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Abstract. software, applications, etc.). One of the objectives o¢heotes is
to review the main ones, focusing on the propositional case.

Pioneered two decades ago, knowledge compilation (KC) has  |f KC has been identified as a research topic in the quite re-
been for a few years acknowledged as an important research cent past, the idea of pre-processing pieces of informationm-
topic in Al. KC is concerned with the pre-processing of pce  proving computations (which typically means “saving corapion
of available information for improving the computationdfi-e time”) is an old one. It has many applications in ComputeeSce
ciency of some tasks based on them. In Al such tasks typically (even before the modern computer era). One of the most satien
amount to inference or decision making. KC gathers a number ample for illustrating it is the notion ofable of logarithms Such

of research lines focusing on different problems, rangognf tables have been introduced during thé".@entury and used for
theoretical ones (where the key issue is the compilabilitg, 0 centuries as “compiled forms” for improving many computat
i.e., determining whether computational improvements lwan (it was still used three decades ago in french secondaryotsiho

guaranteed via pre-processing) to more practical onesn{ynai The principle is first to compute the values lofj1o(z) (using for-
the design of compilation algorithms for some specific tasks  mal series developments) for many real numbers ¥ C [1,10)
like clausal entailment). The (multi-criteria) choice ofeaget and to store pairsomp(Z) = (z,logio(z)) in the table (the off-
language for KC is another major issue. In these tutorie#siot  |ine phase, done once for all), then to take advantage of it p
I review a number of the most common results of the literature  erties oflogi to simplify forthcoming computations (the on-line
on KC in the propositional case. The tour includes someattra  phase). For instance, assume that one wants to computeghz™v

tions, especially algorithms for improving clausal entaht of @ = ¢/1234. Since /1234 = (1.234 x 103)% we get that
and other forms of inference; a visit of the compilabilitysi logio(Y/1232) = logio((1.234 x 103)%) _ log10(15234)+3; it is

trict and a promenade following the KC map are also included. - ¢ enough to look up the “value” éfg10(1.234) in the table

1 INTRODUCTION (1.234,0.09131516) € comp(X)

_ o compute 20213151643 — 618263032, and finally look up the an-
These tutorial notes are abdkiiowledge compilation (KCR fam- acedent byiogio of the resulting value).618263032 in the table
ily of approaches proposed so far for addressing the irahality of ((4.152054371, 0.618263032) € comp(L)) (or use an antilog ta-
a number of Al problems [12]. The key idea underlying KC is to ble); we get that{/1234 = 4.152054371 without a heavy compu-
pre-process parts of the available information (i.e.,ingrthem into  ational effort (mainly an addition and a division). Of ceer the
a compiled form using a compilation functiammp) for improv-  omntational effort spent in the off-line phase (the tajgiaeration)

ing the computational efficiency of some tasks of interebBusTKC . 5kes sense because it is amortized over the many fadlicaie-
amounts to aranslationissue. Two phases are usually ConSideredputations it enables.

within KC: The idea of pre-processing pieces of information for imjmgv

computations has been also widely used for years in manys area
of Computer Science. Of course, one immediately thinks tatiw
compilation of computer languages which gives rise to mush r
search for the 50’s (a “compiled formfomp(X) is here a piece of
object code, which runs typically more quickly than the espond-

ing source cod& on the given data since one level of interpreta-

KC has emerged some years ago as a new direction of researdgn has been removed). But database indexes, lookup taetasly
in Al (thus “KC" appears for a couple of years as a key word in used in computer graphics and other caching techniquesdsoad

the calls for papers of several Al conferences). The intetidn of for instance for static optimization of code also amountht® $ame

the name “KC” itself dates back to the late 80's/beginningtef K€Y idea as the one underlying KC. )
90's [71, 60, 75]. From there, many developments have beas,do oM the terminology point of view, what makes KC different
both from the theoretical side (with the introduction of nesncepts, from previous compilation techniques considered outsitis fat it

algorithms, etc.) and from the practical side (benchmaplezes of IS ‘knowledge-based”. However, this is not so much a majstii-
tion since within KC, “knowledge” must not be taken in thetteical

1 Université Lille-Nord de France, Artois, CRIL UMR CNRS S,&rance,  Sense of “true beliefs” but in a rather broad sense: rougkiyowl-
email: marquis@cril.univ-artois.fr edge” amounts to pieces of information (“declarative krexge”)

o Off-line phase:it aims at turning some pieces of informatiah
into acompiled formecomp (X).

e On-line phase:its purpose is to exploit the compiled form
comp(X) (and the remaining pieces of informatia to achieve
the task(s) under consideration.




and ways to exploit them (this is also the meaning of “knogkfd
in “knowledge representation”). Pieces of information sagically

encoded as formulas, «, ... in alogic-based languagé, where for
the sake of generality, a logic is viewed as a gdir-) wheret- is

aninference relation(a binary relation over).

What are theasksto be computationally improved via KC? Of
course, they arelomain-dependenin the general case. Neverthe-

less, for many applications, such tasks reqaombinations of basic,
domain-independent queries and transformatidpgeries are about
extracting pieces of information from compiled forms whitans-
formations correspond to update operations on compileddoin a
logic-based setting, basic queries are the inference oméhencon-
sistency one:

e Inference: GivenY, o € L, doesX. + « hold?
e Consistency:GivenY € L, does there existt € L such that
> I a holds?

Basic transformations include conditioning, closuresarncbn-
nectivesp and forgetting:

unlikely that the computational resources required tovaettie com-
piled form could be balanced, by considering sufficientigtamces
of the computational problem under consideration, with shene
fixed part and differentvarying parts Fortunately, the assumption
that some pieces of information are not very often subjechmge
is valid in many scenarios (e.g. in a diagnostic settings iteiason-
able to assume that the system description does not oftergehar
at least varies less frequently than the sets of obsenst®he con-
sidered). Deriving more accurate answers to the fundarhewsdu-
ation question requires to make precise what “less intbdetaand
“reasonable” mean.

Basically, deciding whether KC achieves its goal of comoite
ally improving a given query or transformation depends oretlier
the task is considered at thoblemlevel or at theinstance level
At the problem level, “less intractable” just means that e@mources
of intractability have been removed via the compilation sgh&for
decision problems, assuming that the fixed part of any icstdre-
longs to the target language for KC under considerationsleach
restriction of the problem, which is at a lower level of theypm-
mial hierarchy than the unrestricted problem). In many sa¥ess

e Conditioning: Make some elementary propositions true (or false) intractable” means tractable, i.e., solvable in (deteistic) polyno-

inY e L.
e Closures under connectivesCompute a representation in of
a® pfroma e Landg e L.

mial time. “Reasonable” means that the size of the compiteth f
of the fixed part is guaranteed to be polynomial in the sizehef t
fixed part. This is a mandatory requirement for avoiding abiun

e Forgetting: When defined, compute a representation of the mosised evaluation: consider &tP-hard problem for which the most

general consequence w.ktof ¥ € L not containing some given
elementary propositions.

For instance, the consistency-based diagnoses of a syatiendé
Kleer and Reiter) can be computed as the models of the praprsi
formula obtained by forgetting every elementary propositexcept
those denoting the components states, in the formula aatdy
conditioning the system description (which expresses &mabiour

efficient resolution algorithm one knowns runs@h2") time in the

worst case (where is the input size); assume that there exists a

second resolution algorithm for the same problem runnin@{mn)
time in the worst case, provided that the input has been dethpi
first: would it be reasonable to say that the source of inafzitity
has been removed via compilation and that KC is successfalPhe
Well, certainly not if the size of the compiled form is expatial in

of each component of the system and the way they are conjectel’® Size Of the instance considered at start! In such a daseec-

by the available observations (typically the inputs anguots of the
system). Thus, if models generation, forgetting and cdowiitg are
computationally easy queries/transformations when ttstesy de-
scription has been first turned into a compiled form, the gaien
of diagnoses is easy as well, and the computational effemtsin

compiling the system description can be balanced over matg/ s

of observations. Interestingly, there extarget languages for KC
ensuring that such queries and transformations can bevachia
polynomial time, especially the languadels andDNNF (which will
be detailed later on).

