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Abstract

Two families of conciliation processes for intelligent agents based on an iterated merge-then-revise change function
for belief profiles are introduced and studied. The processes from the first family are sceptical in the sense that at any
revision step, each agent considers that her current beliefs are more important than the current beliefs of the group,
while the processes from the other family are credulous. Some key features of such conciliation processes are pointed
out for several merging operators; especially, the stationarity issue, the existence of consensus and the properties of
the induced iterated merging operators are investigated.
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1 Introduction

Belief merging is about the following question: given a set of agents whose belief bases are
(typically) mutually inconsistent, how to define a belief base reflecting the beliefs of the group
of agents? Formally, from a functional point of view, a belief merging operator A is any
mapping which associates a belief base A ,(E) to a (non-empty) belief profile £ (gathering the
agents’ beliefs) and a belief base u (representing some integrity constraints, which must be
satisfied by the merged base). There are many different ways to address the belief merging
issue in a propositional setting (see e.g. [3, 4, 20, 22-25, 28]). The variety of approaches just
reflects the various ways to deal with inconsistent beliefs.

Now, the belief merging issue is not concerned with the way the resulting merged base is
exploited by the group. One possibility is to suppose that all the belief bases are replaced by
the (agreed) merged base. This scenario is sensible with low-level agents used for distributed
computation, or in applications with distributed information sources (like distributed data-
bases). Once the merged base has been computed, all the agents participating to the merging
process share the same belief base. Such a drastic approach clearly leads to weaken the beliefs
of the system. Contrastingly, when high-level intelligent agents are considered, the previous
scenario looks rather unlikely: it is not reasonable to assume that the agents are ready to
completely discard their current beliefs and unconditionally accept the merged base as a new
belief base. It seems more adequate for them to incorporate the result of the merging process
into their current belief base.

Taking such new beliefs into account calls for belief revision, which deals with the
incorporation of a new piece of evidence into the beliefs of an agent [2, 15, 18]. Many belief
revision operators (sometimes called ‘revision schemes’) can be found in the literature. From a
functional point of view, a belief revision operator * is any mapping which associates a belief
base K x K’ to a pair of belief bases K, K, where K gives the initial beliefs and K’ the incoming
evidence.

Thus, given a revision strategy (and some revision operators—one per agent), every
merging operator A induces what we call a conciliation operator which maps every belief
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profile E (i.e. the beliefs associated to each agent at start) to a new belief profile where the new
beliefs of an agent are obtained by confronting her previous beliefs with the merged base given
by E and A.

In this perspective, two revision strategies can be considered. The first one consists in giving
more priority to the previous beliefs; this is the strategy at work for sceptical agents. The
second one, used by credulous agents, views the current beliefs of the group as more impor-
tant than their own, current beliefs.

Obviously enough, it makes sense to iterate such a merge-then-revise process when the aim
of agents is to reach an agreement (if possible): after a first merge-then-revise round, each
agent has possibly new beliefs, defined from her previous ones and the beliefs of the group;
this may easily give rise to new beliefs for the group, which must be incorporated into the
previous beliefs of agents, and so on.

Let us illustrate this idea with a simple example:

ExampLE 1

There is a position available in some university. The committee in charge of the recruitment
consists of three professors 4, B and C; the committee has to determine the right profile for
the position. Three criteria are considered: managerial skills, teaching experience and research
level of the candidate. Professor A believes that the university does not need a teacher (—1),
and that any candidate who has a good research level (r) or good managerial skills (m1) has the
right profile. Professor B believes that the university needs to recruit either a ‘pure’ researcher
or a ‘pure’ teacher. Finally, Professor C believes that the university needs somebody with
good research level, good managerial skills and good teaching experience. Formally, the
beliefs of Professors A, B, C can be represented respectively by the propositional formulas
(rvm)A—=t, =mA (t < —r), and r A t Am. Assume now that the beliefs of the group are
computed using a merging operator based on the Dalal distance and the aggregation function
max (i.e. the operator A %M formally defined in the following). Such beliefs are equivalent
to the formula (—m At AF)V (m A=t ATF)V (m At A—r). Now, each agent has to incorporate
them into her own beliefs. If they all used the revision operator associated to A%-Ma* je.
Dalal revision operator [12], then the beliefs of Professor 4 become m A =t A r, while the two
other professors adhere to the beliefs of the group (—m At A )V (M A=t AF)V (M A LA —T).
At this stage, a consensus has been reached' between the three professors since they now
agree on m A —tAr, i.e. they all now believe that a good profile for the position is
somebody with good managerial skills, good research level and no teaching experience.
The conciliation process stops here since a further merge-then-revise round changes neither
the agents beliefs nor the corresponding merged base (see Example 4 for the corresponding
computations).

In this article, we define such conciliation operators, which characterize how agents’
beliefs evolve according to such an iterated merge-then-revise approach. This article addresses
several questions: is it possible to define conciliation operators following a merge-
then-revise scheme, i.c. is there any guarantee that conciliation defined in that way is a

'While this example shows that a consensus can be reached at the end of a conciliation process, this is not always
the case (see Proposition 7 and Example 4).
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terminating process? Do such operators always lead to a consensus between agents (i.e. agents
get compatible beliefs after the conciliation)? Whenever a consensus is reached, does the
conciliation process necessarily stop? Do the induced iterated merging operators satisfy
rationality postulates for merging? The motivations for considering the first three questions
are obvious. As to the fourth question above, the rationale is the following one: merging
operators are often considered as reporting an ‘average point of view’ between the agents’
bases; at a first glance, iterating the process might be viewed as an approach to target in a
more precise way such as an ‘average point of view’.

Now, defining such iterated merging operators calls for two assumptions: homogeneity
(the same revision operator is used by all the agents) and compatibility (the revision operator
used is the one induced by the merging operator under consideration). Without them, the
‘iterated merging’ operator induced by a conciliation one does not depend solely of the
merging operator on which the conciliation operator is based, so it cannot be considered
stricto sensu as an ‘iterated merging operator’. Making those two assumptions is sensible
when one deals with autonomous agents who are ready to incorporate into their beliefs the
results of the merging steps, as it is the case in this article. Indeed, a possible explanation for
such a behaviour is that the agents are confident in the quality of the information
coming from the merging steps (especially they all agree on the merging scheme to be used,
otherwise they would not participate to the conciliation process); for the scenarios where this
explanation holds, the compatibility and the homogeneity assumptions are justified: it makes
sense that the agents use the revision scheme associated to the merging one (so to say,
the compatibility assumption justifies the homogeneity one when the merging operator
is considered as ‘good’).

The purpose of this article is to study the two families of conciliation processes induced
by the two revision strategies so as to give some answers to the questions above. We consider
conciliation operators based on merging and revision operators which are rational, in the
sense that they satisfy the postulates (ICO-IC8) from [22, 23] and the postulates (R1-R6)
from [18], respectively (all those postulates are recalled in the following). For space reasons,
we focus on conciliation processes under a uniformity assumption: all agents are either
sceptical ones or credulous ones.

In a nutshell, the contribution of the article is as follows: we show that the termination of
conciliation processes is guaranteed for sceptical operators, but it is only conjectured for
credulous ones; we show that conciliation leads to consensus only if there is a consensus at
start for sceptical operators, and does not necessarily lead to consensus for credulous
operators; we also show that the conciliation process necessarily stops when a consensus is
reached; finally, we show that the iterated merging operators induced by conciliation ones
typically satisfy only few rationality postulates for merging; especially, when a merging
operator satisfies some postulates, this does not imply that the corresponding iterated one
satisfies also those postulates. Thus, iterating the merging process does not lead to ‘better’
merging operators.

The rest of the article is organized as follows. In the next section, some formal preliminaries
are provided. Section 3 presents the main results of the article: in Section 3.1 the conciliation
processes are defined, in Section 3.2 the focus is laid on the sceptical ones and in Section 3.3
on the credulous ones. In Section 4 we consider conciliation operators satisfying the
compatibility and homogeneity assumptions; we investigate the connections between the
conciliation processes and the merging operators they induce. Section 5 is devoted to related
work. Finally, Section 6 gives some perspectives.
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2 Preliminaries

We consider a propositional language £ over a finite alphabet P of propositional symbols and
the boolean constants T, L. An interpretation is a total function from P to {0, 1}. The set of
all the interpretations is denoted Y. An interpretation w is a model of a formula K, denoted
by w [ K, if it makes it true in the classical truth functional way. Let K be a formula, [K]
denotes the set of models of K, i.e. [K] = {w € W | w E K}. | denotes logical entailment and
= denotes logical equivalence.

A belief base K is a consistent propositional formula (or, equivalently, a finite consistent set
of propositional formulas considered conjunctively), viewed up to logical equivalence.

Let K1, ..., K, be n belief bases (not necessarily pairwise different). We call belief profile the
vector E consisting of those n belief bases in a specific order, E = (K|, ..., K,), so that the n-th
base gathers the beliefs of agent n. When n=1, we often write £ = K instead of £ = (K) in
order to avoid heavy notations. We denote by /\ E the conjunction of the belief bases of E, i.e.
A E =K A--- A K, Wesay that a belief profile E is consistent if /\ E is consistent. The union
operator for belief profiles is denoted by U, i.e. if £E=(K,...,K,) and £’ =(K|,....K),),
then ELUE = (K,,...,K,, K|,....K,).

Let & be the set of all finite non-empty belief profiles. Two belief profiles £y and E; from &
are said to be equivalent (denoted by E|, = E») if and only if there is a bijection between the
profile £; and the profile E, s.t. each belief base of E| is logically equivalent to its image in E».
Note that the order given by the profile is not relevant for equivalence. Two profiles
E =(K,...,K,) and E, = (K], ...,K)) are said to be identical, denoted by E; <> E, if and
onlyifViel...n K; =K.

