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Abstract.

Pioneered two decades ago, knowledge compilation (KC) has
been for a few years acknowledged as an important research
topic in AI. KC is concerned with the pre-processing of pieces
of available information for improving the computational effi-
ciency of some tasks based on them. In AI such tasks typically
amount to inference or decision making. KC gathers a number
of research lines focusing on different problems, ranging from
theoretical ones (where the key issue is the compilability one,
i.e., determining whether computational improvements canbe
guaranteed via pre-processing) to more practical ones (mainly
the design of compilation algorithms for some specific tasks,
like clausal entailment). The (multi-criteria) choice of atarget
language for KC is another major issue. In these tutorial notes,
I review a number of the most common results of the literature
on KC in the propositional case. The tour includes some attrac-
tions, especially algorithms for improving clausal entailment
and other forms of inference; a visit of the compilability dis-
trict and a promenade following the KC map are also included.

1 INTRODUCTION

These tutorial notes are aboutknowledge compilation (KC), a fam-
ily of approaches proposed so far for addressing the intractability of
a number of AI problems [12]. The key idea underlying KC is to
pre-process parts of the available information (i.e., turning them into
a compiled form using a compilation functioncomp) for improv-
ing the computational efficiency of some tasks of interest. Thus, KC
amounts to atranslation issue. Two phases are usually considered
within KC:

• Off-line phase:it aims at turning some pieces of informationΣ
into acompiled formcomp(Σ).

• On-line phase: its purpose is to exploit the compiled form
comp(Σ) (and the remaining pieces of informationα) to achieve
the task(s) under consideration.

KC has emerged some years ago as a new direction of research
in AI (thus “KC” appears for a couple of years as a key word in
the calls for papers of several AI conferences). The introduction of
the name “KC” itself dates back to the late 80’s/beginning ofthe
90’s [71, 60, 75]. From there, many developments have been done,
both from the theoretical side (with the introduction of newconcepts,
algorithms, etc.) and from the practical side (benchmarks,pieces of
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software, applications, etc.). One of the objectives of these notes is
to review the main ones, focusing on the propositional case.

If KC has been identified as a research topic in the quite re-
cent past, the idea of pre-processing pieces of informationfor im-
proving computations (which typically means “saving computation
time”) is an old one. It has many applications in Computer Science
(even before the modern computer era). One of the most salient ex-
ample for illustrating it is the notion oftable of logarithms. Such
tables have been introduced during the 17th century and used for
centuries as “compiled forms” for improving many computations
(it was still used three decades ago in french secondary schools).
The principle is first to compute the values oflog10(x) (using for-
mal series developments) for many real numbersx ∈ Σ ⊆ [1, 10)
and to store pairscomp(Σ) = 〈x, log10(x)〉 in the table (the off-
line phase, done once for all), then to take advantage of the prop-
erties of log10 to simplify forthcoming computations (the on-line
phase). For instance, assume that one wants to compute the “value”
of α = 5

√
1234. Since 5

√
1234 = (1.234 × 103)

1

5 , we get that

log10(
5
√

1234) = log10((1.234 × 103)
1

5 ) = log10(1.234)+3
5

; it is
thus enough to look up the “value” oflog10(1.234) in the table

〈1.234, 0.09131516〉 ∈ comp(Σ)

compute0.09131516+3
5

= 0.618263032, and finally look up the an-
tecedent bylog10 of the resulting value0.618263032 in the table
(〈4.152054371, 0.618263032〉 ∈ comp(Σ)) (or use an antilog ta-
ble); we get that5

√
1234 = 4.152054371 without a heavy compu-

tational effort (mainly an addition and a division). Of course, the
computational effort spent in the off-line phase (the tablegeneration)
makes sense because it is amortized over the many facilitated com-
putations it enables.

The idea of pre-processing pieces of information for improving
computations has been also widely used for years in many areas
of Computer Science. Of course, one immediately thinks about the
compilation of computer languages which gives rise to much re-
search for the 50’s (a “compiled form”comp(Σ) is here a piece of
object code, which runs typically more quickly than the correspond-
ing source codeΣ on the given dataα since one level of interpreta-
tion has been removed). But database indexes, lookup tablesheavily
used in computer graphics and other caching techniques considered
for instance for static optimization of code also amount to the same
key idea as the one underlying KC.

From the terminology point of view, what makes KC different
from previous compilation techniques considered outside AI is that it
is “knowledge-based”. However, this is not so much a major distinc-
tion since within KC, “knowledge” must not be taken in the technical
sense of “true beliefs” but in a rather broad sense: roughly,“knowl-
edge” amounts to pieces of information (“declarative knowledge”)



and ways to exploit them (this is also the meaning of “knowledge”
in “knowledge representation”). Pieces of information aretypically
encoded as formulasΣ, α, ... in alogic-based languageL, where for
the sake of generality, a logic is viewed as a pair〈L,⊢〉 where⊢ is
an inference relation(a binary relation overL).

What are thetasksto be computationally improved via KC? Of
course, they aredomain-dependentin the general case. Neverthe-
less, for many applications, such tasks requirecombinations of basic,
domain-independent queries and transformations. Queries are about
extracting pieces of information from compiled forms whiletrans-
formations correspond to update operations on compiled forms. In a
logic-based setting, basic queries are the inference one and the con-
sistency one:

• Inference: GivenΣ, α ∈ L, doesΣ ⊢ α hold?
• Consistency:Given Σ ∈ L, does there existα ∈ L such that

Σ 6⊢ α holds?

Basic transformations include conditioning, closures under con-
nectives⊗ and forgetting:

• Conditioning: Make some elementary propositions true (or false)
in Σ ∈ L.

• Closures under connectives:Compute a representation inL of
α ⊗ β from α ∈ L andβ ∈ L.

• Forgetting: When defined, compute a representation of the most
general consequence w.r.t.⊢ of Σ ∈ L not containing some given
elementary propositions.

For instance, the consistency-based diagnoses of a system (à la de
Kleer and Reiter) can be computed as the models of the propositional
formula obtained by forgetting every elementary proposition except
those denoting the components states, in the formula obtained by
conditioning the system description (which expresses the behaviour
of each component of the system and the way they are connected)
by the available observations (typically the inputs and outputs of the
system). Thus, if models generation, forgetting and conditioning are
computationally easy queries/transformations when the system de-
scription has been first turned into a compiled form, the generation
of diagnoses is easy as well, and the computational effort spent in
compiling the system description can be balanced over many sets
of observations. Interestingly, there existtarget languages for KC
ensuring that such queries and transformations can be achieved in
polynomial time, especially the languagesPI andDNNF (which will
be detailed later on).

Typically, among the basic queries and transformations under
consideration, they are someintractable ones(formally, the corre-
sponding decision or function problem isNP-hard in the sense of
Cook reduction). Indeed, for such queries and transformations, no
polynomial-time algorithms (for our deterministic computers) are
known and it is conjectured that none of them exists (this is the fa-
mousP 6= NP conjecture, perhaps the most important conjecture in
Computer Science). For instance, in the consistency-baseddiagno-
sis setting as described above, the problem (query) of determining
whether a diagnosis exists for a given set of observations isalready
NP-complete.

Now, a fundamental question is the assessment one: “when does
KC achieve its goal?”. Roughly speaking, KC makes sense when
some of the queries and transformations of interest become “less in-
tractable” once some pieces of the available information have been
compiled first, provided that the computational effort spent during
the off-line phase is “reasonable”. Especially, if the pieces of infor-
mation to be compiled (the so-calledfixed part) vary frequently, it is

unlikely that the computational resources required to derive the com-
piled form could be balanced, by considering sufficiently instances
of the computational problem under consideration, with thesame
fixed part and differentvarying parts. Fortunately, the assumption
that some pieces of information are not very often subject tochange
is valid in many scenarios (e.g. in a diagnostic setting, it is reason-
able to assume that the system description does not often change, or
at least varies less frequently than the sets of observations to be con-
sidered). Deriving more accurate answers to the fundamental evalu-
ation question requires to make precise what “less intractable” and
“reasonable” mean.