Typically, among the basic queries and transformationseund

consideration, they are sonigractable onegformally, the corre-
sponding decision or function problem MP-hard in the sense of
Cook reduction). Indeed, for such queries and transfoonatino
polynomial-time algorithms (for our deterministic comprg) are
known and it is conjectured that none of them exists (thisiésfa-

mousP # NP conjecture, perhaps the most important conjecture in

Computer Science). For instance, in the consistency-bdsepho-
sis setting as described above, the problem (query) of miéierg
whether a diagnosis exists for a given set of observatioafréady
NP-complete.

ond algorithm will run on an input exponentially larger thitue first
one, so that its running time may easily exceed the runnimg of
the first algorithm on the original instance. Furthermohe, overall
algorithm obtained here following the “compiled approa¢ié., the
sequential combination of the compilation algorithm usedener-
ate the compiled form followed by the second algorithm desck
above) requires exponential space to work (since the cechpdrm
has to be stored), while this is not necessarily the casehiofitst
algorithm, corresponding to a “direct, uncompiled” apmiodo the
resolution of the same problem.

Now, at the instance level, one does not focus on worst-case ¢
putations on arbitrarily large instances of the problemarrabnsid-
eration but on given set of instancesvhere some instances share
the same fixed part. One typically computes some statidtiostahe
time needed to solve all the instances sharing the same fate for
each such fixed part), assuming that the fixed part has beepileam
or without such an assumption (i.e., following a “directcampiled”
approach), and we compare them. For instance, if one casdide
problem of generating a consistency-based diagnosis fgstrs,
one starts with a set of instances, where for the same systsanip-
tion (the fixed part), one encounters several sets of obsenga(the

Now, a fundamental question is the assessment one: “when dod@7ying part). Then we compile the system descriptions anedch

KC achieve its goal?”. Roughly speaking, KC makes sense whenR

some of the queries and transformations of interest becdess fn-
tractable” once some pieces of the available informatiorehzeen
compiled first, provided that the computational effort speuring
the off-line phase is “reasonable”. Especially, if the pieof infor-
mation to be compiled (the so-calléged par) vary frequently, it is

ystem description, we measure the runtimes needed to ¢erapu
consistency-based diagnosis for each instance shariraystem de-
scription under consideration. We do the same but consigdtie
system descriptions provided at start (i.e., the “uncoetpibnes”).
For each system description such that the overall runtimeired for
solving all the associated instances assuming that theraydscrip-



tion has been compiled is lower than the overall runtime iregiufor
solving all the associated instances without this assumptie have
some evidence that KC proved useful (at least in the limitprider

references are given as pointers for further readings}, i from
being exhaustive.

to get a more complete assessment, one can also computecfor ea, PROPOSITIONAL LANGUAGES

fixed part a number of instances from which the compilatiometis
balanced.

As usual when dealing with complexity consideratidrtbe two
evaluation levels have their pros and their cons and aratytom-
plementary ones. On the one hand, the evaluation at theggndblvel
can prove too coarse-grained to get an accurate view of theowe-
ments offered by KC for a given application. Indeed, an aapion
corresponds to a specific instance of a problem (or to a figte s
of such instances), but not to the problem itself (where toai$ is
laid on the worst case and arbitrarily large instances ansidered).
Thus, it can be the case that KC proves useful in practicedior s
ing some instances of interest of a problem, even if it dog¢snake
the problem itself “less intractable” or if it does not ensihat the
size of the compiled form of a fixed part is polynomial in theesof
the fixed part. On the other hand, performing an evaluatioa K€
technique at the instance level is more informationally deding:
one needs a significant set of instances, one also needs élifieas
algorithm” corresponding to a “direct, uncompiled” appehao the
problem. It is usually difficult to reach a consensus on wiarfifi-
cant” and “baseline” mean here.

Much work achieved so far within KC is concerned withassi-
cal) propositional logic This can be explained by the fact that while
being one of the simplest logic one may consider (and as such,
bedded in many more sophisticated logics), it proves sefiity ex-
pressive for a number of Al problems like the diagnostic @secon-
sidered above; furthermore, while decidable, propositioeasoning
is intractable; thus, the inference problem (i.e., theigment one) is
coNP-complete, the consistency oneN®-complete, the forgetting
problem isNP-hard. Accordingly, propositional reasoning is a good
candidate for KC: some computational improvements would/éle
come!

The propositional languages which have been consideredrgstt
languages for KC are typically subsets (also referred tofesy“
ments”) of the following\NF language:

Definition 1. Let PS be a denumerable set of propositional variables
(atoms). A formula inNF is a rooted, directed acyclic graph (DAG)
where each leaf node is labeled withue, false, z or —x, x € PS,

and each internal node is labeled withor v and can have arbi-
trarily many children. The size of a sentericen NNF, denoted |,

is the number of its DAG arcs plus the number of its DAG nodss. |
height is the maximum number of edges from the root to sorhalea
the DAG.

From here on, ifC is a node in arNNF formula, thenVar(C)
denotes the set of all variables that label the descenddmsde
C. Moreover, if¥ is anNNF sentence rooted &, thenVar(X) is
defined ad/ar(C). For any subset” of P.S, Ly denotes the subset
of literals generated from the atoms ®f, i.e.,Ly = {z,~z |z €
V}.x € PSis said to be gositive literaland—z anegative literal
~ [ is thecomplementary literabf [ € Lpg: if | = x is a positive
literal, then~ [ = —x; if | = —z is a negative literal, ther | = .

The language oNF formulas can be viewed as a generalization
of a standard propositional language consisting of Negatiormal
Form formulas having a tree shape (formahyF includes this lan-
guage as a proper subset).

NNF (and its subsets) are classically interpreted (i.e., theasgics
of a formula is a Boolean function):

Definition 2. Letw be an interpretation (or “world”) onPS (i.e.,
a total function fromPS to BOOL = {0, 1}). The semanticof
a formulaX € NNF in w is the truth value[X](w) from BOOL

In these notes, | review a number of previous works on KC de-defined inductively as follows:

scribed so far in the literature. Those works can be claskifteord-
ing to the main issue they consider:

e How tocompilepropositional formulas in order to improve clausal
entailment?

e How toevaluatefrom a theoretical point of view whether KC can
prove useful?

e How tochoosea target language for the KC purpose?

e What about KC foother forms of propositional inferene

e if X = true (resp. false), then[X](w) = 1 (resp.0).
e if ¥ € PS, then[X](w) = w(X).
e if X = —q, then[X](w) =1 — [a] (w).
e ifX =A(ai,...,an), then
[El(w) = min({[a1](w), . . ., [en](w)}).
e ifX =V(ai,...,an), then

Elw) = maz({[aa](w), .., [an] (@)}

An interpretationu is said to be anodelof X, notedw |= ¥, ifand

Each of the following sections is centered on one of those is@NlY if [X](w) = 1.1f ¥ has a model, it isatisfiable(or consistent);

sues, except the next section where some formal prelingisafout
propositional languages are provided, and the (short) ioatlud-
ing section. For space reasons, | assume that the readeoimes s
background about computational complexity, especialey dlasses
P, NP, coNP, ©8, A%, I15 and more generally all the classes of the
polynomial hierarchyPH (see e.g. [69] for a presentation of those
complexity classes). Please note that the main objectitii®tiocu-
ment is to serve as a support for the corresponding tutafi@inum-
ber of previous approaches are reviewed in it (and the cooreding

otherwise, it isunsatisfiablgor inconsistent). If every interpretation

wonPSisamodel o, X is valid, noted= . If every model of

is a model ofo, thena is alogical consequencef X, notedY = a.
Finally, when both® = « anda = X hold, ¥ anda areequivalent
noted® = a.