For every belief revision operator %, every profile £ = (K1, ..., K,,) and every belief base K,
we define the revision of E by K (resp. the revision of K by E') as the belief profile given by
(Ky,...,K)«K=(K *K,...,K, %K) (resp. Kx(Kj,...,K,)=(K=*Kj,...,Kx*K,)). Since
sequences of belief profiles will be considered, we use superscripts to denote belief profiles
obtained at some stage, while subscripts are used (as before) to denote belief bases within a
profile. For instance, E’ denotes the belief profile obtained after i elementary evolution steps
(in our framework, / merge-then-revise steps), and Kl the belief base associated to the j-th
coordinate of vector E' (i.e. the beliefs of agent j at step 0.

2.1 IC merging operators

Some basic work in belief merging aims at determining sets of axiomatic properties that
valuable operators should exhibit [21-24, 27, 28]. We focus here on the characterization of
Integrity Constraints (IC) merging operators [22, 23].

The aim is to characterize the belief base A ,(E), that represents the merging of the profile
E under the integrity constraints w. u is a formula that encodes some constraints on the result
(such as physical constraints, laws, norms, etc.).

DEeFINITION 1
A is an IC merging operator if and only if it satisfies the following properties:

(IC0) A, (E) F

(IC1) If p is consistent, then A ,(E) is consistent

(IC2) If \E is consistent with u, then A (E)= AEA
(IC3) If El = E2 and M1 = U, then AM(El) = AMZ(E2)
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(IC4) If K, E p and K, = p, then A, ((Kj, K2)) A K is consistent if and only if
AL (K, K2)) A K, s consistent

(IC5) AW(E) A Au(Er) | A u(E U E)

(IC6) If A (E1) A A L(Ey) is consistent, then A (E) U Ey) E AL (E) A A L(E)

IC7) AItl(E) A 2 ': AMMV-Z(E)

(IC8) If A, (E) A uy is consistent, then Ay, (E) E A, (E)

Two subclasses of IC merging operators have been defined. IC majority operators aim at
resolving conflicts by adhering to the majority wishes, while IC arbitration operators exhibit a
more consensual behaviour:

DEFINITION 2
An IC majority operator is an 1C merging operator which satisfies the following majority
postulate:

(Ma]) dn AM(EI Ubu...uk) }: A,L(Ez).
n

An IC arbitration operator is an IC merging operator which satisfies the following
arbitration postulate:

A/1.1(1(1) = A/LQ(KZ)
A e (K1, K3)) = - =

(Arb) ,U«lﬂgé /LZ (K1, K2)) = (1 & —2) = ALK, K2)) = A (K.
12%) F’f M1

See [22, 23] for further explanations about those two postulates and the behaviour of the
corresponding merging operators.

Among IC merging operators are the distance-based ones. In order to present such
operators, one first needs to recall the following notions of pseudo-distance and aggregation
function:

DEFINITION 3
A pseudo-distance d between interpretations is a total function d: W x W+ IR" such that for
any o, o € W, d(w, ') = d(o, w), and d(w, @) = 0 if and only if v = o'.

Two widely used pseudo-distances between interpretations are Dalal distance [12], denoted
by dy;, which is the Hamming distance between interpretations (i.e. the number of proposi-
tional variables on which the two interpretations differ); and the drastic distance, denoted by
dp, which is the simplest pseudo-distances one can define: it gives 0 if the two interpretations
are the same one, and 1 otherwise.

DEFINITION 4
An aggregation function fis a total function® associating a non-negative real number to every

finite tuple of non-negative real numbers s.t. for any x,..., X,, X, y€ IR":
e if x <y, then flxi,....x,...,xy) < f(X1,..., V5.0, Xp). (non-decreasingness)
e fix1,....,x,)=0ifand only if x; =... =x, =0. (minimality)
e flx)=x. (identity)

*More precisely it is a family of such functions, one for each n € IN*.
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TasLE 1. Distance-based merging operators at work

w K K> K3 Ky g, Max da,.» da,. GMax
(0,0,0,0) 3 3 0 2 3 8 (3,3,2,0)
(0,0,0,1) 3 3 1 3 3 10 3,3,3,1)
(0.0.1,0) 2 2 1 1 2 6 2,2,1,1)
0,0,1,1) 2 2 2 2 2 8 (2.2.2.2)
(0.1.0.0) 2 2 1 1 2 6 @,2,1,1)
(0,1,0,1) 2 2 2 2 2 8 (2,2,2,2)
(0.1.1.0) | 1 2 0 2 4 2.1.1.0)
0.1,1,1) 1 1 3 1 3 6 G111
(1,0.0,0) 2 2 I 2 2 7 2.2.2.1)
(1,0,0,1) 2 2 2 3 3 9 (3,2,2,2)
(1,0, 1,0) 1 1 2 1 2 5 2.1.1.1)
(1,0,1,1) 1 1 3 2 3 7 3,2,1,1)
(1.1.0.0) ! 1 2 ] 2 5 Q. 11.1)
(1.1,0,1) 1 1 3 2 3 7 (3.2,1,1)
(1,1.1,0) 0 0 3 0 3 3 (3.0.0.0)
(L1 1.1) 0 0 4 1 4 5 (4.1.0.0)

Widely used functions are the max [23, 28], the sum X [22, 25, 28], or the leximax GMax
[22, 23]. The leximax G Max orders the tuple of its arguments, by sorting them in a decreasing
order (for instance, GMax(0,1,0,2,3) =(3,2,1,0,0)), and by comparing them for lexico-
graphic ordering (for instance (3,2, 1,0,0) < (3,2,2,1,0)).°

Given a pseudo-distance d and an aggregation function f, one can define a distance-based
merging operator A%/

DEFINITION 5
Let d be a pseudo-distance between interpretations and f be an aggregation function. The
result Aﬁ’-/ (E) of the merging of E given the integrity constraints u is defined semantically by:

[AG/(E)] = min([u], <p)
where

e w=<gd« if and only if d(w, E) < d(o/, E).
o dw,E) = frer(dw, Ky)).*
o d(w, K) = minygdw, ).

Let us illustrate the previous definitions on an example.

EXAMPLE 2
Let us consider a belief profile £ = (K, K>, K3, K4) and an integrity constraint u defined
on a propositional language built over four symbols, as follows: [u] =W\ {(0,1,1,0),
(1,0,1,0),(1,1,0,0),(1,1,1,0)}, [K]={(1,1,1,1),(1,1,1,0)}, [Kz]={(1,1,1,1),(1,1,1,0)},
[K3] = {(0,0,0,0)} and [Ky4] = {(1,1,1,0), (0,1,1,0)}.

The computations are reported in Table 1. The shadowed lines correspond to the inter-
pretations rejected by the integrity constraints. Thus the result has to be taken among the

This definition can be scalarized to give a number, as required by Definition 4, cf. [20].
4dd1_,~(a),E) is a more correct, yet heavy, notation for d(w, E).
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interpretations that are not shadowed. Each K; column shows the Dalal distance between each
interpretation and the corresponding source. The last three columns show the distance
between each interpretation and the profile according to the different aggregation functions.
So the selected interpretations for the corresponding operators are the ones with minimal
aggregated distance.

With the A%-M&% gperator, the minimum distance is 2 and the chosen interpretations are
[A"” Max(E)] = {(0,0,1,0), (0,0,1,1), (0,1,0,0), (0,1,0,1), (1,0,0,0)}.

Wlth the A% OM3 gperator, the result is [A‘{” GMax(E)] = {(0,0, 1,0), (0,1,0,0)}.

Finally, if one chooses A“"* for solving the conflicts according to majority wishes, the
result is [A9°¥(E)] = {(1, 1,1, 1)}

2.2 Merging vs. revision

Belief revision operators deal with the incorporation of a new piece of evidence into the beliefs
of an agent; typically, the new piece of evidence is considered more reliable than the beliefs of
the agent [2, 15, 18]. More generally, belief revision operators can be used to aggregate two
pieces of information, when one takes precedence on the other.

Let us recall the Katsuno and Mendelzon [18] postulates for belief revision operators. Let ¢
and u be two formulas from £. The operator * is a KM revision operator if and only if it
satisfies the following postulates:

(R1) ¢ * p implies p

(R2) If ¢ A u is consistent then ¢ u =@ A

(R3) If 1 is consistent then ¢ x u is consistent

(R4) If 1= ¢y and p; = py then @y * ) = o * 4y

(RS) (¢ * ) A ¢ implies ¢ * (1 A )

(R6) If (¢ * 1) A ¢ is consistent then ¢ * (u A ¢) implies (¢ * ) A ¢

When a finite propositional language is considered (which is the case in this article),
Katsuno and Mendelzon postulates are equivalent to AGM ones ([2, 15], see [18] for full
justifications).

Interestingly, belief revision operators can be viewed as special cases of belief merging
operators when applied to singleton profiles, as stated below:

ProrosiTiON 1 [23]

If A is an IC merging operator (it satisfies (/ICO-IC8)), then the operator *,, defined by
Kxp p= A,u(K), is an AGM revision operator (it satisfies (RI-R6)) [18]. This operator is
called the revision operator associated to the merging operator A.

Thanks to this proposition, to each IC merging operator one can straightforwardly
associate an AGM revision operator. For instance, all the operators A%/ (where f is any
aggregation function) are associated to the Dalal revision operator [12, 18].