Basically, deciding whether KC achieves its goal of computation-
ally improving a given query or transformation depends on whether
the task is considered at theproblem level or at theinstance level.
At the problem level, “less intractable” just means that some sources
of intractability have been removed via the compilation phase (for
decision problems, assuming that the fixed part of any instance be-
longs to the target language for KC under consideration leads to a
restriction of the problem, which is at a lower level of the polyno-
mial hierarchy than the unrestricted problem). In many cases, “less
intractable” means tractable, i.e., solvable in (deterministic) polyno-
mial time. “Reasonable” means that the size of the compiled form
of the fixed part is guaranteed to be polynomial in the size of the
fixed part. This is a mandatory requirement for avoiding an unbi-
ased evaluation: consider anNP-hard problem for which the most
efficient resolution algorithm one knowns runs inO(2n) time in the
worst case (wheren is the input size); assume that there exists a
second resolution algorithm for the same problem running inO(n)
time in the worst case, provided that the input has been compiled
first: would it be reasonable to say that the source of intractability
has been removed via compilation and that KC is successful here?
Well, certainly not if the size of the compiled form is exponential in
the size of the instance considered at start! In such a case, the sec-
ond algorithm will run on an input exponentially larger thanthe first
one, so that its running time may easily exceed the running time of
the first algorithm on the original instance. Furthermore, the overall
algorithm obtained here following the “compiled approach”(i.e., the
sequential combination of the compilation algorithm used to gener-
ate the compiled form followed by the second algorithm described
above) requires exponential space to work (since the compiled form
has to be stored), while this is not necessarily the case for the first
algorithm, corresponding to a “direct, uncompiled” approach to the
resolution of the same problem.

Now, at the instance level, one does not focus on worst-case com-
putations on arbitrarily large instances of the problem under consid-
eration but on agiven set of instances, where some instances share
the same fixed part. One typically computes some statistics about the
time needed to solve all the instances sharing the same fixed part (for
each such fixed part), assuming that the fixed part has been compiled
or without such an assumption (i.e., following a “direct, uncompiled”
approach), and we compare them. For instance, if one considers the
problem of generating a consistency-based diagnosis for a system,
one starts with a set of instances, where for the same system descrip-
tion (the fixed part), one encounters several sets of observations (the
varying part). Then we compile the system descriptions and for each
system description, we measure the runtimes needed to compute a
consistency-based diagnosis for each instance sharing thesystem de-
scription under consideration. We do the same but considering the
system descriptions provided at start (i.e., the “uncompiled ones”).
For each system description such that the overall runtime required for
solving all the associated instances assuming that the system descrip-



tion has been compiled is lower than the overall runtime required for
solving all the associated instances without this assumption, we have
some evidence that KC proved useful (at least in the limit). In order
to get a more complete assessment, one can also compute for each
fixed part a number of instances from which the compilation time is
balanced.

As usual when dealing with complexity considerations,2 the two
evaluation levels have their pros and their cons and are actually com-
plementary ones. On the one hand, the evaluation at the problem level
can prove too coarse-grained to get an accurate view of the improve-
ments offered by KC for a given application. Indeed, an application
corresponds to a specific instance of a problem (or to a finite set
of such instances), but not to the problem itself (where the focus is
laid on the worst case and arbitrarily large instances are considered).
Thus, it can be the case that KC proves useful in practice for solv-
ing some instances of interest of a problem, even if it does not make
the problem itself “less intractable” or if it does not ensure that the
size of the compiled form of a fixed part is polynomial in the size of
the fixed part. On the other hand, performing an evaluation ofa KC
technique at the instance level is more informationally demanding:
one needs a significant set of instances, one also needs a “baseline
algorithm” corresponding to a “direct, uncompiled” approach to the
problem. It is usually difficult to reach a consensus on what “signifi-
cant” and “baseline” mean here.

Much work achieved so far within KC is concerned with(classi-
cal) propositional logic. This can be explained by the fact that while
being one of the simplest logic one may consider (and as such,em-
bedded in many more sophisticated logics), it proves sufficiently ex-
pressive for a number of AI problems like the diagnostic one,as con-
sidered above; furthermore, while decidable, propositional reasoning
is intractable; thus, the inference problem (i.e., the entailment one) is
coNP-complete, the consistency one isNP-complete, the forgetting
problem isNP-hard. Accordingly, propositional reasoning is a good
candidate for KC: some computational improvements would bewel-
come!

In these notes, I review a number of previous works on KC de-
scribed so far in the literature. Those works can be classified accord-
ing to the main issue they consider:

• How tocompilepropositional formulas in order to improve clausal
entailment?

• How toevaluatefrom a theoretical point of view whether KC can
prove useful?

• How tochoosea target language for the KC purpose?
• What about KC forother forms of propositional inference?

Each of the following sections is centered on one of those is-
sues, except the next section where some formal preliminaries about
propositional languages are provided, and the (short) finalconclud-
ing section. For space reasons, I assume that the reader has some
background about computational complexity, especially the classes
P, NP, coNP, Θp

2, ∆p
2, Πp

2 and more generally all the classes of the
polynomial hierarchyPH (see e.g. [69] for a presentation of those
complexity classes). Please note that the main objective ofthis docu-
ment is to serve as a support for the corresponding tutorial;if a num-
ber of previous approaches are reviewed in it (and the corresponding

2 That a problem isNP-hard does not say anything about the greatest integer
n such that all the instances of size≤ n of the problem can be solved
within a “reasonable” amount of time, say less than 600s (observe also
that making this statement more robust would require a definition of the
underlying computational model – in practice, of the computer used for the
experiments).

references are given as pointers for further readings), it is far from
being exhaustive.

2 PROPOSITIONAL LANGUAGES

The propositional languages which have been considered as target
languages for KC are typically subsets (also referred to as “frag-
ments”) of the followingNNF language:

Definition 1. Let PS be a denumerable set of propositional variables
(atoms). A formula inNNF is a rooted, directed acyclic graph (DAG)
where each leaf node is labeled withtrue , false, x or ¬x, x ∈ PS;
and each internal node is labeled with∧ or ∨ and can have arbi-
trarily many children. The size of a sentenceΣ in NNF, denoted|Σ|,
is the number of its DAG arcs plus the number of its DAG nodes. Its
height is the maximum number of edges from the root to some leaf in
the DAG.

From here on, ifC is a node in anNNF formula, thenV ar(C)
denotes the set of all variables that label the descendants of node
C. Moreover, ifΣ is anNNF sentence rooted atC, thenV ar(Σ) is
defined asV ar(C). For any subsetV of PS, LV denotes the subset
of literals generated from the atoms ofV , i.e.,LV = {x,¬x | x ∈
V }. x ∈ PS is said to be apositive literaland¬x a negative literal.
∼ l is thecomplementary literalof l ∈ LPS : if l = x is a positive
literal, then∼ l = ¬x; if l = ¬x is a negative literal, then∼ l = x.

The language ofNNF formulas can be viewed as a generalization
of a standard propositional language consisting of Negation Normal
Form formulas having a tree shape (formally,NNF includes this lan-
guage as a proper subset).
NNF (and its subsets) are classically interpreted (i.e., the semantics

of a formula is a Boolean function):

Definition 2. Let ω be an interpretation (or “world”) onPS (i.e.,
a total function fromPS to BOOL = {0, 1}). Thesemanticsof
a formulaΣ ∈ NNF in ω is the truth value[[Σ]](ω) from BOOL

defined inductively as follows:

• if Σ = true (resp.false), then[[Σ]](ω) = 1 (resp.0).
• if Σ ∈ PS, then[[Σ]](ω) = ω(Σ).
• if Σ = ¬α, then[[Σ]](ω) = 1 − [[α]](ω).
• if Σ = ∧(α1, . . . , αn), then

[[Σ]](ω) = min({[[α1]](ω), . . . , [[αn]](ω)}).
• if Σ = ∨(α1, . . . , αn), then

[[Σ]](ω) = max({[[α1]](ω), . . . , [[αn]](ω)}).

An interpretationω is said to be amodelof Σ, notedω |= Σ, if and
only if [[Σ]](ω) = 1. If Σ has a model, it issatisfiable(or consistent);
otherwise, it isunsatisfiable(or inconsistent). If every interpretation
ω onPS is a model ofΣ, Σ is valid, noted|= Σ. If every model ofΣ
is a model ofα, thenα is a logical consequenceof Σ, notedΣ |= α.
Finally, when bothΣ |= α andα |= Σ hold,Σ andα areequivalent,
notedΣ ≡ α.

