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Abstract. We explore the expressivity of constraint satisfaction prob-
lems (CSPs) in the arithmetic circuit model. While CSPs are known to
yield VNP-complete polynomials in the general case, we show that for
different restrictions of the structure of the CSPs we get characterizations
of different arithmetic circuit classes. In particular we give the first nat-
ural non-circuit characterization of VP, the class of polynomial families
efficiently computable by arithmetic circuits.

1 Introduction and related work

The complexity class VP has a very natural definition: It is the class of fami-
lies of polynomials computable by arithmetic circuits efficiently, i.e., by fami-
lies of arithmetic circuits of polynomial size. Despite this apparent naturality
there is one irritating aspect in which VP differs from other arithmetic circuit
classes: There are no known natural complete problems for VP – artificial ones
can be constructed – and no known natural characterizations of VP that do not
in one form or another depend on circuits. This puzzling feature of VP raises
the question whether VP is indeed the right class for measuring natural efficient
computability. This scepticism is further strengthened by the fact that Malod
and Portier [14] have shown that many natural problems from linear algebra
are complete for VPws, a subclass of VP. Thus the search for complete problems
or natural characterizations of VP is an interesting and meaningful problem in
algebraic complexity. In this paper we give such a natural characterization of
VP and other classes by constraint satisfaction problems.

Constraint satisfaction problems (CSPs) are a classical problem in complex-
ity theory and among the first shown to be NP-complete. In a seminal paper
Schaefer [15] characterized the complexity of boolean CSPs by showing a fa-
mous dichotomy theorem: if all constraints are chosen from a small class which
he completely describes, then the corresponding CSP is in P, otherwise it is
NP-complete. This result has spawned several follow up results, in one of which
Briquel and Koiran [5] gave a similar dichotomy result in the arithmetic circuit
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model. To a family (Φn) of CSPs they assign a polynomial family (P (Φn)). They
show that there is a small set S of constraints with the following property: If a
family (Φn) of CSPs is built of constraints in S only, then (P (Φn)) ∈ VP. On the
other hand if CSPs may be constructed with the help of any constraint not in S,
one can construct such a CSP-family (Φn) such that (P (Φn)) is VNP-complete.

Because CSPs are immensely important for practical purposes, researchers
especially in database theory and AI tried to circumvent Schaefer’s result by
finding feasible subclasses of CSPs. The key idea here is not to restrict the
individual constraints but instead to restrict the structure of the CSPs built
with these constraints. It was shown [1] that if one restricts the problem to so
called acyclic CSPs, then the resulting CSPs are solvable in P. It was even shown
that acyclic CSPs are parallelizable, but the exact complexity of the problem
was open for some time. Gottlob et. al [11] solved this question by proving that
acyclic CSPs are complete for the class LOGCFL. This result easily extends to
CSPs of bounded treewidth.

Treewidth is a crucial graph parameter for many algorithmic problems on
graphs. Often hard problems become feasible if one bounds the treewidth of
the inputs by a constant. During the last years treewidth has found its way
into arithmetic circuit complexity. This was started by Courcelle et al. [8] who
showed that generating functions of graph problems expressible in monadic sec-
ond order logic have small arithmetic circuits for graphs of bounded treewidth.
This line of research was continued by Flarup et al. [13] who improved these
upper bounds and showed matching lower bounds for some familes of polynomi-
als: On the one hand the permanent and the hamilton polynomial on graphs of
bounded treewidth can be computed by arithmetic formulas of polynomial size.
On the other hand all arithmetic formulas can be expressed this way. Briquel,
Koiran and Meer [6, 12] – building on a paper by Fischer et al. [9] which deals
with counting problems – considered polynomials defined by CNF formulas of
bounded treewidth (see also Section 3).