3 Conciliation operators

Conciliation operators aim at reflecting the evolution of belief profiles, typically towards the
achievement of some agreements between agents. Conciliation can be viewed as a simple form
of negotiation, where the way beliefs may evolve is uniform and preset.
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3.1 Definitions
Let us first give the following, very general, definition of conciliation operators:

DEFINITION 6
A conciliation operator is a function from the set of belief profiles to the set of belief profiles.

This definition does not impose any strong constraints on the result, except that
each resulting belief profile is solely defined from the given one. This does not prevent
conciliation operators from taking advantage of additional information as parameters.
For instance, integrity constraints representing norms or laws can be taken into account.
There are several ways to do it; if one assumes that the agents’ beliefs must obey such
laws, one can discard from the profile any agent who does not satisfy this requirement;
one can also ask each agent to revise her own beliefs by the integrity constraints as
a preliminary step so as to ensure it. In the following we adhere to a more liberal
attitude and require integrity constraints to be satisfied at the group level, i.e. we do not
ask that the beliefs of each agent satisfy the constraints. This relaxation is all the
more important when conciliation is about preferences (i.e. goals): each agent is about to
change her preferences in the light of the preferences of other agents, with the objective of
achieving some agreements; each agent is free to have her own preferences, even if
they are infeasible. Nevertheless, the most preferred alternatives at the group level have
to be feasible.

Clearly, pointing out the desirable properties for such conciliation operators is an
interesting issue. We leave this for future work, but one can note that the social contraction
functions introduced by Booth [10, 11] are a step in this direction.

In the following, we focus on a particular family of conciliation operators: conciliation
operators induced by an iterated merge-then-revise process. The idea is to compute a merged
base from the profile, to revise the beliefs of each agent by it, and to repeat this process until
a fixed point is reached. When such a fixed point exists, the conciliation operator is defined
and the resulting profile is the image of the original profile by this operator. Indeed, when
a fixed point has been reached, incorporating the beliefs of the group has no further impact on
the own beliefs of each agent; in some sense, each agent did her best w.r.t. the group, given
her revision operator. Then there are two possibilities: either a consensus has been obtained,
or no consensus can be obtained that way:

DEFINITION 7
There is a consensus for a belief profile E if and only if E is consistent (with the integrity
constraints).

The existence of a consensus for a belief profile just means that the associated agents
agree on at least one possible world. When this is the case, the models of the correspond-
ing merged base w.r.t. any IC merging operator reduce to such possible worlds ((IC2)
ensures it).

Interestingly, it can be shown that the existence of a consensus at some stage of the
merge-then-revise process is sufficient to ensure the existence of a fixed point, hence
the termination of the process. Before pointing out this result formally, let us first define
the iterated merge-then-revise process in a more precise way. Indeed, focusing on classical
AGM belief revision operators, there are two uniform ways to define the process,
depending of the relative confidence of the agents in their own beliefs and in the result
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of the merging process. This leads to two families of operators: credulous and sceptical
operators.

DEFINITION 8
Let A be an IC merging operator, and for any n € IN*, let *,...,*, be n AGM revision
operators. Let £ = (K, ..., K,) be a belief profile and u an integrity constraint. We define the
sequence (ED)i=0 (dependmg on A, *,...,%,, E, and u) by:

= (K},...,K"), where each K’ is deﬁned inductively by:
K=K,

i ,

o Kit! 10 % AL (ED).
The credulous Iterated Merging Conciliation (IMC) operator induced by A and x*,...,%, is
the function that associates E to EX, where k is the least integer i such that E' <> Ei*! and is
undefined otherwise. We denote by E* = EF the resulting profile.

DEFINITION 9
Let A be an IC merging operator, and for any n € IN*, let *q,...,%*, be n AGM revision
operators. Let E = (K, ..., K,) be a belief profile and u an integrity constraint. We define the
sequence (Eé)iz() (depending on A, *q,...,%,, E, and u) by:

= (Kj, ..., K,), where each K} is defined inductively by:

° KO K;,
K’“ A u(Ey) % K;
The sceptical IMC operator induced by A and %, ..., %, is the function that associates E to

EF, where k is the least integer i such that £ <> E*!, and is undefined otherwise. We denote
by E* = EF the resulting profile.

Every IMC operator induces a merging operator: the operator that associates to each
profile the merged base of the resulting profile. We call it the IM operator associated to the
IMC operator. Formally:

DeriniTION 10
Let A be an IC merging operator, and for any n € IN*, let *,...,%*, be n AGM revision
operators.

e The sceptical IM operator induced by A and xi,..., %, is the function that maps every
profile £ and every integrity constraint u to A, (E}).

e The credulous IM operator induced by A and *i,...,*, is the function that maps every
profile £ and every integrity constraint p to A ,(EY).

An important point is that, under rationality assumptions about the merging operator and
the revision operators at work in the conciliation process, once a consensus has been obtained
at some stage, the process stops since the resulting profile is found.

From now on, in order to alleviate the notations, when we talk about merging operators, we
mean IC merging operators, and ‘revision operator’ is used as a short for AGM revision operator.

ProposITION 2

For any credulous (resp. sceptical) IMC operator induced by a merging operator and n belief
revision operators, for any profile £ and any integrity constraint u, if a consensus exists for
E! (resp. E'), then E* = EI*! (resp. E¥ = E'™1).
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As expected, if a consensus can be reached using an iterated merging conciliation operator,
all the agents share the same beliefs once the conciliation has been achieved. Such beliefs
consist of the conjunction of all bases (with the constraints) from the profile for which a
consensus has been found.

Let us now consider two additional properties on conciliation operators: homogeneity and
compatibility.

DEerINITION 11
Let A be a merging operator, and, for any n € IN*, let *;,...,%, be n revision operators.
An iterated merging conciliation operator is said to be:

e homogeneous if all the agents use the same revision operator: ) = ... = %, = *,
e compatible if the revision operator * is associated to the merging operator A: % = %

Under the compatibility and homogeneity (CH) assumptions, defining an IMC operator
just requires to make precise the belief merging operator under use and the revision strategy
(sceptical or credulous). Such an IMC operator is referred to as a CHIMC operator:

DEerFINITION 12
Let A be a merging operator. Let E be any belief profile and p an integrity constraint.
We define the sequence (E!),., (depending on both A, E and pu) by:

° E(S) =FE,
o Efl = A (E)*, E.

The sceptical CHIMC operator A induced by A is defined by A7 (E) = EF, where k is the
least integer 7 such that E! <> Ei*! and AZ(E ) is undefined otherwise. We denote by E¥ = EX
the resulting profile.

DEeFiNITION 13
Let A be a merging operator. Let E be any belief profile and x an integrity constraint.
We define the sequence (Ef;)izo by:

° E? =E,
° Ei"'] =E s AL(ED.

The credulous CHIMC operator *A induced by A is defined by *A ,(E) = EX, where k is the
least integer i such that £/ <> E'*!, and “A ,(E) is undefined otherwise. We denote by E = EX
the resulting profile.

Every CHIMC operator induces a merging operator: the operator that associates to each
profile the merged base of the resulting profile. Formally:

DEFINITION 14
Let A be a merging operator, and * its associated revision operator.

e The sceptical CHIM operator induced by A is the function A" that maps every profile £
and integrity constraint u to A, (E¥).

e The credulous CHIM operator induced by A is the function *A that maps every profile £
and integrity constraint u to A ,(EY).

Let us now study the key features of the two sequences (E!)., and (E.)., and the
properties of the corresponding IMC operators.
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3.2 Properties of sceptical IMC operators

We start with sceptical IMC operators. Let us first give an important monotony
property, which states that the conciliation process given by any IC merging operator
and any n-uple of AGM revision operators may only lead to strengthen the beliefs of each
agent:

ProposiTION 3

Let K ]’ denote the belief base corresponding to agent j in the belief profile E! characterized
by the initial belief profile E, the integrity constraint u, the merging operator A and n revision
operators *i,...,*,. For every i, j, we have Kji+1 E Kj

Another interesting property is that the sequence of profiles and the corresponding
sequence of merged bases are equivalent with respect to stationarity:’

ProrosiTION 4

Let E be a belief profile, A be a merging operator, and n revision operators i, ..., *,.
Let 1 be any integrity constraint. If the sequence (E!),. is stationary from i, then the sequence
(A u(EY)ss 1s stationary from i. Conversely, if the sequence (A w(ED))io 1s stationary from i,
then the sequence (E";,)izo is stationary from i+ 1. -

On this ground, it is easy to prove that the sequence (Ei.),»zo is stationary for every profile E.
Accordingly, the sceptical conciliation operator and the induced sceptical IM operator are
defined for every E:

ProrosiTION 5
For every belief profile E, every integrity constraint u, every merging operator A, and every

n-uple of revision operators x,...,%,, the stationarity of (E),., is reached from an integer
upper bounded by Y, #(K]) — #(E ). Therefore, the sceptical IMC operator induced by A
and *i,...,%*,, and the associated sceptical IM operator are total functions.

Under the compatibility and homogeneity assumptions, we can prove that the number of
iterations needed to reach the fixed point of (E'),. is 1, provided that the underlying merging
operator is one of AdMax Adp.E A dp.GMax “This s an easy consequence of the following
proposition:

ProrosiTioN 6

If the merging operator A is A@M op AdDE then for any profile
E=(Ki,...,K,) and any integrity constraint u, the sceptical CHIMC operator given by
A (E)=E; =(K],...,K}), is s.t. for every j:

Kin A L(E)  if consistent
K; otherwise.