One usually distinguishes between two families of subsets of NNF:
flat andnestedsubsets. FlatNNF formulas are those of height at most
2, and their set is thef-NNF language.
NNF formulas which do not have a tree-like structure can be

viewed as compact representations of the corresponding formulas
having a tree shape, obtained by sharing subformulas. When con-
sidering non-flat formulas, this feature can have a dramaticeffect on
the representation size (i.e., exponential savings can be achieved).

Well-known flat subsets result from imposing onNNF formulas
combinations of the following properties:



• Simple-disjunction: The children of each or-node are leaves that
share no variables (the node is aclause).

• Simple-conjunction: The children of each and-node are leaves
that share no variables (the node is aterm).

Definition 3.

• The languageCNF is the subset off-NNF satisfying simple–
disjunction. For every positive integerk, k-CNF is the subset of
CNF formulas where each clause contains at mostk literals.

• The languageDNF is the subset off-NNF satisfying simple–
conjunction.

The following subset ofCNF, prime implicates, has been quite
influential in Computer Science and in AI:

Definition 4. The languagePI is the subset ofCNF in which each
clause entailed by the formula is entailed by a clause that appears in
the formula; and no clause in the formula is entailed by another.

PI is also known as the language of Blake formulas.
A dual ofPI, prime implicantsIP, can also be defined:

Definition 5. The languageIP is the subset ofDNF in which each
term entailing the formula entails some term which appears in the
formula; and no term in the formula is entailed by another term.

Some other subsets ofCNF are also interesting for the KC pur-
pose, for instance the setHORN-CNF of Horn CNF formulas, i.e.,
conjunctions of clauses containing at most one positive literal. It is
well-known that the consistency issue for such formulas (the CO
query) can be addressed in linear time (intuitively, a restricted form
of interaction between clauses – unit-resolution – is sufficient to
determine whether aHORN-CNF formula is contradictory or not).
HORN-CNF (as well as the other fragments considered here) enables
also a polynomial-time conditioning operation (i.e., it satisfies the
CD transformation):

Definition 6. LetL be a subset ofNNF. L satisfiesCO if and only if
there exists a polynomial-time algorithm that maps every formula Σ
fromL to 1 if Σ is consistent, and to0 otherwise.

Definition 7. Let L be a subset ofNNF. L satisfiesCD if and only
if there exists a polynomial-time algorithm that maps everyformula
Σ from L and every consistent termγ to a formula fromL that is
logically equivalent toΣ | γ, i.e., the formula obtained by replacing
in Σ every occurrence of a variablex ∈ V ar(γ) by true if x is a
positive literal ofγ and byfalse if ¬x is a negative literal ofγ.

Conditioning has a number of applications, and correspondsto re-
striction in the literature on Boolean functions. The main application
of conditioning is due to a theorem, which says thatΣ ∧ γ is con-
sistent if and only ifΣ | γ is consistent. Therefore, if a language
satisfiesCO andCD, then it must also satisfyCE:

Definition 8. LetL be a subset ofNNF. L satisfiesCE if and only if
there exists a polynomial-time algorithm that maps every formula Σ
from L and every clauseγ from NNF to 1 if Σ |= γ holds, and to0
otherwise.

Interesting nested subsets ofNNF are obtained by imposing some
of the following requirements [24]:

• Decomposability: An and-nodeC is decomposable if and only if
the conjuncts ofC do not share variables. That is, ifC1, . . . , Cn

are the children of and-nodeC, thenV ar(Ci) ∩ V ar(Cj) = ∅
for i 6= j. An NNF formula satisfies the decomposability property
if and only if every and-node in it is decomposable.

• Determinism: An or-node C is deterministic if and only if
each pair of disjuncts ofC is logically contradictory. That is, if
C1, . . . , Cn are the children of or-nodeC, thenCi ∧ Cj |= false

for i 6= j. An NNF formula satisfies the determinism property if
and only if every or-node in it is deterministic.

• Decision: A decision nodeN in anNNF formula is one which is
labeled withtrue , false, or is an or-node having the form(x∧α)∨
(¬x ∧ β), wherex is a variable,α andβ are decision nodes. In
the latter case,dVar(N) denotes the variablex. An NNF formula
satisfies the decision property when its root is a decision node.

• Ordering : Let < be a total, strict ordering over the variables from
PS. An NNF formula satisfying the decision property satisfies the
ordering property w.r.t.< if and only if the following condition
is satisfied: ifN andM are or-nodes, and ifN is an ancestor of
nodeM , thendVar(N) < dVar(M).

• Smoothness: An or-nodeC is smooth if and only if each disjunct
of C mentions the same variables. That is, ifC1, . . . , Cn are the
children of or-nodeC, thenV ar(Ci) = V ar(Cj) for i 6= j. An
NNF formula satisfies the smoothness if and only if every or-node
in it is smooth.
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Figure 1. A formula inNNF. The marked node is decomposable.
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Figure 2. A formula inNNF. The marked node is deterministic and
smooth.

Example 1. Consider the and-node marked➷ on Figure 1. This
and-nodeC has two childrenC1 and C2 such thatV ar(C1) =
{a, b} and V ar(C2) = {c, d}; nodeC is decomposable since the
two children do not share variables. Each other and-node in Fig-
ure 1 is also decomposable and, hence, theNNF formula in this figure
is decomposable. Consider now the or-node marked➷ on Figure 2;
it has two children corresponding to subformulas¬a∧ b and¬b∧a.



Those two subformulas are jointly inconsistent, hence the or-node is
deterministic. Furthermore, the two children mention the same vari-
ablesa andb, hence the or-node is smooth. Since the other or-nodes
in Figure 2 are also deterministic and smooth, theNNF formula in
this figure is deterministic and smooth.

Definition 9.

• The languageDNNF is the subset ofNNF of formulas satisfying
decomposability.

• The languaged-DNNF is the subset ofNNF of formulas satisfying
decomposability and determinism.

• The languageOBDD< is the subset ofNNF of formulas satisfying
decomposability, decision and ordering.

• The languageMODS is the subset ofDNF ∩ d-DNNF of formulas
satisfying smoothness.

Binary decision diagrams [11] are usually depicted using a more
compact notation: labelstrue andfalse are denoted by1 and0, re-

spectively; and each decision node∧
ϕ

∧
ψ

∨

¬aa
denoted by

ϕ ψ

a .

TheOBDD< formula on the left part of Figure 3 corresponds to the
binary decision diagram on the right part of Figure 3.
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∨
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∧

a
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¬a

true 0 1

a

b

Figure 3. On the left part, a formula in theOBDD< language. On the right
part, a more standard notation for it.

A MODS encoding of a propositional formula mainly consists of
the explicit representation of the set of its models over theset of
variables occurring in it. Figure 4 depicts a formula ofMODS using
theNNF representation; this formula is equivalent to theDNF formula
(a ∧ b ∧ c) ∨(¬a ∧ ¬b ∧ c) ∨(¬a ∧ b ∧ c) ∨(¬a ∧ ¬b ∧ ¬c).

∨

∧ ∧∧ ∧

¬a ¬b ¬ca b c

Figure 4. A formula from theMODS fragment.

3 THE CLAUSAL ENTAILMENT PROBLEM

One of the main applications of compiling a propositional formula
is to enhance the efficiency of clausal entailment (a key query for
propositional reasoning). Accordingly, much effort has been devoted

to the design and the evaluation of compilation functionscomp tar-
geting propositional fragments satisfyingCE. One often makes a dis-
tinction between the approaches satisfyingCE (called “exact compi-
lation methods”) and approaches ensuring that a (proper) subset of
all clausal queries can be answered exactly in polynomial time (“ap-
proximate compilation methods”). In the first case,comp is said to
be equivalence-preserving. In the second case, the subset of queries
under consideration is not explicitly given as part of the entailment
problem; it can be either intensionally characterized, forinstance as
the set of all clauses generated from a given set of variablesor lit-
erals, all the Horn clauses, all the clauses fromk-CNF (for a fixed
parameterk), etc. It can also be unspecified at the start and derived
as a consequence of the compilation technique under used. For in-
stance, one can associate to any propositional formulaΣ one of the
logically weakestHORN-CNF formula

compl(Σ)

implying Σ as well as one of the logically strongestHORN-CNF for-
mula

compu(Σ)

implied by Σ [75, 76]. While compu(Σ) is unique up to logical
equivalence, exponentially many non-equivalentcompl(Σ) may ex-
ist. Oncecompl(Σ) andcompu(Σ) are computed, they can be used
to answer in polynomial time every clausal queryγ s.t.compl(Σ) 6|=
γ (1) orcompl(Σ) |= γ (2) (due to the transitivity of|=); the answer
is “no” in case (1) and “yes” in case (2). Horn (clausal) queries can be
answered exactly usingcompl(Σ). Such approaches have been ex-
tended to other (incomplete, yet tractable) fragments of propositional
logic and to the first-order case (see e.g. [30, 31, 32, 9, 77, 33]).