In this paper we unify these different lines of work: We complement the gen-
eral infeasibility results of Briquel and Koiran [5] by showing feasible subclasses
of polynomials assigned to CSPs. Also, our paper can be seen as an extension
of the work of Briquel, Koiran and Meer [12, 6] by generalization from CNF-
formulas to general CSPs. We introduce two kinds of polynomials for CSPs
and show that they characterize the hierarchy VPe ⊆ VPws ⊆ VP ⊆ VNP of
arithmetic circuit classes commonly considered (cf Section 2.1), respectively, for
different classes of CSPs. Boolean bounded treewidth or pathwidth CSPs cap-
ture VPe, while in the non-boolean case we get VPws for bounded pathwidth
and VP for bounded treewidth. We also explain where exactly the difference
in expressivity between boolean and non-boolean CSPs comes from. We prove
that if each variable can take only a constant number of values in satisfying
assignments of each constraint in non-boolean CSPs, then these CSPs capture
VPe again. In boolean CSPs each variable trivially takes only at most 2 values
in the satisfying assignments of each constraint. This explains that non-boolean



CSPs are more powerful, simply because the variables can take more values in
satisfying assignments of the constraints.
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2 Preliminaries

2.1 Arithmetic circuit complexity

We briefly recall the relevant definitions from arithmetic circuit complexity.
A more thorough introduction into arithmetic circuit classes can be found in
the book by Bürgisser [7]. Newer insights into the nature of VP and espe-
cially VPws are presented in the excellent paper of Malod and Portier [14].

An arithmetic circuit over a field F is a labeled directed acyclic graph (DAG)
consisting of vertices or gates with indegree or fanin 0 or 2. The gates with
fanin 0 are called input gates and are labeled with constants from F or variables
X1, X2, . . . , Xn. The gates with fanin 2 are called computation gates and are
labeled with × or +.

The polynomial computed by an arithmetic circuit is defined in the obvious
way: An input gate computes the value of its label, a computation gate computes
the product or the sum of its childrens’ values, respectively. We assume that a
circuit has only one sink which we call output gate. We say that the polynomial
computed by the circuit is the polynomial computed by the output gate. The
size of an arithmetic circuit is the number of gates. The depth of a circuit is the
length of the longest path from an input gate to the output gate in the circuit.

Sometimes we also consider circuits in which the +-gates may have un-
bounded fanin. We call these circuits semi-unbounded circuits. Observe that in
semi-unbounded circuits ×-gates still have fanin 2. A circuit is called multiplica-
tively disjoint if for each ×-gate v the subcircuits that have the children of v as
output-gates are disjoint. A circuit is called skew, if for all of its ×-gates one of
the children is an input gate.

We call a sequence (fn) of multivariate polynomials a family of polynomials
or polynomial family. We say that a polynomial family is of polynomial degree,
if there is a univariate polynomial p such that deg(fn) ≤ p(n) for each n. VP is
the class of polynomial families of polynomial degree computed by families of
polynomial size arithmetic circuits. VPe is defined analogously with the circuits
restricted to trees. By a classical result of Brent [4], VPe equals the class of
polynomial families computed by arithmetic circuits of depth O(log(n)). VPws is
the class of families of polynomials computed by families of skew circuits of
polynomial size. Finally, a family (fn) of polynomials is in VNP, if there is a
family (gn) ∈ VP and a polynomial p such that fn(X) =

∑
e∈{0,1}p(n) gn(e,X)

for all n where X denotes the vector (X1, . . . , Xq(n)) for some polynomial q.



A polynomial f is called a projection of g (symbol: f ≤ g), if there are
values ai ∈ F ∪ {X1, X2, . . .} such that f(X) = g(a1, . . . , aq). A family (fn)
of polynomials is a p-projection of (gn) (symbol: (fn) ≤p (gn)), if there is a
polynomial r such that fn ≤ gr(n) for all n. As usual we say that (gn) is hard
for an arithmetic circuit class C if for every (fn) ∈ C we have (fn) ≤p (gn). If
further (gn) ∈ C we say that (gn) is C-complete.

2.2 CSPs. . .

Let D and X be two sets. We denote with DX := {a : X → D} the set of
functions from X to D. A constraint is a function φ : DX → {0, 1} where X and
D are finite sets. We call D the domain and var(φ) = X the set of variables of
φ. We call k = |var(φ)| the arity of the constraint φ. If k = 2 we also say that
φ is binary. An assignment a : var(φ) → D is said to satisfy φ, if and only if
φ(a) = 1. We say that φ is boolean, if D = {0, 1}.