= A dp,GMax

* __

Kr=
Furthermore, the resulting profile is obtained after at most one iteration (i.e. for every i>0,
EM!' < El).

We have no direct (i.e. non-iterative) definition for any sceptical CHIMC operator based on
an IC merging operator defined from Dalal distance. Let us give an example of such an
operator:

SAn (infinite) sequence (Ui)iso = Uo, - - - Up, ... is said to be stationary from iif and only if ¥j > i, ;1 =u;. It is said
to be stationary if and only if there exists an integer i s.t. it is stationary from i.



920 Conciliation through Iterated Belief Merging

TaBLE 2. The sceptical CHIMC operator Azd”’GMaX

W K K, K, EL )

(0, 0, 0) 0,1,1 2,2,2 0,1, 1 2,0,0), (2, 1, Dy, (2, 1, 1)
0,0, 1) 0,0,0 1,1,3 1,1, 1 (1, 1, 0)o, (1, 1, 0)g, (3, 1, 0),
0, 1, 0) 0,0,2 1, 1,1 1,2,2 (1, 1, 0)p, (2, 1, 0)1, (2, 2, 1),
0,1, 1 1,1, 1 0,0,2 1,2, 2 (1, 1, 0), (2, 1, 0)1, (2, 2, 1),
(1, 0, 0) 1,2,2 1,1, 1 0,0,0 (1, 1, 0)o, (2, 1, 0)1, (2, 1, 0)
(1,0, 1) 1,1, 1 1,2,2 0,0,0 (1, 1, 0)o, (2, 1, 0)1, (2, 1, 0)
(1, 1, 0) 1,1,3 0,0,0 1,1, 1 (1, 1, 0)o, (1, 1, 0)g, (3, 1, 0)4
(1,1, 1 2,2,2 0,1,1 0,1, 1 (2,0,0), (2, 1, 1)y, (2, 1, 1),

ExampLE 3

Let wus consider the profile E = (K|, K>, K;) with [K;]=1{(0,0,0),(0,0,1),(0,1,0)},
[K>] = {(0,1,1),(1,1,0), (1,1, 1)}, [K3]={(0,0,0),(1,0,0),(1,0,1),(1,1,1)}, no integrity
constraints (u = T), and the sceptical CHIMC operator A*u= induced by A “uS¥= The
complete process is depicted in Table 2. Each K; column shows the Dalal distance between
each interpretation and K;. The last column shows the distance between each interpretation
and the profile according to the aggregation function. The selected interpretations for the
corresponding operators are the ones with minimal aggregated distance. In the last column
for sceptical operators is shown in subscript the distance used for revision (one can check
that the Os correspond to the models of the merged base).

Since there are several (three in that case) iterations, we sum up the three tables
(corresponding to the three merging steps) in a single one. For example in column K7, the first
number (0) denotes the distance between the interpretation w and K!, the second one (1)
the distance between w and K3, and so on.

Let us explain the full process in details. The first profile is E° = E. The first merging iteration
gives as result [A%“SMAX(EY)] = ((0,0,1),(0,1,0),(0,1,1),(1,0,0),(1,0,1),(1,1,0)}. Then,
every agent revises the result of the merging with its old beliefs, i.e. K! = A% GMax (£0) 4 g9,
so [K1] = {(0,0, 1),(0, 1,0)}, [K}] = {(0, 1, 1),(1,1,0)} and [K}] = {(1,0,0), (1,0, 1)}. Since each
of the three bases is consistent with the merged base, the new base of each agent is just the
conjunction of her previous base with the merged base (in accordance with revision postulates).
Then, the second merging iteration gives [ A%SM3(EN)] = {(0,0, 1), (1, 1,0)}, and the revision
of each base gives [K3] = {(0,0, 1)}, [K3] = {(1, 1,0)}, and [K3] = {(1,0,0), (1,0, 1)}. The third
iteration step gives [ A “CM&(E2)] = {(1,0,0), (1,0, 1)}, and the revision step does not change
any belief base, i.e. E> <> E*, so a fixed point is reached and the process stops with this profile.

Finally, for sceptical operators, we can prove that the conciliation process cannot lead to
a consensus, unless a consensus already exists at start:

ProrosiTiON 7

Let E be a belief profile and p be an integrity constraint; let A be a merging operator and
*1,...,%, be n revision operators. For any integer i, a consensus exists for ES" if and only
if a consensus exists for EC.

3.3 Properties of credulous IMC operators

Let us now turn to credulous IMC operators, and first give some general properties about
such operators.
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ProrosiTiON §

Let K ! now denote the belief base corresponding to agent j in the belief profile E!
chardcterlzed by the initial belief profile £, the integrity constraint u, the merging operator A
and n revision operators xi,...,*,. We have that:

o Vij K" AL(ED,
«Vi>0 Vi K =,
o Vi, j,if K A Au(EL) is consistent, then K™ = KA A (EL).

The first item in Proposition 8 states that, during the evolution process, each base implies
the previous merged base. The second item states that from the first iteration, each base
implies the integrity constraints. The last one is a simple consequence of a revision property:
if, at a given step, a base is consistent with the result of the merging, then the base at the next
step will be the conjunction of the previous base with the merged base.

Unfortunately, the monotony property as reported in Proposition 3 does not hold in the
credulous case. At that point, one can just conjecture that our credulous CHIMC operators
(and the corresponding iterated merging operators) are defined for every profile:

CONJECTURE 1

For every credulous CHIMC operator *A induced by a merging operator A based on the
aggregation function Max, GMax or X and for every belief profile £ and integrity constraint
W, the sequence (Ei,)l-ZO is stationary.

This claim is supported by some empirical evidence. We have conducted exhaustive
tests for profiles containing up to three bases, when the set of propositional symbols
contains up to three variables.® The following IC merging operators have been considered:
AdMax A dpGMax g q A4nE We have also conducted non-exhaustive tests when four
propositional symbols are considered in the language (this leads to billions of tests).
All the tested instances support the claim (stationarity is reached in less than five iterations
when up to three symbols are considered, and less than ten iterations when four symbols
are used).

We can nevertheless prove the stationarity of (E.),., for every belief profile £ and every
integrity constraint u when some specific IC merging operators A are considered, and the
compatibility and homogeneity assumptions are made. In particular, for some merging
operators defined from the drastic distance, it is possible to find out a non-iterative definition
of the corresponding CHIMC operator, and to prove that it is defined for every profile.

ProposiTION 9
For any profile £ = (K,... K) and any integrity constraint u, the credulous CHIMC
operator given by “A Y/ b, M"”‘(E) *=(K3i,...,K}), is s.t. for every j:

wA /\ K; if consistent, else
K Kiapt L

wAK; if consistent,

n otherwise.

*
J

Furthermore, the resulting profile is obtained after at most two iterations (i.e. for every i> 1,
Ei+l PN Ei)
C ¢/

®Data can be obtained from the authors upon request.
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ProrosiTiON 10
For any profile £ =(Ky,...,K,) and any integrity constraint u, the credulous CHIMC
operator induced by *AZ”’GM“(E) :*AZD’E(E) =Ef=(Kf,...,K)), is s.t. for every j:

. K; A ADGMax(EY if consistent
K= I GMi :
/ NPEVE(E) otherwise.

Furthermore, the resulting profile is obtained after at most one iteration (i.e. for every i > 0,
Ei+l DI El)
c ¢/t

Now, whatever the credulous conciliation process terminates or not, we can prove that, like
for the sceptical case, the sequence of profiles and the corresponding sequence of merged
bases are equivalent w.r.t. stationarity:

ProrosiTiON 11

Let E be a belief profile, /A be a merging operator and %1, ..., %, be n revision operators. Let
be any integrity constraint. If the sequence (E.)., is stationary from i, then the sequence
(A M(Ei,)),.zo is stationary from i. Conversely, if the sequence (A M(EQ))iZo is stationary from 7,
then the sequence (Eé)izo is stationary from i+ 1.

Let us finally consider the consensus issue. In order to illustrate the case when credulous
conciliation does not lead to a consensus, let us first consider the following example as shown
in Table 3.

ExamprLE 4

Consider the profile E = (K|, K>, K3, K4), with [K;]={(0,0,0),(0,0,1),(0,1,0)}, [K:]=
{(1,0,0),(1,0,1), (1, 1, D}, [K3] ={(0,0,1),(0,1,0),(0, 1, 1),(1,1,0)}, [Ks] ={(0,1,1),(1,0,0),
(1,1,0),(1,1,1)}. There is no integrity constraint: u = T. Let us consider the credulous
CHIMC *A“9"%E operator induced by the merging operator A%* The computations
are summarized in Table 3. The resulting profile is [K}] = {(0,0, 1)}, [K3] = {(1,0,0)},
[K3] = {(0,0,1)} and [K3] = {(1,0,0)}. The corresponding CHIM operator *NUE gives as
a result a base whose set of models is {(0,0,0), (0,0,1),(1,0,0),(1,0, 1)}, which is different
from the result of the merging of E by the underlying merging operator:

[A9E(E)] = {(0,0,1),(0,1,1),(1,0,0),(1,1,0)}.

Contrastingly, there are situations where a credulous conciliation process ends with a
consensus found, as illustrated by the following example (which echoes Example 1).