Both families of methods (i.e., the “exact” methods and the “ap-
proximate” ones) include approaches based on prime implicates (or
the dual concept of prime implicants), see [71]. As explained in the
previous section, the prime implicates (resp. the prime implicants)
of a formula are the logically strongest clauses (resp. the logically
weakest terms) implied by (resp. implying) the formula (onerepre-
sentative per equivalence class is considered, only). Introduced by
Quine in the 50’s, those two notions have been heavily used inCom-
puter Science (because they are key notions for the problem of mini-
mizing circuits).

Many algorithms for computing prime implicates/prime impli-
cants have been designed (see [58] for a survey). Like the conjunctive
formulasα1 ∧ . . . ∧ αn which are decomposableNNF formulas, the
prime implicates formulas satisfy a (first)separability property(the
conjunctive one) stating that:

a clauseγ is a logical consequence of a conjunctive formula
α1 ∧ . . . ∧ αn if and only if there existsi ∈ 1 . . . n s.t.γ is a logical

consequence ofαi.

A similar (yet distinct) second separability property (thedisjunc-
tive one) is satisfied by all disjunctive formulas fromNNF:

a formulaα is a logical consequence of a disjunctive formula
α1 ∨ . . . ∨ αn if and only if for everyi ∈ 1 . . . n s.t.α is a logical

consequence ofαi.

BeyondPI, those two separability properties underly many tar-
get fragments for KC satisfyingCE, especiallyDNNF [24] (and its
subsetsd-DNNF, OBDD<, DNF, MODS). This can be explained by
considering Shannon decompositions of formulas. Indeed, the Shan-
non decomposition of a formulaΣ over a variablex is a formula



(¬x ∧ (Σ | ¬x)) ∨ (x ∧ (Σ | x))

equivalent toΣ exhibiting several separable subformulas:

• ¬x ∧ (Σ | ¬x) andx ∧ (Σ | x) are disjunctively separable in it;
• ¬x and Σ | ¬x are conjunctively separable in the subformula

¬x ∧ (Σ | ¬x);
• x andΣ | x are conjunctively separable in the subformula

x ∧ (Σ | x).

Performing in a systematic way the Shannon decomposition ofa
formulaΣ over the variables occurring in it leads to formulas from
fragments satisfyingCE. Using or not a fixed decomposition order-
ing gives rise to distinct fragments. Since the DPLL procedure [28]
for the satisfiability problemSAT can be used to do such decompo-
sitions, several target fragments for KC can be characterized by the
traces achieved by this search procedure [46].

Note that the two separability properties can be combined toother
approaches for improving clausal entailment from the computational
side, like the restriction-based ones, e.g. the approach consisting in
focusing onHORN-CNF formulas. Thus, [57, 59] generalize the no-
tion of prime implicates to theory prime implicates. Basically, a the-
ory Φ for a formulaΣ is any logical consequence ofΣ satisfying
CE; for instance, ifΣ is aCNF formula, an associated theory is the
conjunction of all its Horn clauses. The theory prime implicates of
Σ w.r.t. Φ are the logically strongest clauses implied byΣ moduloΦ
(i.e., classical entailement is replaced by entailment modulo Φ). The
compiled form ofΣ is given by the pair consisting ofΦ and the set of
theory prime implicates ofΣ moduloΦ (keeping one representative
per equivalence class moduloΦ). Clausal queriesγ can be answered
in polynomial time from such a compiled form sinceΣ |= γ holds if
and only if there exists a theory prime implicateδ of Σ w.r.t. Φ such
that

Φ ∧ δ |= γ

holds (a generalization of the first separability property). Since each
δ is a clausel1 ∨ . . . ∨ lk, this amounts to determining whether

Φ |=∼ li ∨ γ

for i ∈ 1 . . . k (here∼ li denotes the complementary literal ofli).
The fact thatΦ satisfiesCE concludes the proof. Many algorithms
for computing prime implicates can be extended to the theoryprime
implicates case [57, 59].

Another approach consists in taking advantage of the secondsep-
arability property to derive compiled forms asDNF formulas [74]
or more generally as disjunctions of formulas satisfyingCE, for in-
stance formulas from theHORN-CNF[∨] fragment, which consists
of so-calledHorn covers, i.e., disjunctions ofHORN-CNF formulas
(see [10, 37] for details). Again, case analysis at work in the DPLL
procedure can be used for generating such compiled forms.

Finally, other compilation techniques aim at exploiting the power
of unit-resolution (which is refutationally complete for amore gen-
eral class than the set of all Horn CNF formulas) so as to make clausal
entailment tractable. The idea is to add some clauses (typically some
prime implicates of the inputCNF formula Σ) to Σ so as to ensure
the unit-refutation completeness of the resulting compiled form. See
[60, 61, 29, 72, 44] for approaches based on this idea.

All those techniques prove interesting in the sense that they allow
to improve clausal entailment for some propositional formulas even
if none of them ensures such an improvement for every propositional
formula (especially because for each of them, once can find families
of formulas such that the sizes of the compiled forms of the formulas

from such families are not polynomially bounded in the sizesof the
formulas). As we will see in the next section, it seems that one can-
not do better (under the standard assumptions of complexitytheory).
All the techniques sketched above are typically incomparable, which
means that the sets of instances for which they are helpful cannot be
compared w.r.t. inclusion.

4 THE COMPILABILITY ISSUE

Roughly speaking, a decision problem is said to be compilable to a
given complexity classC if it is in C once the fixed part of any in-
stance has been pre-processed, i.e., turned off-line into adata struc-
ture of size polynomial in the input size. As explained in theintro-
duction, the fact that the pre-processing leads to a compiled form of
polynomial space is crucial.

In order to formalize such a notion of compilability, Cadoliand his
colleagues introduced new classes (compilability classes) organized
into hierarchies (which echoPH) and the corresponding reductions
(see the excellent pieces of work in [16, 13, 14, 53, 15]). This allows
to classify many AI problems as compilable to a classC, or as not
compilable toC (usually under standard assumptions of complexity
theory - the fact that the polynomial hierarchyPH does not collapse).

First of all, in order to address the compilability of a decision prob-
lem, one needs to consider it as a languageL of pairs〈Σ, α〉: thefixed
part Σ will be subject to pre–processing, while the remainingvary-
ing part α will not. For instance, considering the clausal entailment
problem, a standard partition consists in taking a formulaΣ (repre-
senting a belief base) as the fixed part and a clause or even aCNF
formulaα as the varying one; this just reflects the fact that the base
typically changes less often than the queries.

Several families of classes can be considered as candidatesto rep-
resent what “compilable toC” means. One of them is the family of
compC classes:

Definition 10. LetC be a complexity class closed under polynomial
many-one reductions and admitting complete problems for such re-
ductions. A language of pairsL belongs tocompC if and only if
there exists a polysize functioncomp 3 and a language of pairsL′ ∈
C such that〈Σ, α〉 ∈ L if and only if〈comp(Σ), α〉 ∈ L′.

Obviously enough, for every admissible complexity classC, we
have the inclusionC ⊆ compC (choosecomp as the identity func-
tion).

In order to prove the membership tocompC of a problem it is
enough to follow the definition (hence, exhibiting a polysize com-
pilation functioncomp). Things are more complex to prove that a
given problem doesnot belong to somecompC (under the standard
assumptions of complexity theory). In this purpose, an interesting
tool consists of the non-uniform complexity classesC/poly:

Definition 11. An advice-taking Turing machine is a Turing machine
that has associated with it a special “advice oracle”A, which can be
any function (not necessarily a recursive one). On inputs, a special
“advice tape” is automatically loaded withA(|s|) and from then on
the computation proceeds as normal, based on the two inputs,s and
A(|s|). An advice-taking Turing machine uses polynomial advice if
its advice oracleA satisfies|A(n)| ≤ p(n) for some fixed polyno-
mial p and all non-negative integersn. If C is a class of languages
defined in terms of resource-bounded Turing machines, thenC/poly

3 A function comp is polysize if and only if there exists a polynomialp such
that |comp(Σ)| is bounded byp(|Σ|) for everyΣ in the domain ofcomp.



is the class of languages defined by Turing machines with the same
resource bounds but augmented by polynomial advice.