A constraint satisfaction problem (CSP) Φ of size m in the variables var(Φ)
and domain D is a set of m constraints {φ1, . . . , φm} such that the domain of all
φi is D and

⋃
i∈[m] var(φi) = var(Φ). A CSP Φ is called binary iff all constraints

φi of Φ are binary. If D = {0, 1} we call the CSP boolean.
A CSP Φ is satisfied by an assignment a : var(Φ) → D if for all i = 1, . . .m

we have φi(a|var(φi)) = 1, where a|var(φi) ∈ Dvar(φ) is the restriction of a onto
var(φ). We also say that a satisfies the constraints of Φ.

When we have an order on the variables of the CSP we sometimes identify
assignments a : var(Φ)→ D and vectors of length var(Φ) in the obvious way by
giving a value table of a. We sometimes also describe constraints by describing
its satisfying assignments as a set of vectors.

A CSP defines a function Φ∗ : Dvar(Φ) → {0, 1} by setting Φ∗(a) = 1 if and
only if a satisfies Φ. In a slight abuse of notation we will not distinguish between
the CSP Φ and the function Φ∗ in this paper, but use the same symbol Φ for
both of them. It will always be clear from the context which one of the two we
mean.

Many well known decision problems can be formulated as CSPs. For example
2-CNF-formulas are constraint satisfaction problems in which all constraint are
of the form a∨b where a and b are literals of the form xi or ¬xi for a variable xi.
This illustrates the fact that in general a CSP has many more variables than
each of its individual constraints.

We will in the following consider families (Φn) of CSPs. Every Φn may have
its own universe Dn and its own set of variables var(Φn). But we will always
assume that the arity of all constraints in all of the CSPs Φn is bounded by a
constant k independent of n. We say that (Φn) has bounded arity in this case.

We call a family (Φn) of CSPs p-bounded, if and only if (Φn) has bounded
arity and there is a polynomial p such that |Dn| ≤ p(n) and |var(Φn)| ≤ p(n) for
every n. We say that a constraint φ is c-assignment bounded if for all x ∈ var(φ)
we have |{a(x) | a : var(φ) → D with φ(a) = 1}| ≤ c, i.e., in the satisfying
assignments of φ each variable x takes at most c values. We call a CSP c-
assignment bounded if all of its constraints are c-assignment bounded. Observe



that all boolean CSPs are trivially 2-assignment bounded. We can normalize
CSPs with the following straightforward lemma:

Lemma 1. Let (Φn) be p-bounded family of CSPs. Then there is a p-bounded
family of CSPs (Φ′n) that defines the same family of functions such that Φ′n is of
polynomial size in n.

2.3 . . . and their polynomials

To a CSP Φ we will assign two polynomials P (Φ) and Q(Φ). However, P (Φ) is
only defined for boolean CSPs. So let Φ first be a boolean CSP with the set
of variables X = {x1, . . . , xn}. We assign a polynomial P (Φ) in the (position)
variables Y1, . . . , Yn to Φ in the following way:

P (Φ) :=
∑

e:{x1,...xn}→{0,1}n

Φ(e)Y e.

Here Y e stands for Y e(x1)
1 Y

e(x2)
2 . . . Y

e(xn)
n .

Example 1. Let the constraints in Φ be {x1 ∨ x2, x3 6= x2,¬x4 ∨ x2}. The sat-
isfying assignments are then 0100, 0101, 1010, 1100 and 1101. This results in
P (Φ) = X2 +X2X4 +X1X3 +X1X2 +X1X2X4.

In contrast to P (Φ) the second polynomial Q(Φ) is also defined for non-
boolean CSPs. So let Φ be a CSP with domain D. We assign to Φ the following
polynomial Q(Φ) in the variables {Xd | d ∈ D}.

Q(Φ) :=
∑

a:var(Φ)→D

Φ(a)
∏

x∈var(Φ)

Xa(x) =
∑

a:var(Φ)→D

Φ(a)
∏
d∈D

X
µd(a)
d ,

where µd(a) = |{x ∈ var(Φ) | a(x) = d}| computes number of variables mapped
to d by a. Note that Q(Φ) is homogeneous of degree |var(Φ)|.

Example 2. Let D = {1, 2, 3, 4} and let the constraints in Φ be {x1 + x2 ≥
4, x3 = 5 − x2, x1 < x2}. The satisfying assignments are then (1, 3, 2), (2, 3, 2),
(1, 4, 1), (2, 4, 1) and (3, 4, 1). This results in Q(Φ) = X1X2X3 +X2

2X3 +X2
1X4 +

X1X2X4 +X1X3X4.