TaBLE 3. A credulous conciliation scenario for which no
consensus is reached

w K K K K, E

(0,0,0) 0,1,1 1L1,1 L1,1 L1,1 3,4,4
(0,0, 1) 0,0,0 1,2,2 0,0,0 1,1,2 2,3,4
(0,1,0) 0,2,2 2,2,2 0,1,2 1,1,2 3,6,8
0,1,1) L1,1 1,3,3 0,0, 1 0,0,3 2,4,8
(1,0,0) 1,2,2 0,0,0 1,1,2 0,0,0 2,3,4
(1,0,1) L1,1 0,1,1 L1,1 L1,1 3,4,4
(1,1,0) 1,3,3 L1,1 0,0,3 0,0, 1 2,4,8
(1,1,1) 2,2,2 0,2,2 1,1,2 0,1,2 3,6,8
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Table 4. A credulous conciliation scenario for which
a consensus is reached

w d, K)) dw, K,) dw, KY) dyax(w, E')
(0,0,0) 1,2,2 1,1,2 3,1,2 3,2,2
(0,0,1) 0,1,1 0,1,1 2,1,1 2,1,1
(0,1,0) 2,3,3 0,1,3 2,1,3 2,3,3
0,1,1) 1,2,2 1,0,2 1,0,2 1,2,2
(1,0,0) 0,1,1 2,1,1 2,1,1 2,1,1
(1,0, 1) 0,0,0 1,0,0 1,0,0 1,0,0
(1,1,0) 1,2,2 1,0,2 1,0,2 1,2,2
(1,1, 1) I,1,1 2,1,1 0,1,1 2,1,1

EXAMPLE 5

Consider the profile E = (K|, K>, K3), with [K;]={(0,0,1),(1,0,0),(1,0,1)},[K>] =
{(0,0,1),(0,1,0)}, [K3] = {(1,1,1)}. There is no integrity constraint: u = T. If we consider
the credulous CHIMC operator *A "M induced by the merging operator A %M then the
resulting profile is [K]] = [K3] = [K3] = {(1,0, 1)} (see Table 4 for the computations), showing
that a consensus has been reached.

4 Iterated merging operators

In this section, we consider CHIM operators only. Unlike other IM operators, they can be
considered as true ‘iterated merging operators’ since they are fully specified by a given
merging operator. The key issue one wants to address is to determine whether such iterated
merging operators are ‘good’ merging ones, in the sense that they satisfy all the IC rationality
postulates for merging.

Our investigation shows that the answer is negative in general: only some basic postulates
are guaranteed to hold. To be more precise, our results show that when a merging operator
satisfies a set of postulates, this does not imply that the corresponding iterated one satisfies
the same set of postulates.

ProposiTION 12
Credulous and sceptical CHIM operators satisfy (IC0-IC3), (IC7) and (IC8).

Some important properties of IC merging operators are usually lost through the merge-
then-revise process. So, such iterated merging operators are not as good as one could expect
as merging operators: iterating the merging process does not lead to improved merging
operators, as far as the rationality postulates are concerned.

Nevertheless, specific iterated merging operators (i.e. those induced by some specific
merging operators A) may easily satisfy additional postulates.

For operators based on the drastic distance, we have obtained the following results. As to
sceptical operators, a trivialization result holds:

COROLLARY 1
A{II),MB.X = A% dp,Max and AdD,E — A(ID,GMaX — Ad}),z = A% dp,2

This corollary comes directly from Proposition 6. Roughly, it shows that, in the sceptical
case, the iteration of the process does not change anything with respect to merging, when the
underlying merging operators are AM¥ and A-E Note that the logical properties of
APMX and AT have been identified so far [23].
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As to credulous operators, a direct corollary of Proposition 9 is:

COROLLARY 2
The credulous CHIM operator *Aﬁ"’MaX can be defined as follows:

A /\ K; if consistent
A ZD,MaX(E) = Ki:KinpltL
9 otherwise.

The corresponding logical properties are:

ProrosiTiON 13
The credulous CHIM operator *A ﬁ”’Ma" satisfies (ICO-ICS), (IC7), (IC8) and (Arb). It satisfies
neither (IC6) nor (Maj).

ProposiTION 14
The credulous CHIM operator *A %M = #A 4% coincides with A %M = A% hence,
it satisfies (ICO-ICS8), (Arb) and (Maj).

Things are less easy for operators based on Dalal distance. Up to now, we did not find any
equivalent, non-iterative definition for any of them. For each underlying merging operator
under consideration, we gather the results about credulous/sceptical CHIM operators since it
turns out that such operators satisfy the same postulates; however, the proofs are typically
distinct for the two families of operators. Furthermore, since stationarity is only conjectured
for credulous operators (cf. Conjecture 1), we do not have a proof that the corresponding
CHIM operators are total functions. So the two following results for credulous operators are
guaranteed under the conjecture of stationarity, only.

ProrosiTION 15

The credulous (resp. sceptical) CHIM operator *A Z”’E (resp. AI’;‘J”’E) satisfies (ICO-IC3),
(IC7), (IC8) and (Maj), but does not satisfy (ICS), (IC6) and (Arb). The satisfaction of (IC4) is
an open issue.

ProposiTION 16

The credulous (resp. sceptical) CHIM operators *A ZH’M‘”‘ and *AZH’GM“ (resp. *A ZH’M‘“‘ and
AZ‘IH’GM“) satisfy (IC0-IC3), (IC7), (IC8), but satisfy none of (IC5), (IC6), (Maj) and (Arb).
The satisfaction of (IC4) is an open issue.

Summing up the results provided in this section, there is (generally) no logical link
between the initial merging operator and its iterated counterpart, in the sense that the
satisfaction of a set of postulates by the former does not imply the satisfaction of the same
set of postulates by the latter. The CHIM operators are shown to satisfy only poor properties
with respect to merging. In particular, (IC5) and (IC6), which are important properties from
an aggregation point of view since they correspond to Pareto dominance in Social Choice
Theory, are usually not satisfied. This is a direct consequence of the iterative definition of such
operators, and results from the impact of other agents’ beliefs on the belief of each agent
during the process.

Those results suggest that CHIM operators are not interesting as merging operators.
Since CHIM operators compute the beliefs of the group of agents after conciliation, as the
result of the negotiation modelled by the corresponding CHIMC operators, this may just
reflect the fact that merging and negotiation are two distinct notions.
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In Propositions 15 and 16 we let the satisfaction of (IC4) as an open issue. This means that
we do not have the proof of the result to hold (or not). Nevertheless, the satisfaction of (IC4)
can be conjectured: in all the conducted experiments, we did not find any counter-example to
it [as mentioned earlier, we have conducted exhaustive tests for profiles containing up to three
bases, when the set of propositional symbols contains up to three variables. We have also
conducted non-exhaustive tests when four propositional symbols are considered in the
language (this led to billions of tests)].

5 Related Work

The notion of conciliation considered in this article can be viewed as a very specific form of
negotiation, and as such, is related to the abundant literature in Al dealing with the latter
notion. An important difference is that conciliation is concerned only with beliefs, while
negotiation typically takes account for the agents’ goals and the available actions.
Furthermore, the issue of a negotiation process cannot be predicted in the general case: at
each step the agents are free of their decisions, provided that such decisions are compatible
with the chosen negotiation protocol, and the decisions made cannot be guessed (the input is
not rich enough to include a representation of the model for decision making used by each
agent). Contrastingly, conciliation processes can be considered as atomic decisions made by
the group of agents: once the agents agree to participate to such a process, their beliefs evolve
as specified by the corresponding conciliation operator.

More closely related to our work are [9-11]. In those articles, Richard Booth presents what
he calls Belief Negotiation Models. Such negotiation models can be formalized as games
between sources: until a coherent profile of bases is reached, at each round a contest is
organized to find out the weakest belief bases, then those bases have to be logically weakened.
This idea leads to numerous new interesting operators (depending of the exact meanings given
to ‘weakest’ and ‘weaken’, which are the two parameters for this family). Booth is interested at
the same time in the evolution of the profile (in connection to what he calls social contraction),
and to the resulting merged base (the result of the Belief Negotiation Model).

In [19] a systematic study of a subclass of those operators, called Belief Game Models, is
achieved. This subclass contains operators closer to merging ones than the general class which
also allows for negotiation-like operators.

All those operators are close in spirit to the IMC/IM operators defined in this work.
A main difference is that in the work presented in this article, the evolution of a profile does
not always lead to a consensus. Scenarios where agents disagree at a final stage are allowed.
So IMC operators seem more adequate to formalize interaction between agents’ beliefs than
Belief Game Models.

6 Conclusion and perspectives

In this article, we have introduced two families of conciliation processes based on an iterated
merge-then-revise scheme. On this ground, conciliation operators and the associated iterated
merging operators have been defined and studied.

This work calls for many perspectives. One of them concerns the stationarity conjecture
related to credulous CHIMC operators.

A second perspective is about rationality postulates for conciliation operators; such
postulates should reflect the fact that at the end of the conciliation process, the disagreement
between the agents participating to the conciliation process is expected not to be more
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important than before; a difficulty is that it does not necessarily mean that this must be the
case at each step of a conciliation process.

Another perspective is to relate this work to other approaches to conflict measurement.
The pointis that when a consensus is reached for a conciliation operator, one can use the number
of steps needed to reach the consensus as a measure of conflict of the profiles. Such a measure
could be used to compare several profiles and to determine the less conflictual ones.