It has been proven that ifNP ⊆ P/poly thenΠp
2 = Σp

2 (hence
PH collapses at the second level) [47], and that ifNP ⊆ coNP/poly
thenΠp

3 = Σp
3 (hencePH collapses at the third level) [80]. Based on

the result by Karp and Lipton [47], one can prove that the language
of pairs〈Σ, α〉 whereΣ is a propositional formula andα is aCNF
formula (corresponding to the clausal entailment problem where the
input is splitted into a fixed partΣ and a varying partα) does not
belong tocompP unlessPH collapses at the second level. The proof
is as follows [48]: letn be any non-negative integer. LetΣmax

n be the
CNF formula

^

γi∈3−Cn

¬holdsi ∨ γi

where 3 − Cn is the set of all3-literal clauses that can be gen-
erated from{x1, . . . , xn} and theholdsi are new variables, not
among{x1, . . . , xn}. The size|Σmax

n | of Σmax
n is in O(n3) since

Σmax
n containsO(n3) clauses containing four literals. Obviously

enough, each3-CNF formula αn built up from the set of variables
{x1, . . . , xn} is in bijection with the subsetSαn

of the variables
holdsi s.t.γi is a clause ofαn if and only if holdsi ∈ Sαn

(each
variableholdsi can be viewed as the name of the clause where it ap-
pears, hence selecting a clause just amounts to selecting its name).
Let γαn

be the clause

_

holdsi∈Sαn

¬holdsi.

It is easy to check thatαn is unsatisfiable if and only if

Σmax
n |= γαn

.

Suppose now that we have a polysize compilation functioncomp

such that for every propositional formulaΣ and every clauseγ, de-
termining whethercomp(Σ) |= γ can be done in (deterministic)
polynomial time. Then we would be able to determine whether any
3-CNF formulaα is satisfiable using a deterministic Turing machine
with a polynomial adviceA: if |V ar(α)| = n, then the machine
loads

A(n) = comp(Σmax
n ).

Once this is done, it determines whetherγα is entailed by
comp(Σmax

n ), which is inP. Since 3-SAT is complete forNP, this
would imply NP ⊆ P/poly, and, as a consequence, the polynomial
hierarchy would collapse at the second level.

The size of the language of varying parts has clearly an impact
on the compilability issue; indeed, if for each fixed partΣ, there are
only polynomially many possible varying partsα, then the corre-
sponding language of pairsL is compilable toP (i.e., it belongs to
compP). Indeed, it is enough during the off-line phase to consider
successively everyα and to store it in a lookup-tablecomp(Σ) when-
ever〈Σ, α〉 belongs toL. For everyΣ, the size ofcomp(Σ) is poly-
nomially bounded in the size ofΣ and determining on-line whether
〈Σ, α〉 ∈ L amounts to a lookup operation. For instance, the restric-
tion of the clausal entailment problem, viewed as a languageof pairs
where the varying partα reduces to a literal (or more generally to
a clause containing at mostk literals, wherek is a fixed parame-
ter) belongs tocompP. This shows that there exist problems which
are intractable when considered “all-at-once” (literal entailment is
coNP-complete in propositional logic) and tractable when they are
viewed as languages of pairs (literal entailment is incompP). By the

way, the fact that only polynomially many varying partsα are possi-
ble is not a necessary condition for the membership tocompP; thus,
the term entailment problem, viewed as a language of pairs where the
varying partα reduces to a term (or more generally to ak-CNF for-
mula wherek is a fixed parameter) belongs tocompP since implying
a conjunction simply amounts to implying each of its conjuncts ([62]
would say that the set of all terms – and more generally everyk-CNF
language – has an efficient basis). Clearly, the number of terms over
a set ofn atoms is not polynomially bounded inn.

A notion of comp-reduction suited to the compilability classes
compC has been pointed out, and the existence of complete prob-
lems for such classes proven. However, it appears that many non-
compilability results from the literature cannot be rephrased as
compC-completeness results. For instance, it is unlikely that clausal
entailment iscompcoNP-complete (it would makeP = NP). In or-
der to go further, one needs to consider the compilability classesnu-
compC [15]:

Definition 12. LetC be a complexity class closed under polynomial
many-one reductions and admitting complete problems for such re-
ductions. A language of pairsL belongs tonu-compC if and only if
there exists a binary polysize functioncomp and a language of pairs
L′ ∈ C such that for all〈Σ, α〉 ∈ L, we have:

〈Σ, α〉 ∈ L if and only if〈comp(Σ, |α|), α〉 ∈ L
′
.

Here “nu” stands for “non-uniform”, which indicates that the com-
piled form ofΣ may also depend on the size of the varying partα.
Observe that this was the case in the proof showing that clausal en-
tailment is not incompP unlessPH collapses (each compiled form
Σmax

n depends onn, the number of variables on whichα is built).
Obviously enough, for each admissible complexity classC, we

have the inclusionscompC ⊆ nu-compC (showing thatC ⊆ nu-
compC) andC/poly ⊆ nu-compC. Furthermore, under reasonable
assumptions (see [15]), all those inclusions are strict. Thus thenu-
compC classes generalize the previous compilability classes.

A notion of non-uniformcomp-reduction suited to the compil-
ability classesnu-compC has also been pointed out (it includes the
notion of (uniform)comp-reduction), and the existence of complete
problems for such classes. For instance, the clausal entailment prob-
lem isnu-compcoNP-complete.

Inclusion of compilability classesC/poly, compC, nu-compC
similar to those holding in the polynomial hierarchy exist (see [15]).
It is strongly believed that the corresponding compilability hierar-
chies are proper: if one of them collapses, then the polynomial hier-
archy collapses at well (cf. Theorem 2.12 from [15]). For instance, if
the clausal entailment problem is innu-compP, then the polynomial
hierarchy collapses. Accordingly, in order to show that a problem
is not in compC, it is enough to prove that it isnu-compC’-hard,
whereC’ is located higher thanC in the polynomial hierarchy. Since
complete problems for anynu-compC class can be easily derived
from complete problems for the corresponding classC of the poly-
nomial hierarchy,nu-compC-complete problems appear as a very
interesting tool for proving non-compilability results.

The compilability of a number of AI problems, including diagno-
sis, planning, abduction, belief revision, closed-world reasoning, and
paraconsistent inference from belief bases has been investigated in
the following papers [51, 50, 13, 52, 15, 64, 22, 27, 54, 55]. Other
compilability classes incorporating a notion of parameterization have
been pointed out and studied in [20].



5 THE KNOWLEDGE COMPILATION MAP

An important issue to be addressed in KC is the choice of atar-
get language, i.e., the representation language of compiled forms.
Obviously, this is a domain-dependent issue since it depends on the
tasks we would like to improve via KC, computationally speaking.
However, as explained in the introductive section, many tasks can
be decomposed into domain-independent basic queries and transfor-
mations, so that one can focus on such queries and transformations
instead of the tasks themselves.

Roughly speaking, a query is an operation that returns information
about a compiled form without changing it. A transformation, on the
other hand, is an operation that returns a modified compiled form,
which is then operated on using queries.

The choice of a target language for KC is typically based on a
number of different criteria:

• the computional complexity of the queries of interest when the
fixed part is represented in the KC language

• the computional complexity of the transformations of interest
when the fixed part is represented in the KC language

• the expressiveness and the spatial efficiency (succinctness) of the
language.

The KC map presented in [26] is such a multi-criteria evaluation
of dozen propositional fragments, i.e., subsets of a propositional lan-
guageNNF.

The queries considered in [26] are tests for consistencyCO (i.e.,
the SAT problem), validityVA , implicates (clausal entailment)CE,
implicantsIM , equivalenceEQ, and sentential entailmentSE. Mod-
els countingMC and models enumerationME have also been con-
sidered.

Definition 13. Let L be a subset ofNNF. L satisfiesVA if and only
if there exists a polynomial-time algorithm that maps everyformula
Σ from L to 1 if Σ is valid, and to0 otherwise.