Remark 1. The polynomial Q has a very natural algebraic interpretation: Con-
sider the free monoid D∗ consisting of finite words of the symbols in D. Further-
more consider the free commutative monoid Xc

D on the symbols XD := {Xd | d ∈
D} which is essentially the set of monomials in the variables in XD. There is a
natural monoid morphism q : D∗ → Xc

D with q(a1 . . . as) =
∏s
i=1Xai

. The mor-
phism q drops the order of the symbols in a word and computes a commutative
version of it.

Now we consider two rings: The first one is Z[D∗] consisting of formal integer
linear combinations of words in D∗. Observe that we can think of any finite set



S ∈ D∗ as an element of Z[D∗] by encoding it as
∑
a∈S a. The second ring we

consider is Z[XD] which is simply the polynomial ring over Z in the variables
XD. The monoid morphism q induces the ring morphism Q : Z[D∗] → Z[XD]
by Q(

∑
a caa) =

∑
a caq(a). Given the encoding

∑
a∈S a of a set S, Q computes

a commutative version of it. This is exactly what the polynomial Q(Φ) defined
above does: To a CSP Φ it computes a commutative version of the set of satisfying
assignments.

In general the P (Φ) and Q(Φ) are expressive enough to characterize VNP.
Thus in order to characterize subclasses of VNP we introduce structural restric-
tions to CSPs in the next section.

2.4 Treewidth

An excellent introduction to treewidth, its properties and algorithmic conse-
quences can be found in [10, Chapter 11]. For the convenience of the reader we
recall the definitions and facts needed in the remainder of this paper.

A tree decomposition of a graph G = (V,E) is a pair (T , (Bt)t∈T ), where
T = (T, F ) is a tree and (Bt)t∈T is a family of subsets of V such that:

–
⋃
t∈T Bt = V .

– For every v ∈ V , the set B−1(v) := {t ∈ T | v ∈ Bt} is nonempty and
connected in T .

– For every edge uv ∈ E there is a t ∈ T such that u, v ∈ Bt.

The sets Bt are called the bags of the decomposition. The width of the decom-
position is max{|Bt| | t ∈ T}−1. The treewidth tw(G) of a graph G is defined as
the minimum of the widths of all tree-decompositions of G. With this definition
trees have a treewidth of 1.

A path decomposition is a tree decomposition in which T is a path. The path-
width pw(G) is defined in a completely analogous fashion to tw(G). Clearly for
all graphs G we have tw(G) ≤ pw(G).

We state a well known property of tree-decompositions (see [10, Chapter 11]).

Proposition 1. Let G = (V,E) be a graph and (T , (Bt)t∈T ) be a tree-decompo-
sition of G. Then for each clique C ⊆ V in G there is a bag Bt such that C ⊆ Bt.

To a CSP Φ we assign two graphs: The primal graph GPΦ has the vertex set
var(Φ) and there is an edge between two vertices x and y if and only if there
is a constraint φ in Φ such that {x, y} ⊆ var(φ). Note that the constraints in
Φ yield cliques in GPΦ . The incidence graph GIΦ has the vertex set var(Φ) ∪ {φ |
φ constraint in Φ}. There is an edge between x ∈ var(Φ) and φ if and only if
x ∈ var(φ). There are no other edges in GIΦ, thus GIΦ is bipartite.

We define the treewidth of a CSP G as tw(Φ) := tw(GPΦ ). We say that a
family of CSPs (Φn) has bounded treewidth, if and only if tw(GΦn

) ≤ d for a
constant d independent of n. We could also have defined the treewidth of Φ as
the treewidth of the incidence graph GIΦ, but the following folklore lemma tells
us that there is not much difference if we consider CSPs with bounded arity.



Lemma 2. For every CSP Φ we have:

a) tw(GIΦ) ≤ tw(GPΦ ) + 1.
b) If all constraints in Φ have arity at most k, then tw(GPΦ ) ≤ k(tw(GIΦ)+1)−1.

The following lemma relates the expressivity of P and Q.