Finally, it would be interesting to enrich our framework in several directions; one of them
consists in studying less drastic revision behaviours, e.g. those obtained by relaxing the
uniformity assumption or through the use of non-prioritized belief revision operators [14, 16,
17, 26, 29]; indeed, in some situations, it can prove sensible to consider that an agent is free
from rejecting a negotiation step, would it lead her to a belief state ‘too far’ from her original
one. Another direction for further work consists in generalizing our approach to other formal
settings, extending classical propositional logic; interesting candidates for such a generalization
are propositional possibilistic logic [13] and the closely related OCF/k-functions [30], for which
sophisticated approaches for revision and merging have been defined so far (see in particular
[5-8, 31, 32]) and implemented in some cases (see in particular the SATEN system [1]).
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Appendix
Proofs

ProoF of Proposition 2. Let us first consider the credulous case. If there is a consensus for E',
then o A A\ E. is consistent. From the (IC2) property of the merging operator, we have that
Au(E) = A \ E.. Hence for any Kj, we have K} A AM(Ei) consistent. Since x; is an AGM
revision operator, by (R2) we have that K’ *; ,L(E )= K’ A AL (EY). Since AM(E’) E Ki, we
have K’ x; A (ED) = AL(EL). So the new proﬁle is B = (AM(E’) A, (ED). From (IC2),
the result of the merging of this profile is A ,(EX) = A L (ED). Furthermore since for any j,
we have Kj“ A L (E!) we have K’+1 AAE) = K”rl which is consistent. From (R2) we get
that K" = K/*!, hence EI*? < E’Jrl So Ef = E't1. The proof is similar in the sceptlcal case,
mutatis mutandzs (the key observatron is that we also have A (E)x; K =
KA Du(ED) = A(ED). '

Proor of Proposition 3. By definition K;“ M(E’)*jKI Since *; is an AGM revision
operator, from postulate (R1), we have that K’+1 E K’ |

Proor of Proposition 4. The first 1rnphcat10n is straightforward by Definition 12. As to the
second one, suppose that A, (Ei*Y) = A, (E). By definition of the AGM revision operator,
and thanks to Katsuno and Mendelzon representation theorem [18] we have that
[K““] = min([K} ], )) where </ is the total pre-order associated to A ,L(E’) by the

A W(El —Au(E)

falthful dSSlgnment of the revision operator s;. Similarly [K“*Z] mrn([Kl“], <. (E[H))
But, smce by a.ssumptlon AL (EFYy = AL(ED, this  gives [K]‘”] mm(mm([ il
< (E,)), <) = min([K]], </, (E,)) =[K/"']. So Ki*? = Ki*!. Hence Ei"! < EI2. u

Proor of Proposition 5. Let us consider the sequence (u;);-(, where u; =} #([K}]). From
Proposition 3 we know that this sequence of positive integers is non-increasing. So there exists
a least integer i s.t. u; = u;y .

From Proposition 3, we know that for every i, j every model of K’+1 is a model of K; ! and from
Proposition 4 we have that if E/7! <> E for some i then the ﬁxed point is reached For every
Jj < i, we have u; > uj 1. We also know that when the fixed point is reached, there is at least
one model for each base; this gives the upper bound ), #([K]) — #(E). |

Proor of Proposition 6. For any of the operators under consideration, if u A A E is
consistent, then from postulate (IC2) we know that the result of the merging is this
conjunction, and from (R1), (R2) and (R3) of the corresponding revision operator we have
that for each j K]1 =puA/N\E. So the fixed point is reached after one iteration, and
](‘;.k =uANE.
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If 4 A A E is not consistent, then:

e For APM&X e have A‘ID Max(E ) = p. So by the properties of the corresponding revision
operator, for each j, K = K;Ap if this is consistent, and Kl K; otherwise.
So Ad” Maxply = A‘l” Max(E) and the fixed point is reached.

° For A‘l” = N9 GM“, we have for each j, if Ad” E(E) A K; is consistent, then
Ad‘) Z(E) A K,, else K K;. It is easy to show that Ad‘) E(EY = Ad" 2(E), and
that the ﬁxed point is reached at thlS stage. |

Proor of Proposition 7. This result is a straightforward consequence of Proposition 3. From

Proposition 3 we have K”rl E K’ Hence, if there exists a rank i such that K/ A ... A K is
consistent, then KO A A KO is con51stent as well. Therefore, there is a consensus for E at the
start. |

Proor of Proposition 8. These results are direct consequences of the fact that A is an IC
merging operator and i, ..., %, arc AGM revision operators:

e By definition of credulous operators, K’Jrl K’ *; A, (E'). Since *; is an AGM revision
operator, it satisfies (R1), so K’+1 EA (E’)

e From (IC0) we have A ,(E') |: wu; we also have Vi, j K”rl F A, (EL); hence Vi, j K’Jrl Eu.

e By definition of credulous operators, K”Jrl K *j M(E ). From (R2) we have that if
K A A, (EL) is consistent, then K‘Jrl K’ A AM(E’) [ |

Proor of Proposition 9.

o If u A /A E is consistent then, by (IC2) we have that AdD MaX(E)y = A N E. Then for
every j, Kl = Kjx, A% Ma"(E) APMX(E) (by (RL)). "So the fixed point is reached
after one 1terat10n and for every j, K* =puANE.

e If A /\ Eis not consistent, then by deflnltlon of the operator, AdD MaX(E) = u. Then for
every K; there are two cases for the revision. Either K; A p is con51stent then by (R1), this
is the result of the revision, and K]l K; A . Or K; A i is not consistent and by definition
of the revision K} = y.. Now let us compute Ad” Max(E‘)

— If wA A\ E' is consistent then, by (IC2) we have that A;?”M“X(El) =uANE' =
wA /\ K;. So the fixed point is reached after two iterations, since for every j,
K EK’%M;Z/\ A K.

K Kinpt L

— If wA /\E' is not consistent then by definition of the operator, Ad” Max( 2y =

Since every K1 is consistent with u, by (R1), this is the result of the revision,

and K} = K] A (. Since K] = 1, we have that K7 = K} = K7. So we have that for all
Jj elther K=K Apif con51stent otherwise K* =L, and the fixed point is reached
after one iteration. |

Proor of Proposition 10. If puA A E is consistent, then by (IC2) we have that
AIOMX(EY = i A \E. Then for every j, K} = Kjx, APMNE) = APOMXE) (con-
sequence of (R1)). So the fixed point is reached after one iteration, and for every j,
K =punNK.

Suppose now that wuA/AE is not consistent. [A(E)]={wEw: i #
({j:0' EK') > #{: @k K)). Using the notation a=max, ., #({j:wF K}, we
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get that [A(E))]={wkFp:#{j:wF K'}))=a}. For each j, we have K| =K'+,
AdD’GMaX(EO) ie.: ) ‘

o if K) A AMPOMY(ED) £ 1 then K} = K) A AGPOMM(ED),
o if KO Aﬁ” GMax(g0) = | then by definition of the corresponding revision operator,
we get K1 Ad" GMax(£0) "1 et b denote the number of bases in this case.

Itis easy to see that [A,(E")] = f{w F pu: o #({j: o E KD >#{j:oF KD ={oFun:#
{j:oEK ) =a+b}. So [A(EN]=[ALE)]. Then the revision of each base lets it
unchanged so for every j K7 = K}, which means that E* < E', ie. E' = E*. [ |

Proor of Proposition 11. The first implication is straightforward by Definition 13. As to
the second implication, suppose that A ,(E:')= A,(E)). For any j, we have K”’2
KI+1 *; M(EI'H) = K1+l *; M(El)

F rom Proposition 8, we have that 1(”+1 E A L(E)). Hence, using property (R2) of the revision
operator, we get K’+2 =K. Therefore E’+1 EiF2, [ |

Proor of Proposition 12. Let us first consider credulous operators:

(IC0) Since the underlying merging operator is an IC merging operator, it satisfies (IC0), so
A u(E") E 1, and in particular for E' = E*.

(IC1) If pu is consistent, then since A is an IC merging operator, A ,(E*) is consistent.

(IC2) Suppose that u A /\ E” # L and that A is an IC merging operator. From (IC2) we
have A, (E%) = u A A\ E'. So for a given j, K} = A, ) (KY) = u A /\ E°. Similarly,
smce,u/\/\El —,M/\E‘) # |, we have AM(EI)—//,/\/\EI =uAN\E = AL (E).
Then K] = AAM(E])(K;) =UA /\E1 =puANE = K]1

(IC3) Straightforward from the definition of credulous operators and the IC merging
properties of the merging operator.

(IC7) If A is an IC merging operator, then for every profile E, A, (E) A 2 E Ayjap,(E).
So, for a given profile E, we get A, (E*) Atz |E Ay (EY).

(IC8) If A is an IC merging operator, then for every profile E, if A, (E) A u, is consistent,
then Ay an(E) E AL (E)Apo. With E = E*, this shows that (IC8) holds for
credulous operators.

Let us now consider sceptical operators:

(IC0) Since the underlying merging operator is an IC merging operator, it satisfies (ICO0),
so Vi, A, (E") E u, and in particular for E' = E*.

(IC1) If w is consistent, then since A is an IC merging operator, A ,(£*) is consistent.

(IC2) Suppose that u A A E* # L and that A is an IC merging operator. We know that
/\ E° is consistent. Since A satisfies (IC2) we have A, (E°) = pu A A\ E°. So, for a
given j, we have K| = AK()(AM(EO)) =nu A A\E. Similarly, since puA \E'=
uANE £ L, we ha.ve A,L(El) =uANE =pANE = A (E). Then K; = Ay
(Au(EN=pANE =pA \E =K.

(IC3) Straightforward from the definition of credulous operators and the IC merging
properties of the merging operator.

(IC7) If A is an IC merging operator, then for every profile E, A, (E) A ua |E Ay ap(E).
Just take £ = E*.
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(IC8) If A is an IC merging operator, then for every profile E, if A, (E) A u, is consistent,
then Ay ap(E) E Ay (E) A po. Just take E = E*. |

Proor of Proposition 13. The definition is a straightforward consequence of Proposition 9.
As to the postulates, for the ease of reading, we use indexes j, for the bases Kj, of E;, and
indexes j» for the bases K;, of E».