A number of target compilation languages support a polynomial-
time equivalence/sentential entailment test:

Definition 14. Let L be a subset ofNNF. L satisfiesEQ (SE) if and
only if there exists a polynomial-time algorithm that maps every pair
of formulasΣ, α from L to 1 if Σ ≡ α (Σ |= α) holds, and to0
otherwise.

Note that sentential entailment (SE) is stronger than clausal entail-
ment and equivalence. Therefore, if a languageL satisfiesSE, it also
satisfiesCE andEQ.

The following dual toCE has also been considered:

Definition 15. Let L be a subset ofNNF. L satisfiesIM if and only
if there exists a polynomial-time algorithm that maps everyformula
Σ from L and every termγ fromNNF to 1 if γ |= Σ holds, and to0
otherwise.

The next queries also prove important in many applications:

Definition 16. LetL be a subset ofNNF. L satisfiesCT if and only if
there exists a polynomial-time algorithm that maps every formula Σ
fromL to a nonnegative integer that represents the number of models
of Σ (in binary notation).

Definition 17. Let L be a subset ofNNF. L satisfiesME if and only
if there exists a polynomialp(., .) and an algorithm that outputs all
models of an arbitrary formulaΣ from L in timep(n, m), wheren

is the size ofΣ and m is the number of its models (over variables
occurring inΣ).

A number of transformations have also been considered in [26],
especially closures:

Definition 18. Let L be a subset ofNNF. L satisfies∧ C (∨C) iff
there exists a polynomial-time algorithm that maps every finite set
of formulasΣ1, . . . , Σn from L to a formula ofL that is logically
equivalent toΣ1 ∧ · · · ∧ Σn (Σ1 ∨ · · · ∨ Σn).

Definition 19. Let L be a subset ofNNF. L satisfies¬C if and only
if there exists a polynomial-time algorithm that maps everyformula
Σ fromL to a formula ofL that is logically equivalent to¬Σ.

If a language satisfies one of the above properties, it is saidto be
closedunder the corresponding operator. Closure under logical con-
nectives is important for two key reasons. First, it has implications
on how compilers are constructed for a given target language. For
example, if a clause can be easily compiled into some language L,
then closure under conjunction implies that compiling aCNF formula
into L is easy. Second, it has implications on the class of polynomial-
time queries supported by the target language: if a languageL satis-
fies CO and is closed under negation and conjunction, then it must
satisfySE (to test whetherΣ |= α, all we have to do, by the refuta-
tion theorem, is test whetherΣ ∧ ¬α is inconsistent). Similarly, if a
language satisfiesVA and is closed under negation and disjunction,
it must satisfySEby the deduction theorem.

It is important to stress here that some languages are closedunder
a logical operator, only if the number of operands is boundedby a
constant. We will refer to this asbounded closure.

Definition 20. Let L be a subset ofNNF. L satisfies∧BC (∨BC)
iff there exists a polynomial-time algorithm that maps every pair of
formulasΣ1 andΣ2 fromL to a formula ofL that is logically equiv-
alent toΣ1 ∧ Σ2 (Σ1 ∨ Σ2).

A key transformation is that offorgetting(which can be viewed as
closure under existential quantification) [56] [49]:

Definition 21. Let Σ be a propositional formula, and letX be a
subset of variables from PS. Theforgetting of X from Σ, denoted
∃X.Σ, is a formula that does not mention any variable fromX and
for every formulaα that does not mention any variable fromX, we
haveΣ |= α precisely when∃X.Σ |= α.

Therefore, to forget variables fromX is to remove any reference
to X from Σ, while maintaining all information thatΣ captures about
the complement ofX. Note that∃X.Σ is unique up to logical equiv-
alence.

Definition 22. Let L be a subset ofNNF. L satisfiesFO if and only
if there exists a polynomial-time algorithm that maps everyformula
Σ fromL and every subsetX of variables from PS to a formula from
L equivalent to∃X.Σ. If the property holds for singletonX, we say
that L satisfiesSFO.

Forgetting is an important transformation as it allows to fo-
cus/project a formula on a set of variables. It has numerous applica-
tions, including diagnosis, planning, reasoning under inconsistency,
etc.

Other important criteria for the evaluation of target languages for
KC are the expressiveness one and the succinctness one [43].Those
two notions are modeled by pre-orders over the subsets of thepropo-
sitional language used as a baseline (hereNNF):

Definition 23. LetL1 andL2 be two subsets ofNNF.L1 is at least as
expressive asL2, denotedL1 ≤e L2, iff for every formulaα ∈ L2,
there exists an equivalent formulaβ ∈ L1.



Expressiveness captures the ability of encoding information; the
minimal elements w.r.t.≤ of the power set ofNNF are calledcom-
plete fragments. In each of them, every Boolean function can be rep-
resented: complete fragments are fully expressive. Many ofthe frag-
ments considered in Section 2 are complete ones. Such fragments are
interesting as target languages for KC because one does not have to
care about situations when the propositional information to be com-
piled cannot be represented within the fragment.

Now, there also exist a number of valuableincompletefragments,
like KROM-CNF (also known as the binary fragment since it con-
sists of conjunctions of clauses containing at most two literals),
HORN-CNF (as considered in the previous sections) and the affine
fragment. Their importance comes from the fact that they offer
polynomial-time queries and transformations which are notguaran-
teed by all the complete fragments [37], especiallyCE.

Succinctness is a refinement of expressiveness which considers the
representation sizes:

Definition 24. LetL1 andL2 be two subsets ofNNF. L1 is at least
as succinct asL2, denotedL1 ≤s L2, iff there exists a polynomial
p such that for every formulaα ∈ L2, there exists an equivalent
formulaβ ∈ L1 where|β| ≤ p(|α|).

Observe that the definition does not require that there exists a func-
tion comp computingβ givenα in polynomial time; it is only asked
that apolysizefunctioncomp exists.

The KC map gathers the multi-criteria evaluations of a number
of propositional fragments, including many of those considered in
Section 2, as well as other fragments. Examples of results which can
be found in the KC map are:

Proposition 1.
DNNF satisfiesCO, CE, ME , CD, FO, ∨C.
d-DNNF satisfiesCO, VA , CE, IM , CT, ME , CD.
OBDD< satisfiesCO, VA , CE, IM , EQ, CT, ME , CD, SFO, ∧BC,
∨BC, ¬C.
DNF satisfiesCO, CE, ME , CD, FO, ∧BC, ∨C.
PI satisfiesCO, VA , CE, IM , EQ, SE, ME , CD, FO, ∨BC.
IP satisfiesCO, VA , CE, IM , EQ, SE, ME , CD, ∧BC.
MODS satisfiesCO, VA , CE, IM , EQ, SE, CT, ME , CD, FO,∧BC.

Many “negative results” can also be found in the KC map, e.g. the
fact thatDNNF does not satisfy any ofVA , IM , EQ, SE, CT, ∧BC,
¬C unlessP = NP, and similar results for the other fragments.

The KC map also indicates how the fragments compare one an-
other w.r.t. expressiveness/succinctness. For instance,we have the
following strict succinctness ordering:

DNNF <s d-DNNF<s OBDD< <s MODS

Here, “positive” translatability results (i.e., showing that L1 ≤s

L2 for some given languagesL1 andL2) can be obtained by ex-
hibiting a polysize translation functioncomp; “negative” results (i.e.,
showing thatL2 6≤s L1) can be obtained using combinatorial argu-
ments... but also non-compilability results! For instance, in order to
show thatDNNF 6≤s CNF unlessPH collapses, it is enough to remem-
ber thatDNNF satisfiesCE and that the clausal entailment problem
from CNF formulas is not incompP unlessPH collapses.

Based on the KC map, the choice of a target language for the
KC purpose can be realised by listing first the queries and trans-
formations required by the application under consideration and by
considering the expressiveness/succinctness criteria. For instance, as
explained in the introduction, the consistency-based diagnoses of a

system can be computed as the models of the formula obtained by
forgetting every elementary proposition except those denoting the
components states in the formula obtained by conditioning the sys-
tem description by the available observations. ThusME , FO, CD are
required by this application. Among the fragments ensuringthem are
DNNF,DNF, PI, MODS. The fact thatDNNF andPI are the most suc-
cinct ones4 can be viewed as an explanation of the success of those
two fragments for model-based diagnostic.