One usually distinguishes between two families of subgetiNG:

flat andnestedsubsets. FIaWNF formulas are those of height at most

2, and their set is the- NNF language.
NNF formulas which do not have a tree-like structure can be

viewed as compact representations of the correspondimguias

2 That a problem iSNP-hard does not say anything about the greatest integerhaving a tree shape, obtained by sharing subformulas. Waen c

n such that all the instances of size n of the problem can be solved
within a “reasonable” amount of time, say less than 600s €jalesalso
that making this statement more robust would require a digfimof the
underlying computational model —in practice, of the conepuised for the
experiments).

sidering non-flat formulas, this feature can have a dranedtéct on

the representation size (i.e., exponential savings cawchievaed).

Well-known flat subsets result from imposing dNF formulas
combinations of the following properties:



e Simple-disjunction: The children of each or-node are leaves that
share no variables (the node islausg.

e Simple-conjunction: The children of each and-node are leaves
that share no variables (the node i®a).

Definition 3.

e The languageCNF is the subset of - NNF satisfying simple—
disjunction. For every positive integér, k- CNF is the subset of
CNF formulas where each clause contains at miobterals.

e The languageDNF is the subset of - NNF satisfying simple—
conjunction.

The following subset ofCNF, prime implicates has been quite
influential in Computer Science and in Al:

Definition 4. The languageP! is the subset oENF in which each
clause entailed by the formula is entailed by a clause thaeaps in
the formula; and no clause in the formula is entailed by aroth

Pl is also known as the language of Blake formulas.
A dual of PI , prime implicantd P, can also be defined:

Definition 5. The languagd P is the subset 0PNF in which each
term entailing the formula entails some term which appearthie
formula; and no term in the formula is entailed by anothemer

Some other subsets @NF are also interesting for the KC pur-
pose, for instance the seIORN- CNF of Horn CNF formulas, i.e.,
conjunctions of clauses containing at most one positiegdit It is
well-known that the consistency issue for such formulag @©
query) can be addressed in linear time (intuitively, a rettd form
of interaction between clauses — unit-resolution — is gefficto
determine whether &0ORN- CNF formula is contradictory or not).

HORN- CNF (as well as the other fragments considered here) enables '

also a polynomial-time conditioning operation (i.e., itiskes the
CD transformation):

Definition 6. LetL be a subset diiNF. L satisfiesCO if and only if
there exists a polynomial-time algorithm that maps evemntda >
fromL to 1 if ¥ is consistent, and t0 otherwise.

Definition 7. LetL be a subset diNF. L satisfiesCD if and only
if there exists a polynomial-time algorithm that maps evferynula
3 from L and every consistent termto a formula fromL that is
logically equivalent t- | v, i.e., the formula obtained by replacing
in X every occurrence of a variable € Var(y) by true if z is a
positive literal ofy and by false if -z is a negative literal ofy.

Conditioning has a number of applications, and corresptmas
strictionin the literature on Boolean functions. The main applicatio
of conditioning is due to a theorem, which says tRat ~ is con-
sistent if and only ifS | « is consistent. Therefore, if a language
satisfiesCO andCD, then it must also satisf¢E:

Definition 8. LetL be a subset dfiNF. L satisfie<CE if and only if
there exists a polynomial-time algorithm that maps evemnida >
from L and every clause fromNNF to 1 if ¥ |= ~ holds, and ta)
otherwise.

Interesting nested subsetsNiflF are obtained by imposing some
of the following requirements [24]:

e Decomposability An and-node’' is decomposable if and only if
the conjuncts of” do not share variables. That is,Gf, ..., C,
are the children of and-nod@, thenVar(C;) N Var(C;) = 0
for i # j. An NNF formula satisfies the decomposability property
if and only if every and-node in it is decomposable.

e Determinism: An or-node C is deterministic if and only if
each pair of disjuncts of’ is logically contradictory. That is, if
C4,...,C, are the children of or-nod€, thenC; A C; = false

for i # j. An NNF formula satisfies the determinism property if
and only if every or-node in it is deterministic.

Decision A decision nodeN in an NNF formula is one which is
labeled withtrue, false, or is an or-node having the for(m Aa) v
(—z A 3), wherez is a variable and 3 are decision nodes. In
the latter casej Var (V) denotes the variable. An NNF formula
satisfies the decision property when its root is a decisiaeno
Ordering: Let < be a total, strict ordering over the variables from
PS. An NNF formula satisfying the decision property satisfies the
ordering property w.r.t< if and only if the following condition
is satisfied: if N and M are or-nodes, and iV is an ancestor of
nodeM, thendVar(N) < dVar(M).

SmoothnessAn or-nodeC' is smooth if and only if each disjunct
of C' mentions the same variables. That is(if, . . ., C,, are the
children of or-node”, thenVar(C;) = Var(Cj) fori # j. An
NNF formula satisfies the smoothness if and only if every or-node
in it is smooth.

Figure 1. A formula in NNF. The marked node is decomposable.

Figure 2. A formula in NNF. The marked node is deterministic and
smooth.

Example 1. Consider the and-node markeéd on Figure 1. This
and-nodeC' has two childrenC; and C> such thatVar(Ci) =
{a,b} and Var(C2) = {c,d}; nodeC is decomposable since the
two children do not share variables. Each other and-node ioy F
ure 1is also decomposable and, hence NNE formula in this figure
is decomposable. Consider now the or-node mafkesh Figure 2;

it has two children corresponding to subformutag A b and—b A a.



Those two subformulas are jointly inconsistent, hence threode is
deterministic. Furthermore, the two children mention theng vari-

to the design and the evaluation of compilation functiomsp tar-
geting propositional fragments satisfyi@de. One often makes a dis-

ablesa andb, hence the or-node is smooth. Since the other or-nodesinction between the approaches satisfy@ig (called “exact compi-

in Figure 2 are also deterministic and smooth, tRF formula in
this figure is deterministic and smooth.

Definition 9.

e The languageDNNF is the subset oRNF of formulas satisfying
decomposability.

The languagel- DNNF is the subset dfiNF of formulas satisfying
decomposability and determinism.

The languageOBDD. is the subset dfiiNF of formulas satisfying
decomposability, decision and ordering.

The languageMODS is the subset dDNF N d- DNNF of formulas

satisfying smoothness.

Binary decision diagrams [11] are usually depicted usingoaem
compact notation: labelsue andfalse are denoted by andO, re-
V.
spectively; and each decision nod/ef\/ \//\ denoted by @¢'
a o -a Y ¥
The OBDD. formula on the left part of Figure 3 corresponds to the
binary decision diagram on the right part of Figure 3.

/\/V\/\
/ \\/ / a
T @
AN AN !
7N\ / v
b false —b true 0 1

Figure 3. On the left part, a formula in theBDD. language. On the right
part, a more standard notation for it.

A MODS encoding of a propositional formula mainly consists of
the explicit representation of the set of its models over gbe of
variables occurring in it. Figure 4 depicts a formulaM@DS using
theNNF representation; this formula is equivalent to DiF formula
(anbAc)V(maA=bAc)V(maAbAc)V(—-aA—bA—c).

Figure 4. A formula from theMODS fragment.