Lemma 3. For every boolean CSP Φ in s variables there is a 2-assignment
bounded CSP Ψ with domain size |D| = 2s such that P (Φ) ≤ Q(Ψ) and GPΦ '
GPΨ .

3 Statement of the results

Having introduced all necessary definitions we will now formulate our results in
this section. Our first theorem characterizes the expressive power of boolean and
non-boolean CSPs of bounded path- and treewidth.

Theorem 1 (Characterization of VPe).

a) Let (Φn) be a p-bounded family of boolean CSPs with bounded treewidth. Then
(P (Φn)) ∈ VPe. Moreover, any family in VPe is a p-projection of such a
(P (Φn)). The same statement also holds with pathwidth instead of treewidth.

b) Let (Φn) be a p-bounded family of c-assignment bounded CSPs with bounded
treewidth. Then (Q(Φn)) ∈ VPe. Moreover, any family in VPe is a p-projec-
tion of such (Q(Φn)). The same statement also holds with pathwidth instead
of treewidth.

Observe that Theorem 1 implies that bounded pathwidth and bounded tree-
width have the same computational power in this setting, although pathwidth
is a far more restrictive measure.

Our next Theorem shows that general non-boolean CSPs with bounded
treewidth characterize VP.

Theorem 2 (Characterization of VP). Let (Φn) be a p-bounded family of
CSPs with bounded treewidth. Then (Q(Φn)) ∈ VP. Moreover, any family in
VP is a p-projection of such a (Q(Φn)).

Finally we show that for general non-boolean CSPs pathwidth and treewidth
differ in expressivity. With bounded pathwidth we get a characterization of VPws.

Theorem 3 (Characterization of VPws). Let (Φn) be a p-bounded family of
CSPs with bounded pathwidth. Then (Q(Φn)) ∈ VPws. Moreover, any family in
VPws is a p-projection of such a (Q(Φn)).

Observe that the only difference between Theorem 1 b) and Theorem 2/3 is
the c-assigment boundedness. This means that the difference between VPe and
VP/VPws in this setting is simply that for VP and VPws the variables in the
constraints may take more different values in satisfying assignments.



We will prove Theorem 1, Theorem 2 and Theorem 3 in several individual
lemmas. Because of space restrictions most of the proofs are omitted. They can
be found in the upcoming full version of this paper.

We now relate our results to known results. Fischer, Makowsky and Ravve
[9] consider the problem of counting solutions to boolean CSPs and achieve the
following results:

Theorem 4 ([9]).

a) There is an algorithm that given a CNF-Formula Φ of size n and a tree
decomposition of GIΦ of width k counts the number of satisfying assignments
of Φ using at most 4kn operations.

b) Given a boolean CSP Φ of size n and a tree decomposition of GPΦ of width
k, the number of satisfying assignments of Φ can be computed with 4kn2

arithmetic operations.

Observe that CNF formulas are special forms of CSPs in which the con-
straints are disjunctive clauses. For CNF-formulas the size of the clauses need
not have bounded arity to guarantee feasibility in part a) of Theorem 4. In b)
there is an implicit bound on the arity of the constraints, because the treewidth
of the primal graph is bounded, so the setting is more comparable to ours. Thus
Theorem 2 can be seen as an extension of b) to non-boolean CSPs also adding
a matching lower bound.

Briquel, Koiran and Meer [12, 6] give the following result.

Theorem 5 ([12, 6]). For every family (Φn) of p-bounded CNF-formulas with
bounded treewidth of GIΦn

we have (P (Φn)) ∈ VPe. Moreover, any family in
VPeis a p-projection of such a (P (Φn)).

Again the size of the CNF-clauses is not restricted and the treewidth of
the incidence graph is considered. Theorem 5 can be interpreted as translation
of Theorem 4 a) into the arithmetic circuit model with a matching hardness
result. Theorem 1 is an extension of Theorem 5 to general CSPs instead of
CNF-formulas. Moreover, the lower bound is shown to already hold for bounded
pathwidth. But in contrast to Briquel, Koiran and Meer we require a bound on
the arity of the constraints to show feasibility in our setting.

4 Lower bounds

In this section we show the lower bounds on the expressivity of polynomials
defined by CSPs.