For further extensions of the KC map, the reader might look at
the following papers, where other propositional fragmentshave been
considered and investigated following the criteria at workin the KC
map: [79, 35, 78, 70, 37, 36].

6 BEYOND PURE PROPOSITIONAL
REASONING

Quite recently, KC has been considered as an approach for improv-
ing some computational tasks which go beyond pure propositional
reasoning. This includes works where the underlying setting is still
propositional but so to say, non-classical, and also works escaping
from the propositional case.

In the first family, a number of papers have been centered on the
issue ofreasoning under inconsistency. Inconsistency-tolerant rea-
soning is one of the major topic in AI from its very beginning (es-
pecially because it is closely connected to the problem of reasoning
in presence of exceptions). It is well-known that classicalproposi-
tional inference (i.e., the|= relation) is inadequate for the task of
reasoning under inconsistency because it trivializes: every formula
is a logical consequence of any inconsistent formula (this is the fa-
mousex falso quodlibet sequitur). This calls for other approaches
and many of them can be found in the AI literature: paraconsistent
logics, belief revision, belief merging, reasoning from preferred con-
sistent subsets, knowledge integration, argumentative logics, etc. The
variety of existing approaches can be explained by the fact that there
is no consensus on what should be concluded from an inconsistent
formula, and that paraconsistency can be achieved in various ways,
depending on the exact nature of the problem at hand (hence, the
available information). Each of them has its own pros and cons, and
is more or less suited to different inconsistency handling scenarios.

Now, beyond the problem of modeling what reasoning from in-
consistent pieces of information should be, it turns out that, unfor-
tunately, it is difficult from a computational point of view.Thus, in
the propositional case, it is at least as hard as classical inference and
typically harder than it. This explains why KC has been considered
as a resort here.

As a matter of example, I focus in the following on the inference
problem from (propositional) stratified belief bases; thisillustration
gives also the opportunity to present, so to say, “at work” some no-
tions described in the previous sections (especially the concept of
compilability and several target languages for KC).

Definition 25. A stratified belief base(SBB)Σ is an ordered pair
Σ = 〈∆,≤〉, where∆ = {φ1, . . . , φn} is a finite set of formulas
from PROPPS and≤ is a total pre-order over∆ (i.e., a reflexive
and transitive relation over∆ s.t. for everyφi, φj belonging to∆,
we haveφi ≤ φj or φj ≤ φi) . Every subsetS of ∆ is a subbaseof
Σ.

It is equivalent to defineΣ as a finite sequence(∆1, . . . , ∆k) of
subbases of∆, where each∆i (i ∈ 1 . . . k) is the non-empty set

4 We know thatPI is not strictly more succinct thanDNNF, but we ignore
whether the converse also holds.



which contains all the minimal elements of∆ \ (
Si−1

j=1 ∆j)
5 w.r.t.

≤. (∆1, . . . , ∆k) can be computed in time polynomial in the size of
〈∆,≤〉 (assuming that≤ is explicitly represented as a set of pairs).
Clearly enough,{∆1, . . . , ∆k} is a partition of∆. Each subset∆i

(i ∈ 1 . . . k) is called astratumof Σ, andi is the priority level of
each formula of∆i. Intuitively, the lower the priority level of a for-
mula the higher its plausibility. Given a subbaseS of Σ, we noteSi

(i ∈ 1 . . . k) the subset ofS defined bySi = S ∩ ∆i. We also note
V ar(Σ) =

Sk

i=1 V ar(∆i).
In the following, we assume that∆1 is a singleton, consisting of

the (consistent) conjunction of all certain beliefs (i.e.,the pieces of
knowledge) of ∆. Slightly abusing notations, we will identify∆1

with the (unique) formula it contains. Note that this assumption can
be done without loss of generality since when no certain beliefs are
available, it is sufficient to addtrue to ∆ as its unique minimal ele-
ment w.r.t.≤ (and this will not lead to any significant computational
overhead).

There are several ways to use the information given by an SBB
corresponding to several epistemic attitudes. Inference from an SBB
Σ is typically considered as a two-step process, consisting first in
characterizing some preferred consistent subbases ofΣ and then con-
sidering classical inference from some of those subbases. Many poli-
cies (or generation mechanisms) for the selection of preferred con-
sistent subbases can be defined. In formal terms, a policyP is a
mapping that associates to every SBBΣ a setΣP consisting of all
the preferred consistent subbases ofΣ w.r.t.P . Four policies are of-
ten considered: thepossibilisticpolicy, the linear order policy, the
inclusion-preferencepolicy, and thelexicographicpolicy.

Definition 26. LetΣ = (∆1, . . . , ∆k) be an SBB.

• The setΣPO of all the preferred subbases ofΣ w.r.t. the possi-
bilistic policy is the singleton{Ss−1

i=1 ∆i}, wheres is the lowest
integer (1 ≤ s ≤ k) s.t.

Ss

i=1 ∆i is inconsistent.
• The setΣLO of all the preferred subbases ofΣ w.r.t. the linear or-

der policy is the singleton{Sk

i=1 ∆′i}, where∆′i (i ∈ 1 . . . k) is
defined by∆′i = ∆i if ∆i ∪

Si−1
j=1 ∆′j is consistent,∅ otherwise.

• The setΣ⊆ of all maximal (w.r.t.⊆) consistent subbases ofΣ
containing∆1 is {S ⊆ ∆ | S is consistent,∆1 ⊆ S, and∀φ ∈
∆ \ S, S ∪ {φ} is inconsistent}. Two valuable subsets of it are:

– The setΣIP of all the preferred subbases ofΣ w.r.t. the
inclusion-preference policy is{S ⊆ ∆ | S is consistent and
∀S′ ⊆ ∆ s.t. S′ 6= S and S′ is consistent,∀i ∈ 1 . . . k

((∀j < i (S′j = Sj)) ⇒ Si 6⊂ S′i)}.

– The setΣLE of all the preferred subbases ofΣ w.r.t. the lexi-
cographic policy is{S ⊆ ∆ | S is consistent and∀S′ ⊆ ∆
s.t. S′ 6= S and S′ is consistent,∀i ∈ 1 . . . k ((∀j < i

(card(S′j) = card(Sj))) ⇒ card(Si) 6< card(S′i))}.

All these selection policies have their own motivations andlead
to inference relations that are more or less satisfying froma logical
point of view and from the computational complexity point ofview
(see [4, 5]).

Now, given a selection policy, several entailment principles can be
considered, especially credulous inference, argumentative inference,
skeptical inference. Among them, skeptical inference leads to infer-
ence relations which are at least preferential ones, i.e., relations sat-
isfying “reflexivity”, “left logical equivalence”, “rightweakening”,
“cut”, “cautious monotony” and “or” (see [4]):

5 By convention,
S0

j=1 ∆j = ∅.

Definition 27. LetΣ = (∆1, . . . , ∆k) be an SBB,P a policy for the
generation of preferred subbases, andα a formula fromPROPPS .
α is a (skeptical) consequenceof Σ w.r.t. P , notedΣ|∼P

∀ α, if and
only if ∀S ∈ ΣP , S |= α.

Unfortunately, whatever the selection policy among
PO,LO, IP ,LE , skeptical inference is not tractable (under
the standard assumptions of complexity theory) [63, 17]:

Definition 28. Let |∼P
∀ be any inference relation from

{|∼PO
∀ , |∼LO

∀ , |∼IP
∀ , |∼LE

∀ }. |∼P
∀ is the following decision prob-

lem:

• Input: An SBBΣ = (∆1, . . . , ∆k) and a formulaα from
PROPPS .

• Query: DoesΣ|∼P
∀ α hold?

Proposition 2. The complexity of|∼P
∀ from an SBB

for P ∈ {PO,LO, IP ,LE} is as reported in Table 1.

Table 1. Complexity of skeptical inference from SBBs (general case).

P |∼P
∀

PO Θp
2-complete

LO ∆p
2-complete

IP Πp
2-complete

LE ∆p
2-complete

All the hardness results given in this proposition still hold when
the queryα is restricted to a literal.

The following compilability results concerning inferencefrom
SBBs have been obtained [22]:

Proposition 3.

• |∼PO
∀ , |∼LO

∀ and |∼LE
∀ with fixed∆ and≤ and varyingα are in

compcoNP but not incompP unless the polynomial hierarchy
collapses at the second level.