3 THE CLAUSAL ENTAILMENT PROBLEM

One of the main applications of compiling a propositionairala
is to enhance the efficiency of clausal entailment (a key yqtmr
propositional reasoning). Accordingly, much effort hasiéevoted

lation methods”) and approaches ensuring that a (propé&9getiof
all clausal queries can be answered exactly in polynomiz {(“ap-
proximate compilation methods”). In the first casemp is said to
be equivalence-preserving. In the second case, the subgetiies
under consideration is not explicitly given as part of thea@ment
problem; it can be either intensionally characterized,ifistance as
the set of all clauses generated from a given set of variaidis-
erals, all the Horn clauses, all the clauses fionCNF (for a fixed
parametertk), etc. It can also be unspecified at the start and derived
as a consequence of the compilation technique under usedh-Fo
stance, one can associate to any propositional forfiutae of the
logically weakesHORN- CNF formula

comp(X)

implying 3 as well as one of the logically stronge4bRN- CNF for-
mula
compy(X)

implied by X [75, 76]. While comp.(X) is unique up to logical
equivalence, exponentially many non-equivalentp; (3) may ex-

ist. Oncecomp; () andcomp,(X) are computed, they can be used
to answer in polynomial time every clausal querg.t.comp; (%)

~ (1) orcomp;(X) | 7 (2) (due to the transitivity of=); the answer

is “no” in case (1) and “yes” in case (2). Horn (clausal) gesiian be
answered exactly usingpmp;(X). Such approaches have been ex-
tended to other (incomplete, yet tractable) fragments appsitional
logic and to the first-order case (see e.g. [30, 31, 32, 9,3]j, 3

Both families of methods (i.e., the “exact” methods and thp-
proximate” ones) include approaches based on prime intpkcg@r
the dual concept of prime implicants), see [71]. As expldiirethe
previous section, the prime implicates (resp. the primelitapts)
of a formula are the logically strongest clauses (resp. dligichlly
weakest terms) implied by (resp. implying) the formula (oapre-
sentative per equivalence class is considered, only)odotred by
Quine in the 50's, those two notions have been heavily us€wbin-
puter Science (because they are key notions for the probiening-
mizing circuits).

Many algorithms for computing prime implicates/prime iriapl
cants have been designed (see [58] for a survey). Like themctive
formulasa; A ... A a,, Which are decomposabhNF formulas, the
prime implicates formulas satisfy a (firstgparability propertythe
conjunctive one) stating that:

a clausey is a logical consequence of a conjunctive formula
a1 A ...\ ayifand only if there exists € 1...n s.t.-y is a logical
consequence af;.

A similar (yet distinct) second separability property (tfisjunc-
tive one) is satisfied by all disjunctive formulas fraxhiF:

a formulac is a logical consequence of a disjunctive formula
a1 V...V, ifand only if foreveryi € 1...n s.t.« is alogical
consequence af;.

BeyondPI , those two separability properties underly many tar-
get fragments for KC satisfyinGE, especiallyDNNF [24] (and its
subsetsd- DNNF, OBDD., DNF, MODS). This can be explained by
considering Shannon decompositions of formulas. IndéedSthan-
non decomposition of a formuld over a variabler is a formula



(Cz A (E]-z) V(A (X))
equivalent tax exhibiting several separable subformulas:

e -z A (X | —z)andz A (X | z) are disjunctively separable in it;

e -z andX | —z are conjunctively separable in the subformula
-z A (2| —x);

z andX | z are conjunctively separable in the subformula

z A (X ] x).

Performing in a systematic way the Shannon decompositian of
formula X over the variables occurring in it leads to formulas from
fragments satisfyin@€E. Using or not a fixed decomposition order-
ing gives rise to distinct fragments. Since the DPLL proced@8]
for the satisfiability problensAT can be used to do such decompo-
sitions, several target fragments for KC can be charaaériyy the
traces achieved by this search procedure [46].

Note that the two separability properties can be combinexter
approaches for improving clausal entailment from the caetjimnal
side, like the restriction-based ones, e.g. the approachkisting in
focusing onHORN- CNF formulas. Thus, [57, 59] generalize the no-
tion of prime implicates to theory prime implicates. Badlizaa the-
ory ¢ for a formulaX is any logical consequence &f satisfying
CE; for instance, if¥ is aCNF formula, an associated theory is the
conjunction of all its Horn clauses. The theory prime imates of
¥ w.r.t. @ are the logically strongest clauses impliedX¥®ynodulo®
(i.e., classical entailement is replaced by entailmentuteod). The
compiled form ofX is given by the pair consisting df and the set of
theory prime implicates of: modulo® (keeping one representative
per equivalence class modulg. Clausal queries can be answered
in polynomial time from such a compiled form sinkej= ~ holds if
and only if there exists a theory prime implicatef X w.r.t. ® such
that

DA EY

holds (a generalization of the first separability proper8ipce each
disaclausd, V...V, this amounts to determining whether

OB~ Vy

fori € 1...k (here~ [; denotes the complementary literal [}
The fact that® satisfiesCE concludes the proof. Many algorithms
for computing prime implicates can be extended to the thpdme
implicates case [57, 59].

Another approach consists in taking advantage of the sesepd
arability property to derive compiled forms &@NF formulas [74]
or more generally as disjunctions of formulas satisfy@ig, for in-
stance formulas from thEIORN- CNF[V] fragment, which consists
of so-calledHorn covers i.e., disjunctions oHORN- CNF formulas
(see [10, 37] for details). Again, case analysis at work anBPLL
procedure can be used for generating such compiled forms.

Finally, other compilation techniques aim at exploiting frower
of unit-resolution (which is refutationally complete fomaore gen-
eral class than the set of all Horn CNF formulas) so as to miakesal
entailment tractable. The idea is to add some clauses @jyppgome
prime implicates of the inpuENF formula X) to 3 so as to ensure
the unit-refutation completeness of the resulting conapitem. See
[60, 61, 29, 72, 44] for approaches based on this idea.

All those techniques prove interesting in the sense thagtalew
to improve clausal entailment for some propositional folasieven
if none of them ensures such an improvement for every prtiposi
formula (especially because for each of them, once can findiés
of formulas such that the sizes of the compiled forms of thmfdas

from such families are not polynomially bounded in the siaethe
formulas). As we will see in the next section, it seems that cen-
not do better (under the standard assumptions of complthétyry).
All the techniques sketched above are typically incomgatathich
means that the sets of instances for which they are helpfulatebe
compared w.r.t. inclusion.

4 THE COMPILABILITY ISSUE

Roughly speaking, a decision problem is said to be comgilabla
given complexity clas€ if it is in C once the fixed part of any in-
stance has been pre-processed, i.e., turned off-line idadastruc-
ture of size polynomial in the input size. As explained in ihieo-
duction, the fact that the pre-processing leads to a coohfidlen of
polynomial space is crucial.

In order to formalize such a notion of compilability, Cadatid his
colleagues introduced new classes (compilability clgssemnized
into hierarchies (which echBH) and the corresponding reductions
(see the excellent pieces of work in [16, 13, 14, 53, 15])sHiiows
to classify many Al problems as compilable to a cl&€sor as not
compilable toC (usually under standard assumptions of complexity
theory - the fact that the polynomial hierarchif does not collapse).

First of all, in order to address the compilability of a déaisprob-
lem, one needs to consider it as a langua@é pairs(3, «): thefixed
part ¥ will be subject to pre—processing, while the remainiragy-
ing part « will not. For instance, considering the clausal entailment
problem, a standard partition consists in taking a fornil&epre-
senting a belief base) as the fixed part and a clause or e@hiFa
formula o as the varying one; this just reflects the fact that the base
typically changes less often than the queries.

