(c;), which contains the set of tuples forbidden for the variables of its scope.

Accordingly, P will also be denoted (V, {(Var(c1),T (1)), (Var(ce),T(c2)),...,
(Var(cn), T'(cn))})-

Definition 5. A constraint ¢ € C of the CSP P = ({vy,...,v,}, C) is falsified by an
assignment A € dom(vy) X - - - X dom(vy, ) iff the projection of A on Var(c) is included
inT(c).

In the following, (forbidden) tuple will be a shorthand for forbidden tuple of values,
and binary CSPs will be considered only, namely CSPs where constraints involve two
variables. Using binary CSPs do not restrict the impact of our works, since it is well-
known that every discrete CSP can be reduced into a binary one, in polynomial time.

Example 1. Let V be {i,5,k,l,m} where each variable has the same domain {1,2,3}.
Let C be a set of 7 constraints. In Figure 1a, the CSP P = (V, C) is represented by



a so-called constraint network, namely a non-oriented graph, where each variable is a
node and each constraint is an edge, labelled with its corresponding relation. It is also
useful to represent a CSP by its micro-structure, which is a graph where the values
of each variable are listed, and edges between values represent forbidden tuples. The
micro-structure of this example is depicted in Figure 1b.

When a CSP is infeasible, it exhibits at least one Minimally Unsatisfiable Core, or
MUC. A MUC is a subpart of a CSP that is unsatisfiable and that does not contain any
proper subpart that is also unsatisfiable.

Definition 6. Let P = (V,C) and P’ = (V',C") be two CSPs. P' is an unsatisfiable
core, in short a core, of P iff

1. P’ is unsatisfiable
2. VICVandC' CC

P’ is a Minimal Unsatisfiable Core (MUC) of P iff

1. P'isa core of P
2. there does not exist any proper core of P’

Example 2. In the previous example, P is unsatisfiable. Indeed, P contains the MUC
P = (V,{i < j,j < k,k < i}): no assignment of values for 4, j and k can be
found such that these three constraints are satisfied, and dropping any constraint leads
to satisfiability.

Computing one MUC for an unsatisfiable CSP is an NP-hard problem. More pre-
cisely, checking whether a constraint belongs to a MUC or not is in X% [3]. More-
over, the number of MUCs inside a CSP can be exponential in the worst-case; it is in
O(C’n"zl/ 2), where m is the number of constraints in the CSP. It should be noted that
MUC:s can share non-empty intersections. Several techniques have been proposed in
the literature to compute MUCs, the DC (wcore) approach introduced recently by
Hemery et al. [1] is claimed by its authors to be the most efficient one, most often.

3 MUSTs

Restoring the satisfiability of a CSP can be achieved through restoring the satisfiability
of each of its MUCs. A natural way to break the unsatisfiability of a MUC is to drop
any of its constraints. However, dropping some constraints as a whole can appear too
much destructive. On the contrary, we might prefer to weaken one or several constraints,
instead of removing them. One way to do that is to provide the user with some forbidden
tuples that should be allowed in order to recover satisfiability.

Let us introduce the following MUST concept and study to which extent it can be
a first good step in that direction. A MUST (Minimally Unsatisfiable Set of Tuples) of
an unsatisfiable CSP P is an unsatisfiable CSP P’ that is such that the sets of forbidden
tuples of its constraints are subsets of the corresponding sets w.r.t. P and such that
allowing any of the tuples of P’ will render P’ satisfiable.
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Fig. 2: Graphical representations of Example 3

Definition 7. Let P = (V,{(Var(c1),T(c1)),..., Var(cm), T(cm))}) be an unsat-
isfiable CSP. The CSP P’ = (V.{(Var(c1),T'(c1)),..., Var(cm),T'(cm))}}) is a
MUST (Minimally Unsatisfiable Set of Tuples) of P if and only if :

1. P’ is unsatisfiable

2. Vist.1<i<m,T'(¢)CT(c)

3 Vist.1<i<m,VT"(¢c;) CT'(cy),
Vi {(Var(e1), T'(e1))y ooy Var(c;), T"(¢;)), .., Var(em), T (em))}) is satisfi-
able

Hence, a MUST can be interpreted as a tentative way to explain infeasibility at a
lower level of abstraction than the constraints one does. At this point, it is important to
note that this definition for a MUST of a CSP P does not require that allowing one of
the forbidden tuples of the MUST will make P become satisfiable. Indeed, it is easy
to prove that an unsatisfiable CSP can exhibit an exponential number of MUSTSs in the
worst case and that their set-theoretic intersection can be empty. Thus, the removal of
one forbidden tuple might not be enough to regain satisfiability. Furthermore, as the
following example shows, tuples contained in a MUST might even not take part into
the actual cause of the infeasibility of the CSP.

Example 3.

Let P=(V,C) s.t. V = {vy, v, v3}, withdom(vy) = dom(vs) = {A}, dom(ve) =
{A,B},and C = {e1 = ({o1,02}, {(A, B)}),c2 = ({va, v} {(4, A), (B, A)})}. In
Figure 2, both the graph and the micro-structure of this CSP are given. Clearly, P is
unsatisfiable and exhibits only one MUC, made of the ¢ constraint, since this one pre-
vents any assignment from being valid between v, and vs. On the contrary, considering
a lower level of abstraction, we see that P exhibits two MUSTSs, namely:

= Py, = (V.{({v1,02},{(4, B)}), {({v2, vs}, {(4, A)})}})
= P, = (V. {({v2, 03}, {(A, 4), (B, A)1)})

Py, is a MUST that contains tuples from both constraints. It does not correspond to
any MUC of P. Py, is a MUST that is also a MUC of P. Moreover, Py, contains the



only forbidden tuple linking v; and v, which does not participate to the unsatisfiability
of P.

Although these results might sound negative, in the next section it is shown that
MUSTs form an adequate concept to explain unsatisfiability at the tuples level, provided
that MUSTs are considered within MUCs.

4 MUSTSs within MUCs

It is well-known that any unsatisfiable CSP exhibits at least one MUC (which can be
the CSP itself). Unsurprisingly, any unsatisfiable CSP also exhibits at least one MUST.
Indeed, MUCs are unsatisfiable CSPs, which ensures that at least one MUST can be
extracted from any MUC of a CSP.

Proposition 1. At least one MUST can be extracted from any unsatisfiable CSP.
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