• |∼IP
∀ with fixed∆ and≤ and varyingα is in compΠp

2 but not in
compcoNP unless the polynomial hierarchy collapses at the third
level.

The fact that|∼PO
∀ , |∼LO

∀ with fixed ∆ and≤ and varyingα are
in compcoNP comes easily from the fact that for those two policies,
there is only one preferred subbase ofΣ; the off-line phase amounts
to computing it as the compiled form ofΣ (then inference reduces to
classical entailment). Furthermore, since those two inference prob-
lems include the problem of classical entailment (from a consistent
formula), none of them can be incompP unlessPH collapses. The
case of|∼LE

∀ is a bit more elaborate.
Obviously enough, considering the stratification not fixed changes

the picture; for instance:

Proposition 4.

• |∼PO
∀ with fixed∆ and varying≤ and α is in compΘp

2 but not
in compcoNP unless the polynomial hierarchy collapses at the
third level.

• |∼LO
∀ and|∼LE

∀ with fixed∆ and varying≤ andα are incomp∆p
2

but not incompcoNP unless the polynomial hierarchy collapses
at the third level.



Intuitively, as to|∼PO
∀ , |∼LO

∀ , there is no way to compute the pre-
ferred subbase ofΣ during the off-line phase when≤ is not fixed;
this explains the compilability shift.

From a more practical side, relaxing the size requirement oncom-
piled forms imposed by the compilability setting, there exist com-
pilation functions for turning SBBs into compiled ones fromwhich
skeptical inference (for some selection principles) is computationally
easier than in the general case when queries are limited to clauses or
CNF formulas. Of course, this does not show KC as helpful at the
problem level (the previous non-compilability results showing that
this is impossible) but renders it possible at the instance level (the
situation is similar to what happens with the clausal entailment prob-
lem, which looks not compilable toP, but for which compilation can
nevertheless prove valuable for some instances).

Obviously enough, it is not possible to compile directly thecon-
junction of formulas of∆ using one of the compilation functions
presented in Section 3 since this conjunction typically is inconsistent
(hence entailment from it would trivialize). In order to take advan-
tage of the compilation functionscomp considered so far for im-
proving clausal entailment in the objective of compiling anSBB
Σ = (∆1, . . . , ∆k), an approach consists in turningΣ into a so-
called comp-compiled SBBcomp(Σ) = (∆′

1, . . . , ∆
′
k) such that

∆1 belongs to the target language associated tocomp and
Sk

i=2 ∆′
i

is a consistent set of literals:

Definition 29. Let Σ = (∆1, . . . , ∆k) be an SBB (with∆ =
Sk

i=1 ∆i) and let comp be any (equivalence-preserving) compila-
tion function targetting a fragment satisfyingCE. Without loss of
generality, let us assume that every stratum∆i (i ∈ 1 . . . k) of Σ
is totally ordered (w.r.t. any fixed order) and let us noteφi,j thejth

formula of∆i w.r.t. this order. The SBB

comp(Σ) = (χ1, . . . , χk)

whereχi = {holdsi,1, . . . , holdsi,card(∆i)} for i ∈ 2 . . . k, each
holdsi,j ∈ LPS \ LV ar(∆), and

χ1 = {comp(∆1 ∪ (

k
[

i=2

{
card(∆i)

^

j=1

(¬holdsi,j ∨ φi,j)}))}

is thecomp-compilationof Σ.

This transformation basically consists in giving a name (under
the form of a new literalholdsi,j) to each assumption of∆ and
in storing the correspondance assumption/name with the certain be-
liefs beforecompiling them usingcomp. A similar transformation is
given in [17, 27]. Interestingly, whatever the selection policy P ∈
{PO,LO, IP ,LE}, Σ and comp(Σ) are equivalent onV ar(Σ)
w.r.t. P : there exists a bijectionf from ΣP to comp(Σ)P such that
for everyS ∈ ΣP and every formulaα from PROPV ar(Σ), S |= α

if and only if f(S) |= α.

Proposition 5. The complexity of|∼P
∀ and of its restrictions to clause

and literal inference forP ∈ {PO,LO, IP ,LE} from a comp-
compiled SBB is as reported in Table 2.

Proposition 5 shows that considering compiled SBBs can actually
make inference computationally easier, even if this is not the case
for every policy. In this proposition, no specific assumption on the
nature of thecomp function is made. In order to obtain complex-
ity lower bounds (hardness results) and some tractability results in
the clausal case w.r.t. theIP policy and theLE policy, restricted

Table 2. Complexity of skeptical inference fromcomp-compiled SBBs
(upper bounds).

P |∼P
∀

CLAUSE / LITERAL |∼P
∀

PO in coNP in P
LO in coNP in P
IP in coNP in coNP
LE in ∆p

2 in ∆p
2

compiled SBBs must be considered. In the following, we focuson
comp-compiled SBBs wherecomp is a compilation function which
maps any propositional formula intoPI formula, aDNF formula or
aHORN-CNF[∨] formula.

Proposition 6. The complexity of|∼IP
∀ and of its restrictions to

clause and literal inference fromcomp-compiled SBBs is as reported
in Table 3.

Table 3. Complexity of skeptical inference w.r.t.IP from comp-compiled
SBBs.

comp |∼IP
∀

CLAUSE / LITERAL |∼IP
∀

PI coNP-complete coNP-complete
DNF coNP-complete inP

HORN-CNF[∨] coNP-complete coNP-complete

Proposition 7. The complexity of|∼LE
∀ and of its restrictions to

clause and literal inference fromcomp-compiled SBBs is as reported
in Table 4.

Table 4. Complexity of skeptical inference w.r.t.LE from comp-compiled
SBBs.

comp |∼LE
∀

CLAUSE / LITERAL |∼LE
∀

PI ∆p
2-complete ∆p

2-complete
DNF coNP-complete inP

HORN-CNF[∨] ∆p
2-complete ∆p

2-complete

Tractability is only achieved forcomp-compiled SBBs for which
∆1 is a DNF formula and queries are restricted toCNF formulas.
Intractability results w.r.t. both|∼IP

∀ and|∼LE
∀ still hold when∆1 is

a consistent Krom formula, or when∆1 is aHORN-CNF formula.
All the hardness results presented in Table 3 still hold in the specific
case when the numberk of strata under consideration satisfiesk ≥ 2.
Similarly, LITERAL |∼LE

∀ remainscoNP-hard in the restricted case
whenk ≥ 2.

Interestingly, imposing some restrictions on the literalsused to
name assumptions allows to derive tractable restrictions for both
CLAUSE |∼IP

∀ andCLAUSE |∼LE
∀ from thecomp-compilation of an

SBB where∆1 is aHORN-CNF[∨] formula. Indeed, we have:

Proposition 8. CLAUSE |∼IP
∀ and CLAUSE |∼LE

∀ from a comp-
compiled SBBΣ = (∆1, . . . , ∆k) where∆1 is a HORN-CNF[∨]
formula and

Sk

i=2 ∆i contains only negative literals are inP.

For other works on the compilation of belief bases, see e.g. [17, 6,
27, 7].

7 CONCLUSION

For the last two decades, KC has become an important topic in AI.
Focusing on the propositional case, I have sketched in the previous



paragraphs the main research directions which have been followed
for this period.

As explained in the introduction, these notes must be viewedas
an introduction to KC, nothing more. In particular, there are many
important pieces of work relevant to KC, yet not mentioned here.
Among others: KC for closed-world reasoning and default reasoning
[65, 3, 21], KC languages based on other formal settings, like CSPs,
Bayesian networks, valued CSPs, description logics, etc. [2, 1, 25,
42, 39, 73, 19, 18, 38, 40], applications of KC to diagnosis [23, 45,
34, 66], to planning [41, 67, 8, 68].

Much work remains to be done. For instance:

• The conception of a refined compilability framework, obtained by
imposing some computational restrictions oncomp (in the current
framework,comp can even be a non-recursive function).

• The study of the benefits which can be obtained by taking ad-
vantage of KC within many other AI problems (e.g., merging and
other forms of paraconsistent inference). This evaluationcan be
done both at the problem level and at the instance level.

• The inclusions of additional languages, queries and transforma-
tions into the KC map.

• The decomposition of other AI problems into such queries and
transformations.

• The development of KC maps for more expressive settings than
propositional logic.

• The design of additional compilers and their evaluation on bench-
marks.

• The successful exploitation of KC into other applications.
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