Several families of classes can be considered as candidates-
resent what “compilable t€” means. One of them is the family of
compC classes:

Definition 10. LetC be a complexity class closed under polynomial
many-one reductions and admitting complete problems fon se-
ductions. A language of pair§ belongs tocompC if and only if
there exists a polysize functienmyp  and a language of pairs’ €
Csuch that{>, o) € L if and only if (comp(X),a) € L.

Obviously enough, for every admissible complexity cl&swe
have the inclusior€ C compC (choosecomp as the identity func-
tion).

In order to prove the membership tompC of a problem it is
enough to follow the definition (hence, exhibiting a polysizom-
pilation functioncomp). Things are more complex to prove that a
given problem doesot belong to someompC (under the standard
assumptions of complexity theory). In this purpose, anregeng
tool consists of the non-uniform complexity class¥poly:

Definition 11. An advice-taking Turing machine is a Turing machine
that has associated with it a special “advice oracld’, which can be
any function (not necessarily a recursive one). On input special
“advice tape” is automatically loaded witi (|s|) and from then on
the computation proceeds as normal, based on the two inpaisg
A(]s]). An advice-taking Turing machine uses polynomial advice if
its advice oracleA satisfies|A(n)| < p(n) for some fixed polyno-
mial p and all non-negative integers. If C is a class of languages
defined in terms of resource-bounded Turing machines, @ipaly

3 A function comp is polysize if and only if there exists a polynomjakuch
that|comp(2)| is bounded by(|3]) for everyX in the domain otomp.



is the class of languages defined by Turing machines withaires
resource bounds but augmented by polynomial advice.

It has been proven that NP C P/poly thenII} X% (hence
PH collapses at the second level) [47], and tha&iif C coNP/poly
thenII% = X% (hencePH collapses at the third level) [80]. Based on
the result by Karp and Lipton [47], one can prove that the lmgg
of pairs (3, a) whereX is a propositional formula and is a CNF
formula (corresponding to the clausal entailment problemere the
input is splitted into a fixed paff and a varying party) does not
belong tocompP unlessPH collapses at the second level. The proof
is as follows [48]: let» be any non-negative integer. L8f“* be the
CNF formula

A

Vi €3—Chn

—holds; V 7;

where3 — C,, is the set of all3-literal clauses that can be gen-
erated from{z1,...,z,} and theholds; are new variables, not
among{z1,...,z,}. The size|X7**| of 7% is in O(n®) since
Ymar containsO(n?) clauses containing four literals. Obviously
enough, eacB- CNF formula o, built up from the set of variables
{z1,...,xn} is in bijection with the subsef,, of the variables
holds; s.t.v; is a clause ofy, if and only if holds; € Sa, (each

way, the fact that only polynomially many varying pattgre possi-
ble is not a necessary condition for the membershigotopP; thus,
the term entailment problem, viewed as a language of paiesevine
varying parta reduces to a term (or more generally t&-aCNF for-
mula wherek is a fixed parameter) belongse¢ompP since implying
a conjunction simply amounts to implying each of its conpsr{{62]
would say that the set of all terms —and more generally elkeGNF
language — has an efficient basis). Clearly, the number ofgever
a set ofn atoms is not polynomially bounded in

A notion of comp-reduction suited to the compilability classes
compC has been pointed out, and the existence of complete prob-
lems for such classes proven. However, it appears that many n
compilability results from the literature cannot be res®ad as
compC-completeness results. For instance, it is unlikely thatisal
entailment iscompcoNP-complete (it would mak® = NP). In or-
der to go further, one needs to consider the compilabiliagstsiu-
compC [15]:

Definition 12. LetC be a complexity class closed under polynomial
many-one reductions and admitting complete problems foh se-
ductions. A language of paits belongs tanu-compC if and only if
there exists a binary polysize functiemmp and a language of pairs

variableholds; can be viewed as the name of the clause where itapy, ¢ C such that for all(3, o) € L, we have:

pears, hence selecting a clause just amounts to seledingiite).
Letva,, be the clause

—holds;.

V

holds; €Sa,y,

It is easy to check that,, is unsatisfiable if and only if

E0 | Yo

Suppose now that we have a polysize compilation functiemp
such that for every propositional formutaand every clause, de-
termining whethercomp(X) = ~ can be done in (deterministic)
polynomial time. Then we would be able to determine whetimgr a
3- CNF formula« is satisfiable using a deterministic Turing machine
with a polynomial adviceA: if |Var(«)| n, then the machine
loads

A(n) = comp(E3*").

Once this is done, it determines whether, is entailed by
comp(X**), which is inP. Since 3sAT is complete folNP, this

(%, @) € Lifand only if (comp(Z, |af), o) € L.

Here ‘nu” stands for “non-uniform”, which indicates that the com-
piled form of ¥ may also depend on the size of the varying eart
Observe that this was the case in the proof showing that @laums
tailment is not incompP unlessPH collapses (each compiled form
e depends om, the number of variables on whichis built).

Obviously enough, for each admissible complexity cl@ssve
have the inclusioneompC C nu-compC (showing thatC C nu-
compC) andC/poly C nu-compC. Furthermore, under reasonable
assumptions (see [15]), all those inclusions are strictsTidhenu-
compC classes generalize the previous compilability classes.

A notion of non-uniformcomp-reduction suited to the compil-
ability classesiu-compC has also been pointed out (it includes the
notion of (uniform)comp-reduction), and the existence of complete
problems for such classes. For instance, the clausal ewailprob-
lem isnu-compcoNP-complete.

Inclusion of compilability classe€/poly, compC, nu-compC

would imply NP C P/poly, and, as a consequence, the polynomial similar to those holding in the polynomial hierarchy exise¢ [15]).

hierarchy would collapse at the second level.

It is strongly believed that the corresponding compilapihierar-

The size of the language of varying parts has clearly an itpacchies are proper: if one of them collapses, then the polyabhiéer-

on the compilability issue; indeed, if for each fixed partthere are
only polynomially many possible varying parés then the corre-
sponding language of paits is compilable toP (i.e., it belongs to

archy collapses at well (cf. Theorem 2.12 from [15]). Fotamge, if
the clausal entailment problem isti-compP, then the polynomial
hierarchy collapses. Accordingly, in order to show that algbem

compP). Indeed, it is enough during the off-line phase to consideris not incompC, it is enough to prove that it isu-compC’-hard,

successively every and to store it in a lookup-tablemp(3) when-
ever (X%, o) belongs tal. For everyY:, the size oktomp(X) is poly-
nomially bounded in the size & and determining on-line whether

whereC'’ is located higher tha€ in the polynomial hierarchy. Since
complete problems for angu-compC class can be easily derived
from complete problems for the corresponding cl@ssf the poly-

(X, @) € L amounts to a lookup operation. For instance, the restricnomial hierarchynu-compC-complete problems appear as a very

tion of the clausal entailment problem, viewed as a langadigairs
where the varying par reduces to a literal (or more generally to
a clause containing at moét literals, wherek is a fixed parame-
ter) belongs tawompP. This shows that there exist problems which
are intractable when considered “all-at-once” (literata@iment is
coNP-complete in propositional logic) and tractable when they a
viewed as languages of pairs (literal entailment isompP). By the

interesting tool for proving non-compilability results.

The compilability of a number of Al problems, including diag
sis, planning, abduction, belief revision, closed-wogdsoning, and
paraconsistent inference from belief bases has been igatst in
the following papers [51, 50, 13, 52, 15, 64, 22, 27, 54, 553heD
compilability classes incorporating a notion of paramietgion have
been pointed out and studied in [20].