(ICO0-IC3), (IC7), (IC8) see Proposition 12.

(IC4) Assume that K| E u, K> E p. Suppose that pu # L (if it is not the case the result
holds trivially). We can compute *AZD*MaX((Kl,Kz)) from Proposition 9:

o If un /\j: Kzl Ki# L, then u A /\ E is consistent. Now by (IC2) (cf. Proposition 12),
we get 1 APMY(K, Ky)) A Ky = Ky A Ky = APMY(KK) A K B L

o Otherwise, AP M¥((K), K;)) = . Hence "APMY(K|, Ky) A K =K, £ L and
A Mdx((Kl Kz)) NKy =Ky L

(IC5) From Proposition 9 we can compute *AZD’M“(El), *AﬁD’MaX(Ez), and *AZD’M‘”‘ (Ey U Ey):

o I/ unk; 21 Kir is consistent, and if u A /\jz:uAK,-z%i K;, is also consistent, then
we get *AZD MaX(E )=nA N, unk;, #1 Kiis and *AﬁD’MaX(EZ) S QA /\_,'Z;MK,#L Kj,.
If A Njprzr Ko is consistent, then APMNE UE) =puA Nz K=
NDMI(E ) A ADMY(Ey). Otherwise, AP M (E) A ADPM(E,) is not consistent,
so (IC5) holds.

o Otherwise, A /\;, g2 K is not consistent. Hence *AZD"M“X(EI UE)=p
Since "ADMX(E) A ADMY(E) o (from postulate (IC0), cf. Proposition 12),
(IC5) also holds.

(IC6) Suppose that E; and E, are such that wA/\;.,.x £ K is not consistent,
and ANk, <1 Kjp is consistent, but not equlvalent to w. In this case, we
have A M‘”‘(E )=p and APMNE) =p ANk 2L Ki s0 APMX(ENA
A Max(E ) = NPMX(E,) (from (IC0)). Since i A A\nx, 21 Kpp i consistent, but
not equivalent to 11, we have u B AP (E)) A APMY(Ey), Moreover, i A Nprkz1 Ki
is not consistent (because of E)), so *Ai” MaX(El U E>) = u. So (IC6) does not hold.

(Maj) Let us consider the following counter-example. We consider a language with
two propositional symbols a,b and two bases K; =-—-aA—b and K, =—-a b,
with w =T, we have *AdD MXE UEU.. . UE)= *AﬁD’Max(El UE,)=T, and
*A{]"MaX(E)=ﬁa/\b \—n;—/

(Arh) Suppose that A& M (Ky) = ABM(Ky), ADE (K1 UKy) = () & =), 1 o,
and that p, £ . Then we have pu; A K; # L: otherwise this would mean
*AZ? Max(g) = u;, and since *A;ilf’M‘”‘(Kl) = *Aﬁg*MaX(Kz), we would get w; E uo.
Similarly, we have u; A Kp # 1. With Proposition 9 we obtain u; A Kj =
ADPMX(K) = ADPMX(K)) = py A Ky, This leads to A pan K AKy # L
To ‘show that *AZDV'\deX(Kl U Ky) = "APM3(K)), it remains to show that (u1 @ u2)A
Ky A Ky = 1. 1t is enough to notice that A" AKAKy = oA —up ANK =L,

and similarly for =y A uy A Ky A K. [ |



932  Conciliation through Iterated Belief Merging

Proor of Proposition 14. The first point easily comes from Proposition 10. The IC properties
of *AMPGMX — A2 gre shown in [23].

Proor of Proposition 15. For the credulous CHIM operator *A ﬁ”’z the proofs are:

(ICO0-IC3), (IC7), (IC8) see Proposition 12.

(IC5) The example in the following table is a counter-example to (IC5). Consider a
language with three propositional symbols {a, b, ¢} and the profiles E; = (K, K3),
E, = (K3,K4) and E = E; U E».

W K K K K | F |k K|E|K K |B

(0,0,0) 2,1,1 3,22 0,1,1 1,1,1 6,5,5 2,1 3,2 5,3 0,0,0 1,1,1 1,1,1
(0,0,1) 1,0,0 2,1,1 1,0,0 0,0,0 4.1,1 1,0 2,1 3,1 11,1 0,0,0 11,1
(0,1,0) 1,0,2 2,33 1,0,2 0,0,2 43,9 1,0 2,1 3,1 1,1,1 0,0,0 1,1,1
(1,0,0) 3,22 2,1,1 1,1,1 1,1,1 7,5,5 3,2 2,1 5.3 11,1 1,1,2 22,3
(1,0,1) 2,1,1 1,0,0 1,0,0 0,0,0 4.1,1 2,1 1,0 3,1 1,2,2 0,0,1 1,2,3
(1,1,0) 2,1,3 1,2,2 1,1,2 1,1,2 5,59 2,1 1,0 3,1 1,2,2 11,1 2,33

The interpretation (a, b, ¢) = (0, 1,0) is a model of "A%*(E) A “Af#*(E,), but not of
AE(E| U E).
(IC6) The example above is a counter-example to (IC6), since the interpretation
(a,b,¢) = (1,0,1) is a model of "A%*(E, L E>) but not of "AU>(Ej) A AU (E).
(Maj) Consider two given profiles E; and E,. For a given w, we have Vids
(w, E\UES U ... U E)) = ds(w, EY) + m.ds(w, E). So for a sufficiently large m (for
e

instance by " choosing an  m > max, yewd(@, o)), we have Vi, A,(EjU
EyU...UE) = A,(E)). By choosing a sufficiently large i (such that the fixed
—_————

points” of (A,(E; U E, U...UE)))., and of (A, (E}))., are reached), we get the
postulate (Maj). - -

(Arb) The following table shows a counter-example to the (Arb) postulate. We consider
three propositional symbols and the profile £ = (K}, K>).

w meooow | KGO K| E || AEEKD) || AE(K)
0,00 | 0 0 1 0 1 0 0
00,1 | 0 0 2 1 3 1 1
(0,1,0) 1 0 0 1 1 1 1
0,1,1) 1 1 1 2 3 2 2
(1,0,0) | © 1 2 1 3 1 !
o) | o 0 3 2 5 2 2
(LLO) | © 0 1 0 1 0 0
(L1,1) 1 1 2 1 3 1 1

For the sceptical CHIM operator AZ"”’Z, the proofs are:

(ICO-IC3), (IC7), (IC8) see Proposition 12.

(IC5) The following table shows a counter-example to (ICS). We consider a language with
two propositional symbols and the profiles E; = (K, K3), E» =(Kj3,K4) and
E=F, UE,.
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wol K kK K| B kK| B || 8K | By
(0,0) 1,1 1,2 0,1 0,1 21,5; 1,1 1,1 21,20 0 0 ()
0,1) 0,0 1,1 0,0 0,0 1o,10 0,0 1,2 10,20 0 0 09
(1,0) 1,2 0,1 1,2 1,2 35,7, 1,2 0,0 19,20 1 1 24

So, in this case A% “E(E)) A AY UE(Ey) [ AR E(E U E).

(IC6) The following table gives a counter-example to (IC6). We consider a language with
two propositional symbols and the profiles E; = (K, K>), E, =(K3,K;) and

E=F UE;.
W K Ky Ky Ky | Eyp || Ki K e || K Ky Eyp )
00 | 0 1 1 0 2% 0 1 I LI1 0,00 | lololo
0,1) 1 0 1 0 20 1 0 Io 1,2,2 0,0,1 10,21,31
(1,0) 1 2 0 1 4, 1 2 3 0,0,0 11,1 Lo,10,10

Here A*“E(E\) A A% E(Ey) is conmsistent, and A% (Eyu Ey) [ A% (E)A

A% ().

(Maj) Consider two given profiles
Vi,d(w, E\ WE, U ... U E)) = d(w, E}) + m.d(w, Eb). So for a sufficiently large m (for
———

E, and E,.

For a given o we have

instance by choosnfng m > max, »ew dw, o)), we get Vi, A, (E) U El2 U...u Eé) =
—

AL (ED). By choosing a sufficiently large ¢ (such that the fixed goints of
(A(EiUES U .. U EY)) and of (A, (Eb));, are reached), we get (Mayj).
> >

m
(Arb) The following table gives a counter-example to (Arb). We consider a language with
three propositional symbols and the profile £ = (K|, K>).

w J751 7% K, K> EA;;I\I;I/LZ(E) AZIdHaX(Kl) AZZ[[HZ(Kz)
©00) | 0 o | 1 o | 1 0 0
0oh | o o | 2 1| 3 1 |
©10 | 1 0] 0o 1 o | |
o1 | 1 1 12| 3 2 2
100 | o 1] 2 1] 3 1 1
aon| o o | 3 2| s 2 2
oyl o o | 1 o0l 1 0 0
LD | 1 T T T T 1 1

Proor of Proposition 16. For the credulous CHIM operator *A ﬁ”’M‘“ the proofs are:
(ICO0-IC3), (IC7), (IC8) see Proposition 12.
(IC5) The following table gives a counter-example to (IC5). We consider a language with

two propositional symbols, and we consider the profiles £, = (K1, K3), E; = (K3, Ky)

and E=FE UE,.
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w |k K ok K | £ ||k KB K |&

(0,0) 0,1,0 2,1,0 1,1,0 0,1,0 2,1,0 0,1 2,1 2.1 1,1,1 ,0, 1,1,1
0,1) 1,0,1 1,0,1 0,0,1 1.2,1 1,2,1 1,0 1,0 1,0 ,0,0 I,1,1 11,1
(1,0) 1,0,1 1,0,1 1,2,1 0,0,1 1,2,1 1,0 1,0 1,0 1,2,2 ,0,1 1,2,2

The interpretation (0,1) is a model of *AZ”’M"’X(EI)/\*AZ”’M“(EQ), but not of
*Aﬁ"’MaX(El L Ez).