Lemma 4. There is a constant c ≤ 26 such that the following holds: For every
(fn) ∈ VPe there is a p-bounded family (Φn) of boolean CSPs with pathwidth at
most c such that (fn) ≤p (P (Φn)).

A proof of Lemma follows by using an encoding of iterated 3 × 3-matrix
multiplication (see [2]) into CSPs. Combining Lemma 4 and Lemma 3 directly
yields the following corollary.



Corollary 1. There is a constant c ≤ 26 such that the following holds: For every
(fn) ∈ VPe there is a p-bounded family (Ψn) of 2-assignment bounded CSPs with
pathwidth at most c such that (fn) ≤p (Q(Ψn)).

Next we will show the lower bounds for the characterizations of VP and VPws.
For the proofs we use so called parse tree arguments (see e.g. [14, Section 4]).
A parse tree T of a multiplicatively disjoint circuit C is a subgraph of C that is
constructed in the following way:

– Add the output gate of C to T .
– For every gate v added to T do the following;
• If v is a +-gate, add exactly one of its children to T .
• If v is a ×-gate, add both of its children to T .

Observe that parse trees are binary trees. The weight w(T ) of a parse tree T
is the product of the labels of its leaves. The polynomial computed by C is the
sum of the weights of all of C’s parse trees.

Lemma 5. Let (fn) ∈ VP, then there is a p-bounded family Φn of binary CSPs
such that (fn) ≤p (Q(Φn)) and GPΦn

is a tree for every n.

In the proof we will use the following result.

Lemma 6. (fn) ∈ VP if and only if (fn) is computed by a family of multiplica-
tively disjoint semi-unbounded logarithmic depth circuits.

The proof of Lemma 6 easily follows by applying the techniques of Malod
and Portier [14, Lemma 2] on the classical characterization of VP by logarithmic
depth semi-unbounded arithmetic circuits found by Valiant et al. [16].

Proof (of Lemma 5). The idea of the proof is the following: We use the char-
acterization in Lemma 6 which yields that the polynomials fn have logarithmic
depth parse trees. We encode these parse trees into polynomial size CSPs whose
primal graphs are trees isomorphic to the parse trees of the fn. Summing up
over all possible encodings of parse trees we get polynomials whose projection
are the fn. We now describe the construction in more detail.

So consider a polynomial f = fn from our family. By Lemma 6 we know that
fn is computed by a logarithmic depth semi-unbounded circuit C of polynomial
size. By adding dummies we can make sure that C has the following “layered”
form:

– All operation gates at the same depth have the same operation.
– All leaves are at the same depth level.

This implies that all parse trees of C are isomorphic binary trees. Let the
children of the ×-gates in Φ be ordered, i.e., we call one of them the left child
and the other one the right child. Let T be a binary tree isomorphic to the parse
trees of C. The children of vertices in T that correspond to ×-gates in C are
also ordered.



We now build a CSP Φ with var(Φ) = V (T ) and GPΦ = T . The domain is the
vertex set V (C) of C. To distinguish the vertices of T from the gates of C we
write the vertices of T with a hat, e.g. v̂ ∈ V (T ). For each edge ûv̂ in T we define
a constraint φûv̂ on the variables û and v̂ in the following way: If û corresponds
to a +-gate in C, then the satisfying assignments of φûv̂ (where u and v denote
the images of û and v̂, respectively) are described by

{(u, v) | u, v ∈ V (C), u is a +-gate, v is a child of u}.

If û corresponds to a ×-gate and v̂ is the left child of û, then φûv̂ is described by

{(u, v) | u, v ∈ V (C), u is a ×-gate, v is the left child of u}.

For right children we add constraints in an analog fashion.
It is easy to see, that Φ is satisfied by an assignment a : V (T )→ V (C) if and

only if a maps T onto a parse tree Ta of C. Also for each satisfying assignment
a the resulting monomial

∏
û∈V (T )Xa(û) can be projected to w(Ta) by doing

the following: If v is an operation gate of C, then substitute Xv by 1. If v is an
input gate of C with label l, then substitute Xv by l. Because each v is either an
operation gate or an input gate but never both, these settings do not contradict
for different satisfying assignments of Φ. It follows that f ≤ Q(Φ). The primal
graph GPΦ of Φ is by construction the tree T . The observation that the size of Φ
and its domain V (C) are polynomial completes the proof. ut

We use a similar parse tree argument for VPws.