5 THE KNOWLEDGE COMPILATION MAP

An important issue to be addressed in KC is the choice tdra

A number of transformations have also been considered ijy [26
especially closures:

get languagei.e., the representation language of compiled forms.Definition 18. LetL be a subset ofiNF. L satisfies A C (VC) iff

Obviously, this is a domain-dependent issue since it dependhe
tasks we would like to improve via KC, computationally spegk
However, as explained in the introductive section, mankgasan
be decomposed into domain-independent basic queries @msfdr-
mations, so that one can focus on such queries and trangfonmma
instead of the tasks themselves.

Roughly speaking, a query is an operation that returns iméion
about a compiled form without changing it. A transformation the
other hand, is an operation that returns a modified compibeah f
which is then operated on using queries.

there exists a polynomial-time algorithm that maps evernyefiget
of formulasXy, ..., %, fromL to a formula ofL that is logically
equivalenttaC A -+ A S, (1 V-V ER).

Definition 19. LetL be a subset diiNF. L satisfies—C if and only
if there exists a polynomial-time algorithm that maps evferynula
3 fromL to a formula ofL that is logically equivalent te-X.

If a language satisfies one of the above properties, it istsaie
closedunder the corresponding operator. Closure under logioal co
nectives is important for two key reasons. First, it has iogilons

The choice of a target language for KC is typically based on aon how compilers are constructed for a given target langukge

number of different criteria:

e the computional complexity of the queries of interest whiea t
fixed part is represented in the KC language

e the computional complexity of the transformations of ietdr
when the fixed part is represented in the KC language

e the expressiveness and the spatial efficiency (succirg}toéshe
language.

The KC map presented in [26] is such a multi-criteria evatunat
of dozen propositional fragments, i.e., subsets of a piitipoal lan-
guageNNF.

The queries considered in [26] are tests for consist&©y(i.e.,
the sAT problem), validityVA, implicates (clausal entailmenQE,
implicantsIM , equivalencé&EQ, and sentential entailmeBE. Mod-
els countingMC and models enumeratidlE have also been con-
sidered.

Definition 13. LetL be a subset diNF. L satisfiesvA if and only
if there exists a polynomial-time algorithm that maps everynula
3 fromL to 1 if ¥ is valid, and to0 otherwise.

A number of target compilation languages support a polyabmi
time equivalence/sentential entailment test:

Definition 14. LetL be a subset dfiNF. L satisfiesEQ (SE) if and
only if there exists a polynomial-time algorithm that magpsrg pair
of formulasy, a fromL to 1 if ¥ = o (X & «) holds, and ta)
otherwise.

Note that sentential entailmer8[) is stronger than clausal entail-
ment and equivalence. Therefore, if a langubgmatisfiesSE, it also
satisfiesCE andEQ.

The following dual toCE has also been considered:

Definition 15. LetL be a subset diiNF. L satisfiedM if and only
if there exists a polynomial-time algorithm that maps evferynula
Y fromL and every termy fromNNF to 1 if v = X holds, and td)
otherwise.

The next queries also prove important in many applications:

Definition 16. LetL be a subset diINF. L satisfiesCT if and only if
there exists a polynomial-time algorithm that maps evemntda >

fromL to a nonnegative integer that represents the number of model

of X (in binary notation).

Definition 17. LetL be a subset dfiNF. L satisfiesME if and only
if there exists a polynomial(.,.) and an algorithm that outputs all
models of an arbitrary formul& fromL in timep(n, m), wheren

example, if a clause can be easily compiled into some largliag
then closure under conjunction implies that compilifg\ie formula
into L is easy. Second, it has implications on the class of polyabmi
time queries supported by the target language: if a langliaggis-
fiesCO and is closed under negation and conjunction, then it must
satisfy SE (to test whethel: = «, all we have to do, by the refuta-
tion theorem, is test wheth&t A -« is inconsistent). Similarly, if a
language satisfie¢A and is closed under negation and disjunction,
it must satisfySE by the deduction theorem.

It is important to stress here that some languages are closdsr
a logical operator, only if the number of operands is boungd
constant. We will refer to this a@sounded closure.

Definition 20. LetL be a subset dfiNF. L satisfiesABC (VBC)

iff there exists a polynomial-time algorithm that maps gveair of
formulasX:; and s fromL to a formula ofL that is logically equiv-
alent toX1 A 2o (21 Vv 22)

A key transformation is that dbrgetting(which can be viewed as
closure under existential quantification) [56] [49]:

Definition 21. Let 3 be a propositional formula, and 1&X be a
subset of variables from PS. Tiergetting of X from X, denoted
3X.%;, is a formula that does not mention any variable frénand
for every formulax that does not mention any variable frod) we
haveX = « precisely wherdX.X = a.

Therefore, to forget variables froiX is to remove any reference
to X from X, while maintaining all information that captures about
the complement oK. Note thatiX.X is unique up to logical equiv-
alence.

Definition 22. LetL be a subset dfiNF. L satisfied=O if and only
if there exists a polynomial-time algorithm that maps evferynula
¥ fromL and every subseX of variables from PS to a formula from
L equivalent tadX. . If the property holds for singletoX, we say
thatL satisfiesSFO.

Forgetting is an important transformation as it allows te fo
cus/project a formula on a set of variables. It has numerppsca-
tions, including diagnosis, planning, reasoning undeoisistency,
etc.

Other important criteria for the evaluation of target laagas for
KC are the expressiveness one and the succinctness ond& i3
two notions are modeled by pre-orders over the subsets qirtipo-
sitional language used as a baseline (INNE):

Definition 23. LetL; andL- be two subsets &NF. L, is at least as

is the size o and m is the number of its models (over variables expressive ak.;, denotedL; <. Lo, iff for every formulac € Lo,

occurring in).

there exists an equivalent formutac L.



Expressiveness captures the ability of encoding inforomatihe  system can be computed as the models of the formula obtained b
minimal elements w.r.t< of the power set ofNNF are calledcom-  forgetting every elementary proposition except those tiegahe
plete fragmentsin each of them, every Boolean function can be rep-components states in the formula obtained by conditiontirgslys-
resented: complete fragments are fully expressive. Martgeofrag-  tem description by the available observations. THilS, FO, CD are
ments considered in Section 2 are complete ones. Such fragrme  required by this application. Among the fragments ensdutfiregn are
interesting as target languages for KC because one doeawvetdr  DNNF, DNF, Pl , MODS. The fact thaDNNF andPIl are the most suc-
care about situations when the propositional informatimbe com-  cinct one$ can be viewed as an explanation of the success of those
piled cannot be represented within the fragment. two fragments for model-based diagnostic.

Now, there also exist a number of valuabteompletefragments, For further extensions of the KC map, the reader might look at
like KROWV CNF (also known as the binary fragment since it con- the following papers, where other propositional fragméatge been
sists of conjunctions of clauses containing at most twadis, considered and investigated following the criteria at wiorkhe KC
HORN- CNF (as considered in the previous sections) and the affinemap: [79, 35, 78, 70, 37, 36].
fragment. Their importance comes from the fact that theeroff

polynomial-time queries and transformations which arequatran- 6 BEYOND PURE PROPOSITIONAL

teed by all the complete fragments [37], especi@ly. REASONING
Succinctness is a refinement of expressiveness which ayashte
representation sizes: Quite recently, KC has been considered as an approach feovmp

ing some computational tasks which go beyond pure propositi
Definition 24. LetL, andL; be two subsets ®NF. L, is atleast  reasoning. This includes works where the underlying sgitnstill
as succinct ad.;, denotedL; <. Lo, iff there exists a polynomial propgsitional but so to say, non-classical, and also woskaging
p such that for every formula € L., there exists an equivalent from the propositional case.
formulag € Ly where|3| < p(|a]). In the first family, a number of papers have been centered @n th
issue ofreasoning under inconsistencihconsistency-tolerant rea-
soning is one of the major topic in Al from its very beginnirgs{
pecially because it is closely connected to the problem asoaing
in presence of exceptions). It is well-known that classjmalposi-
tional inference (i.e., thé= relation) is inadequate for the task of
reasoning under inconsistency because it trivializesryef@mula
is a logical consequence of any inconsistent formula (gihé fa-
mousex falso quodlibet sequiturThis calls for other approaches

Observe that the definition does not require that theresaiginc-
tion comp computingl given « in polynomial timeit is only asked
that apolysizefunction comp exists.