(IC6) The example above is a counter-example to (IC6), since the interpretation (0,0) is a
model of "A%M(E, L E;) but not of "A%MX(E) A NN ().

(Maj) Let us consider the following counter-example. Let us consider a language
with two propositional symbols a and b, and two bases K| =-—-aA—b
and K,=—-anAb, with u=T, we get *AZ”’MaX(E’i UESU.. . UEY) =
AIMX(E U Ey) = —a, and APMN(E) = —a A b. —

(Arb) The following table provides a counter-example to (Arb). We consider a language
with three propositional symbols and the profile £ = (K, K>).

w

=
5
e
e
)

*AZI;,,Max(KI) *AZg,Max(Kz)

(0,0,0)
(0,0,1)
(0,1,0)
(0,1,1)
(1,0,0)
(1,0,1)
(1,1,0)
(1,1,1)

— O OO = —=OO
— OO == OO0
= W= O N =
—_O N =N == O
BN — NN — N —
—_O N =N = = O
— O =N = —m O

For the credulous CHIM operator *AZ”’GM*”‘ the proofs are:
(IC0-IC3), (IC7), (IC8) see Proposition 12.

(IC5) The following table gives a counter-example to (IC5). We consider a language with
two propositional symbols {«, b}, and the profiles E; = (K|, K3), E; = (K3, K4) and

E=F UE,.

wo & kKK |F

(0,0) 0,1,0 2,1,0 1,1,0 0,1,0 (2,1,0,0),(1,1,1,1),(0,0,0,0)
o1 | 1,01 1,00 001 1,21 | (1,1,1,0),(2,0,0,0),(1,1,1,1)
(1,0) 10,1 1,0,1 1,2,1 0.0,1 (1,1,1,0),(2,0,0,0),(1,1,1,1)
w |k K| E K K | B

0,0y | o1 21 | 20D || LLLL 000 | (1,0),1,0),(1,0)
0,1) 1,0 1,0 (1,1),(0,0) 0,0,0 11,1 (1,0),(1,0),(1,0)
(1,0) 1,0 1,0 (1,1),(0,0) 1,2,2 0,0,1 (1,0),(2,0),(2,1)
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The interpretation (0,1) is a model of *AZH’GMaX(El)/\*AZH’GM“(EZ), but not of
*Ai"’GMaX(El L Ez).

(IC6) The example above is also a counter-example to (IC6), since the interpretation (0, 0) is
a model of *AZ”’GM""‘(El U E>) but not of *AZ”’GMaX(El) A *AZ”’GM“(EQ).
(Maj) The following table gives a counter-example to (Maj). We consider a language with
two propositional symbols and the profile £ = (K, Ko, ..., K>).
—_——

m
w K Ky .. Kb E"A“ &) K} KEA“(K‘Z)
00 | 22 02 . 02| (2.0,..00(2.2..2), || 0,0 | 00,0
O | LI LI o L1 | (oo DLy || 11 ] 1001,
D) [ 00 1.0 o 10| (1n1000(0.0.0) || 12 | 1225

So we have Vm, Af-OMN(EN U EY U .. L Ey) B NG OMa (),
——

(Arb) The following table shows a counter-’gxample to (Arb). We consider a language with
three propositional symbols, and the profile £ = (K, K>).

W i s K,] K;2 El *AZFII,GMuX(Kl) *AﬁfthMaX(K2)
(0,0,0) 0 0 1 0 (1,0) 0 0
001 |0 0 2 1| @ 1 1
0,1,0) | 1 0 0 1| (1,0 1 1
©,1,1) | 1 1 1 2 | @1 2 2
(10,00 | 0 1 2 1| @ 1 1
100 [0 0 3 2 | (32 2 2
(1,1,0) 0 0 1 0 (1,0) 0 0
(L) |1 1 2 1| @ 1 1

For the sceptical CHIM operator AZ}dH’M“ the proofs are:

(IC0-IC3), (IC7), (IC8) see Proposition 12.
(ICS) The following table gives a counter-example to (ICS). Consider a language with three
propositional symbols and the profiles £} = (K|, K>), E; = (K3, Ky) and E = E| U E>.

w ki K K K EIAH(E") E Au(E)) E’zA“(E;)
(0,0,0) 0,0 3.3 1,1 1,1 31,3 3 1o
(0,0,1) L1 2,2 0,0 2,2 20,20 2 2
(0,1,0) 1,1 2,2 2,2 0,0 20,20 2 2
(1,0,0) 1,1 2,2 2,2 2,2 20,20 2 2
(1,0,1) 2,2 1.1 1,1 1,3 20,31 2 1o
(1,1,0) 2,2 1,1 3,3 L1 31,3 20 3

One can check that A% @ M¥(E) A A% @ MOX(Ey) b2 A% 4 MOX(E| | Ey).

(IC6) The following table gives a counter-example to (IC6). Consider a language with three
propositional symbols and consider the profiles £ = (K)), E; = (K>).
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W Ki K| By || AWK || AuKY
(0,0,0) 2,2 0,1 2.2 1 0
(0,0,1) 1,1 0.0 1o 1 0 0
(0,1,0) 1,1 1,2 10,25 0 1
(1,0,0) 2.2 1,2 21,2, 1 1
(1,0,1) 11 1,1 1o, 1o 0 1
(1,1,0) 1,1 2.3 21,3 0 2

(Maj) We have that Vm, AM™(E{ U Ey ... U EY) = Ay (E| U E). Straightforwardly, this
—
property remains true at each iterflation, so Vm, Al’id”’MaX(E’i u E’2 U...u Eg) =
—_——

AZ‘{”’M”(EI U E>). The above table that gives a counter-example to (IC6n)1 shows a
case where A% 4 M¥N(E U Ey) [ A% 4 MY(Ey),

(Arb) The following table gives a counter-example to (Arb). Consider a language with three
propositional symbols, and consider the profile £ = (K, K>).

4% J751 175 K, K> EA:;I\ILI;/I w(E) AZIL]MMHX(K]) AZZJH‘MaX(Kz)
0,0,00 | 0 0 1 0 Iy 0 0
0,0,1) | 0 0 2 1 2 1 1
01| 1 oo 1 1o | |
oLy |1 1|1 2 2 2 2
(1,0,00 | O 1 2 1 2 1 1
aonlo ol 3 2 3 2 2
a1t lo ol 1 o 1o 0 0
Ly |1 1|2 1 2 I |

For the sceptical CHIM operator AZ"”’GM“ the proofs are:

(ICO0-IC3), (IC7), (IC8) see Proposition 12.

(IC5) The following tables give a counter-example to (IC5). Consider a language with
two propositional symbols, and consider the profiles £, = (K}, K3), E>» = (K3, Ky)
and E = E\ U E,.

We get AZdH'GMaX(El) A AZdH'GMaX(Ez) Fé AZdH’GMaX(El L E2)~

W KKK K| B

(0,0) 1,1 1,1 11 0.1 (1,1,1,0),.(1, 1,1, 1),
(071) 050 0’0 0>0 152 (la O’ 0’ 0)0»(2, 0, 0, O)l
(1,0) 0,0 0,0 1,2 0,0 (1,0,0,0).(2,0,0,0),

w K[i Ké Ell Au(EY) Kg Kit Elz Ay (ED)

(0,0) 1 1 (1, 1), L1,1 0,0,0 (1,0)0,(1,0)y,(1,0)
(051) 0 0 (070)0 Vs 15151 (150)0’(150)0,(150)0
(1,0) 0 0 (0,0), 1,2,2 0,0,1 (1,0)0,(2,0);,(2, 1),




Conciliation through Iterated Belief Merging 937

(IC6) The example above is also a counter-example to (IC6), since A7 dn-GMax (A
A OMX(Ey) s consistent,  and A% MR L Ey) B AR SV (E)A
A* dH’GMaX(EQ).
"
(Maj) The following table gives a counter-example to (Mayj). Consider a language with two
propositional symbols, and consider the profile £ = (K, K>, ..., K>).
S

m

w K’l K72 EiA“(E’) K72 (KE)A,AK})
(0,0) 2,2 0,1 (2,0,...,0),,(2,1, ..., 1), 0,0 00,00
0,1) 1,1 1,2 (1,1, ..., D2, ....2,1), 1,1 11,1
(1,1) 0,0 1,1 (1,...,1,0),(1, ..., 1,0), 1,2 15,2,

We have Vm, A% “SMN(E L E, UL .. U Ey) £ AL OM(Ey),
———

(Arb) The following table is a counter—ei’émple to (Arb). Consider a language with three
propositional symbols, and consider the profile £ = (K, K3).

w 1 o Kl Kz E Z{/@fMM(E) AZIdH,GMax(Kl) Azzc/H.GMax(Kz)
©00)] 0 0| 1 0 (1.0, 0 0
0o o o | 2 1 . 1), 1 1
010l 1 0] o 1 (1,0), 1 1
oLy 1 1] 1 2 . 1), 2 2
100 o 1| 2 1 2.1), 1 1
aon| o o] 3 2 3.2), 2 2
a1l o o 1 0 (1,0), 0 0
Ll 1 1| 21 . 1), 1 1