Lemma 7. Let (fn) ∈ VPws, then there is a p-bounded family Φn of binary
CSPs such that (fn) ≤p (Q(Φn)). Furthermore pw(Φn) = 1 for every n.

The key insight for the proof for Lemma 7 is that parse trees of skew circuits
have a very restricted form that allows encoding them into CSPs of bounded
pathwidth.

5 Upper bounds on the complexity

Lemma 8. For every family (Φn) of p-bounded and c-assignment bounded CSPs
of bounded treewidth we have (Q(Φn)) ∈ VPe.

Proof. Consider a family (Φn) of CSPs with the desired properties. To ease
notation we fix n and set Φ = Φn and D = Dn.

Fix a tree-decomposition (T , (Bt)t∈T ) of the primal graph GPΦ with minimal
width. W.l.o.g. the tree T = (T, F ) is a rooted, binary tree and has depth
O(log(n)) (see [3]). We give T a direction from the leaves to the root and will
later make an induction along this direction. We use teh following helpful claim:

Claim 6. We may assume that there is a bijection from the vertices in T to the
constraints in Φ such that t ∈ T is mapped to a constraint φt with var(φt) = Bt.



It follows that |Bt| ≤ k for every t ∈ T , where k is the upper bound on arity
of the constraints in Φ.

For each vertex t of T let Tt be the subtree of T that has t as its root. Let
Tt = V (Tt) be the vertex set of Tt. Furthermore let Φt be the CSP with the set
of constraints {φt′ | t′ ∈ Tt} and the set of variables var(Φt) =

⋃
t′∈Tt

Bt′ .
We say that an assignment a : Bt → D is good for t or φt if it satisfies φt.

Similarly we call a partial assignment to Bt good for t or φt if it can be extended
to a good assignment. We are only interested in good assignments for individual
constraints φt, because bad assignments do not contribute to Q(Φ) anyway.

Let a : V → D and b : W → D be assignments. We say that a and b are
consistent (symbol: a ∼ b), if a|V ∩W = b|V ∩W , i.e. they assign the same values
to variables they share.

For each vertex t ∈ T we will compute polynomials

ft,a,e :=
∑

α : var(Φt)→D,
a∼α

Φt(α)
∏

x∈var(Φt)\e

Xα(x),

where a is a good assignment for φt and e ⊆ Bt. The sets e ⊆ Bt will later in the
construction prevent that variables Xa(x) appear more than once in a monomial
for x ∈ var(Φ).

Observe that for each t there are only O(1) polynomials ft,a,e: Because Φ is
c-assignment bounded and its constraints φ have at most arity k, each φ has
at most ck satisfying assignments. Also there are at most 2|Bt| ≤ 2k sets e. It
follows that there are at most ck2k = O(1) polynomials ft,a,e for each t.

The depth of a vertex t ∈ T , denoted by depth(t), is the length of the longest
path from a leaf to t in Tt.

Claim 7. For each t ∈ T we can compute all ft,a,e with a circuit of depth
O(depth(t)).

Lemma 8 follows easily with Claim 7: Let t∗ be the root of T . By definition

Q(Φ) =
∑

α : var(Φ)→D

Φ(α)
∏

x∈var(Φ)

Xα(x)

=
∑

a : Bt∗→D

∑
α : var(Φ)→D,a∼α

Φ(α)
∏

x∈var(Φ)

Xα(x)

=
∑

a : Bt∗→D,Φt∗ (a)=1

ft∗,a,∅

The tree T has depth O(log(n)), so with Claim 7 we can compute Q(Φ) with a
circuit of depth O(log(n)). It follows that (Φn) ∈ VPe. Thus all that is left to do
is to prove Claim 7. ut

Corollary 2. For every family (Φn) of boolean p-bounded CSPs of bounded
treewidth we have (P (Φn)) ∈ VPe.

The proof of Lemma 8 can be adapted to show the following lemmas:



Lemma 9. For every family (Φn) of p-bounded CSPs of bounded treewidth we
have (Q(Φn)) ∈ VP.

Lemma 10. For every family (Φn) of p-bounded CSPs of bounded pathwidth we
have (Q(Φn)) ∈ VPws.
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