The KC map gathers the multi-criteria evaluations of a numbe
of propositional fragments, including many of those coasd in
Section 2, as well as other fragments. Examples of resulishadan
be found in the KC map are:

Proposition 1. and many of them can be found in the Al literature: paracoests
DNNF satisfiesCO, CE, ME, CD, FO, VC. logics, belief revision, belief merging, reasoning froreferred con-
d- DNNF satisfiesCO, VA, CE, IM, CT, ME, CD. sistent subsets, knowledge integration, argumentatgiespetc. The
OBDD. satisfiesCO, VA, CE, IM, EQ, CT, ME, CD, SFO, ABC, variety of existing approaches can be explained by the fedtthere
vBC, -C. is no consensus on what should be concluded from an incensist
DNF satisfiesCO, CE, ME, CD, FO, ABC, VC. formula, and that paraconsistency can be achieved in \@ria@ys,
Pl satisfiesCO, VA, CE, IM, EQ, SE, ME, CD, FO, VBC. depending on the exact nature of the problem at hand (hehee, t
| P satisfiesCO, VA, CE, IM, EQ, SE, ME, CD, ABC. available information). Each of them has its own pros andscand

MODS satisfiesCO, VA, CE, IM , EQ, SE, CT, ME, CD, FO, ABC. is more or less suited to different inconsistency handlicenarios.
Now, beyond the problem of modeling what reasoning from in-
Many “negative results” can also be found in the KC map, &@.t consistent pieces of information should be, it turns out, thafor-
fact thatDNNF does not satisfy any ofA, IM, EQ, SE, CT, ABC,  tunately, it is difficult from a computational point of vie@hus, in
—C unlessP = NP, and similar results for the other fragments. the propositional case, it is at least as hard as classieakince and
The KC map also indicates how the fragments compare one anypically harder than it. This explains why KC has been coesid
other w.r.t. expressiveness/succinctness. For instameehave the g5 3 resort here.
following strict succinctness ordering: As a matter of example, | focus in the following on the infaren
problem from (propositional) stratified belief bases; thisstration
gives also the opportunity to present, so to say, “at workhsmo-
tions described in the previous sections (especially threept of
compilability and several target languages for KC).

DNNF <, d- DNNF <, OBDD. <, MODS

Here, “positive” translatability results (i.e., showingat L1 <,
L. for some given languagek; and L2) can be obtained by ex-
hibiting a polysize translation functiamp; “negative” results (i.e.,  Definition 25. A stratified belief bas¢SBB)X is an ordered pair
showing thatl., £, L:) can be obtained using combinatorial argu- 2 = (A, <), whereA = {¢1,...,¢,} is a finite set of formulas
ments... but also non-compilability results! For instarineorder to  from PROPps and < is a total pre-order overA (i.e., a reflexive
show thaDNNF % CNF unlessPH collapses, itis enough to remem- and transitive relation oven s.t. for everye;, ¢; belonging toA,
ber thatDNNF satisfiesCE and that the clausal entailment problem we havep; < ¢; or ¢; < ¢;) . Every subse$ of A is a subbasef
from CNF formulas is not icompP unlessPH collapses. 3.

Based on the KC map, the choice of a target language for the
KC purpose can be realised by listing first the queries anastra
formations required by the application under consideraiod by
considering the expressiveness/succinctness critaianstance, as 4 we know thatPl is not strictly more succinct thabNNF, but we ignore
explained in the introduction, the consistency-basedntiags of a whether the converse also holds.

It is equivalent to defin& as a finite sequend@\y, ..., Ay) of
subbases of\, where each\; (i € 1...k) is the non-empty set




which contains all the minimal elements &f \ (U;Z} A;)° w.rt.

<. (A4,..

(A, <) (assuming thaK is explicitly represented as a set of pairs).
Clearly enough{A,...,Ax} is a partition ofA. Each subsef\;

(¢ € 1...k) is called astratumof X, ands is the priority level of
each formula ofA;. Intuitively, the lower the priority level of a for-
mula the higher its plausibility. Given a subbasef ¥, we noteS;

(¢ € 1...k) the subset of defined byS; = SN A;. We also note
Var(D) = UL, Var(A).

In the following, we assume tha}, is a singleton, consisting of
the (consistent) conjunction of all certain beliefs (itbe pieces of
knowledgg of A. Slightly abusing notations, we will identifyA;
with the (unique) formula it contains. Note that this asstiorpcan
be done without loss of generality since when no certairebekre
available, it is sufficient to adti-ue to A as its unique minimal ele-
ment w.r.t.< (and this will not lead to any significant computational
overhead).

Definition 27. LetX = (A4, ..., Ay) be an SBBP a policy for the

., Ay,) can be computed in time polynomial in the size of generation of preferred subbases, ana formula fromP RO Pps.

a is a (skeptical) consequenas X w.r.t. P, notedXh o, if and
only ifvs € ¥p, S = a.

Unfortunately, whatever the selection policy among
PO, LO,IP,LE, skeptical inference is not tractable (under
the standard assumptions of complexity theory) [63, 17]:

Definition 28. Let K7 be any inference relation from
(PO RGO RET  EFY. T is the following decision prob-
lem:

e Input: An SBBX
PROPps.
e Query: DoesZh7 o hold?

(A4,...,A;) and a formulaa from

Proposition 2. The complexity of-Z from an SBB

There are several ways to use the information given by an SBBor p ¢ (PO, £O, TP, LE} is as reported in Table 1.

corresponding to several epistemic attitudes. Infererama fin SBB
¥ is typically considered as a two-step process, consistisg ifi

characterizing some preferred consistent subbasgsaofl then con-
sidering classical inference from some of those subbasasy Moli-

cies (or generation mechanisms) for the selection of predecon-
sistent subbases can be defined. In formal terms, a p@ticy a

mapping that associates to every SBBa set¥.» consisting of all
the preferred consistent subbase&of.r.t. P. Four policies are of-
ten considered: thpossibilisticpolicy, thelinear order policy, the

inclusion-preferenceolicy, and thdexicographicpolicy.

Definition 26. LetY = (A,...,Ay) be an SBB.

e The settpp of all the preferred subbases &f w.r.t. the possi-
bilistic policy is the singletor{{J’~] A;}, wheres is the lowest
integer (1 < s < k) s.t.|J;_, A; is inconsistent.

e The seb .o of all the preferred subbases Bfw.r.t. the linear or-
der policy is the singletoilJ*_, A7;}, whereAs; (i € 1.. . k) is
defined byAs; = A; if A, U U;;ll Av; is consistent() otherwise.

e The setXc of all maximal (w.r.t.C) consistent subbases &f
containingA; is {S C A | S is consistentA; C S, andV¢ €
A\ S, SU{¢} is inconsisterit. Two valuable subsets of it are:

— The setXzp of all the preferred subbases & w.rt. the
inclusion-preference policy i$S C A | S is consistent and
vSr C A st St # S andSris consistenty: € 1...k
((Vj <i(Sr;=155)) =S ¢ Sti)}.

— The sett.¢ of all the preferred subbases &f w.r.t. the lexi-
cographic policy is{S C A | S is consistent an/S’ C A
s.t. S1 # S and Sris consistentyi € 1...k ((Vj < 3
(card(St;) = card(S;))) = card(S;) £ card(S1;))}.

All these selection policies have their own motivations dewtl
to inference relations that are more or less satisfying feotogical
point of view and from the computational complexity pointviéw
(see [4, 5]).

Now, given a selection policy, several entailment prinegptan be
considered, especially credulous inference, argumeetatference,
skeptical inference. Among them, skeptical inference deadnfer-
ence relations which are at least preferential ones, eations sat-
isfying “reflexivity”, “left logical equivalence”, “rightweakening”,
“cut”, “cautious monotony” and “or” (see [4]):

5 By convention,Ug.):1 Aj =0

Table 1. Complexity of skeptical inference from SBBs (general case)

P T
PO ©F-complete
LO  A%-complete
IP  IIj-complete
LE  AS-complete

All the hardness results given in this proposition still dh@then
the queryu is restricted to a literal.

The following compilability results concerning inferenéem
SBBs have been obtained [22]:

Proposition 3.

o RO REC and & with fixed A and < and varyinga are in
compcoNP but not incompP unless the polynomial hierarchy
collapses at the second level.

o R with fixedA and < and varyinga is in complT5 but not in
compcoNP unless the polynomial hierarchy collapses at the third
level.

The fact that~7©, &€ with fixed A and< and varyinga are
in compcoNP comes easily from the fact that for those two policies,
there is only one preferred subbasedbfthe off-line phase amounts
to computing it as the compiled form &f (then inference reduces to
classical entailment). Furthermore, since those two arfee prob-
lems include the problem of classical entailment (from aststent
formula), none of them can be tompP unlessPH collapses. The
case of~&€ is a bit more elaborate.

Obviously enough, considering the stratification not fixedrges
the picture; for instance:

Proposition 4.

o D9 with fixed A and varying< and « is in comp®} but not
in compcoNP unless the polynomial hierarchy collapses at the
third level.

o R5C9 and5€ with fixedA and varying< ando are incompAj
but not incompcoNP unless the polynomial hierarchy collapses
at the third level.



Intuitively, as tohZ'©, fG©, there is no way to compute the pre-
ferred subbase of during the off-line phase whed is not fixed,;
this explains the compilability shift.

From a more practical side, relaxing the size requiremertdan-
piled forms imposed by the compilability setting, therestxdom-
pilation functions for turning SBBs into compiled ones fravhich
skeptical inference (for some selection principles) is patationally
easier than in the general case when queries are limite@dtses or

CNF formulas. Of course, this does not show KC as helpful at the

problem level (the previous non-compilability results wimg that

this is impossible) but renders it possible at the instaewell(the

situation is similar to what happens with the clausal entaiit prob-

lem, which looks not compilable 8, but for which compilation can
nevertheless prove valuable for some instances).

Obviously enough, it is not possible to compile directly tom-
junction of formulas ofA using one of the compilation functions
presented in Section 3 since this conjunction typicallyconsistent
(hence entailment from it would trivialize). In order to &akdvan-
tage of the compilation functioneomp considered so far for im-
proving clausal entailment in the objective of compiling 8BB
¥ = (A4,...,Ag), an approach consists in turninig into a so-
called comp-compiled SBBcomp(X) = (Af,...,A}) such that
A; belongs to the target language associatectop ande:2 A
is a consistent set of literals:

Definition 29. Let & (A1,...,Ag) be an SBB (withA =
Ule A;) and letcomp be any (equivalence-preserving) compila-
tion function targetting a fragment satisfyir@E. Without loss of
generality, let us assume that every stratdm (i € 1...k) of &

is totally ordered (w.r.t. any fixed order) and let us ngte; the ;"
formula of A; w.r.t. this order. The SBB

comp(X) = (X155 Xk)

wherey; = {holdsi,,...,holds; cara(a,)} fOri € 2...k, each
holdsi,; € Lps \ Lyar(a), and

k  card(A;)
x1 = {comp(A1 U (U{ /\ (—holdsi; V ¢i3)}))}

is thecomp-compilationof 3.

This transformation basically consists in giving a named@m
the form of a new literalholds; ;) to each assumption of and
in storing the correspondance assumption/name with thaiodre-
liefs beforecompiling them usingomp. A similar transformation is
given in [17, 27]. Interestingly, whatever the selectiodigoP €
{PO,LO,ITP,LE}, ¥ and comp(X) are equivalent oV ar(X)
w.r.t. P: there exists a bijectiorf from X to comp(X)» such that
for every S € Xp and every formulax from PROPy 4, (), S |= «
if and only if f(S) E «.

Proposition 5. The complexity g% and of its restrictions to clause
and literal inference forP € {PO,LO,IP,LE} from acomp-
compiled SBB is as reported in Table 2.

Proposition 5 shows that considering compiled SBBs caradigtu
make inference computationally easier, even if this is het ¢ase
for every policy. In this proposition, no specific assumptian the
nature of thecomp function is made. In order to obtain complex-
ity lower bounds (hardness results) and some tractabgisylts in
the clausal case w.r.t. thEP policy and theLE& policy, restricted

Table 2. Complexity of skeptical inference fro@omp-compiled SBBs
(upper bounds).
P ~F CLAUSE/ LITERAL 7
PO  incoNP in P
LO  incoNP in P
ZP incoNP in coNP
LE in AT in AT

compiled SBBs must be considered. In the following, we foons
comp-compiled SBBs whereomp is a compilation function which
maps any propositional formula infdl formula, aDNF formula or
a HORN- CNF[V] formula.

Proposition 6. The complexity ofZ” and of its restrictions to
clause and literal inference fromvmp-compiled SBBs is as reported
in Table 3.

Table 3. Complexity of skeptical inference w.rP from comp-compiled

SBBs.
comp rZP CLAUSE/ LITERAL hET
PI coNP-complete coNP-complete
DNF coNP-complete inP
HORN- CNF[VV]  coNP-complete coNP-complete

Proposition 7. The complexity ofw\‘jg and of its restrictions to
clause and literal inference frommp-compiled SBBs is as reported
in Table 4.

Table 4. Complexity of skeptical inference w.r£E from comp-compiled

SBBs.
comp pGe CLAUSE/ LITERAL €
Pl AT-complete AT-complete
DNF coNP-complete inP
HORN- CNF[V] AT-complete AT-complete

Tractability is only achieved fotomp-compiled SBBs for which
A, is a DNF formula and queries are restricted @®F formulas.
Intractability results w.r.t. both-&” and&° still hold whenA; is
a consistent Krom formula, or whefy; is a HORN- CNF formula.
All the hardness results presented in Table 3 still hold exgpecific
case when the numbérof strata under consideration satisfies 2.
Similarly, LITERAL fv\‘jg remainscoNP-hard in the restricted case
whenk > 2.

Interestingly, imposing some restrictions on the literat&ed to
name assumptions allows to derive tractable restrictiammsbbth
cLAUSE &P andcLAUSE (&€ from the comp-compilation of an
SBB whereA; is aHORN- CNF[V] formula. Indeed, we have:

Proposition 8. cLAUSE ¥ and CLAUSE (&€ from a comp-
compiled SBBE = (A4, ..., Ag) whereA; is a HORN- CNF[ V]
formula andJ¥_, A; contains only negative literals are i.

For other works on the compilation of belief bases, see &4.4,
27, 7].

7 CONCLUSION

For the last two decades, KC has become an important topid.in A
Focusing on the propositional case, | have sketched in tidqurs
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