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Abstract

Several logical languages have been considered in Al for en-
coding compactly preference relations over a set of alterna-
tives. In this paper, we analyze both the expressiveness and
the spatial efficiency (succinctness) of such preference rep-
resentation languages. The first issue is concerned with the
nature of the preorders that can be encoded (for instance,
all preorders, all complete preorders). The second issue is
about how succinctly a preference relation can be expressed
in those languages. We give polynomial-size translations in
some cases, and prove the impossibility of such translations
in other cases.

Introduction

As soon as decision making is concerned, one has to rep-
resent the preferences of the agent over the set of feasi-
ble alternatives. This applies to a large variety of domains,
such as decision-theoretic planning, combinatorial auctions,
game playing, group decision making (including resource
sharing and vote), and agent coordination (including coop-
eration, negotiation, and communication).

In the following, we assume that the set A of feasible al-
ternatives is fixed (and finite). There are several possible
ways for modeling preference over .4; however, most mod-
els fall in one of these two classes:

o utilitarian preferences consist of a utility function u from
A to a numerical scale (generally R);

o ordinal preferences consist of a preorder > on A.

In many real-world domains, the set of alternatives is the
set of assignments of a value to each of a given set of vari-
ables. In such cases, the alternatives are exponentially many.
It is not reasonable to ask agents to report their preference in
an explicit way when the set of alternatives is exponentially
large, as this amounts to listing the exponentially many al-
ternatives together with their utility assessment or their rank-
ing.

For this reason, Al researchers have been more and
more concerned with languages for preference representa-
tion aiming at enabling a succinct representation of the de-
scription of the problem, without having to enumerate a

Copyright (© 2004, American Association for Artificial Intelli-
gence (www.aaai.org). All rights reserved.

Paolo Liberatore
DIS - Univ. La Sapienza
Roma, Italy

Pierre Marquis
CRIL - Univ. d’Artois
Lens, France

paol o@i beratore.org marquis@ril.univ-artois.fr

prohibitive number of alternatives. Such preference rep-
resentation languages are often built up on propositional
logic, and allow for a much more concise representation
of the preference structure than an explicit enumeration,
while preserving a good readability and hence a similarity
with the way agents express their preferences in natural lan-
guage. The latter point is of the utmost value in the per-
spective of preference elicitation, which is typically a dif-
ficult problem when the set of alternatives has exponen-
tially many elements, due to its combinatorial nature. In
this paper we choose to consider only languages based on
full propositional logic, therefore we leave graphical lan-
guages for utility representation (Bacchus & Grove 1995;
Boutilier, Bacchus, & Brafman 2001; Gonzales & Perny
2004), CP-nets! (Boutilier et al. 1999; Domshlak & Braf-
man 2002), and valued constraint satisfaction (Bistarelli et
al. 1999) to a further study.

A fundamental issue is how to choose among the many
preference representation languages. Many parameters are
relevant to such a choice. Some of them are domain-
dependent (e.g., preference may be easier to express in
one language than in another one for a specific applica-
tion). Among the domain-independent ones are expressive-
ness and succinctness. On the one hand, assumptions are
usually made about the nature of preferences (e.g., prefer-
ences are often considered completely ordered) so it is es-
sential to choose a representation language suited to such
structural assumptions, i.e., allowing for the representation
of the expected kind of preorder. On the other hand, the
spatial efficiency of the languages, which is their ability to
represent information in little space (Cadoli et al. 1996),
must also be considered. Indeed, a language in which a
given ordering can be expressed using only exponentially
long expressions is not only problematic from a computa-
tional point of view (a large amount of memory is required
to represent orderings) but also indicates that the language is
intuitively not suited for representing such an ordering. On
the contrary, the motivation of using preference languages
for representing orderings > is to avoid explicitly storing
the fact that M = M’ for each ordered pair of alternatives

1CP-nets are nevertheless close to the language of ceteris
paribus statements considered in this paper. We will return on it
later.



(M, M’) in A for which the relation holds. If representing
the ordering requires exponential space in a language, how-
ever, the gain is lost and the explicit representation may be
even better.

In this paper, we investigate both the expressiveness and
the relative space efficiency of preference languages. While
it is known that some orderings require exponential space in
the explicit form but are more compact in preference repre-
sentation languages, no result is known to the authors about
comparing the ability of the languages to represent order-
ings compactly. The results of this paper are of two kinds:
the first results show that all orderings expressed in a lan-
guage L, can be translated into language Lo with a polyno-
mially large increase of size; the second ones prove that such
a translation is not always possible. In the first case, the lan-
guage Lo is at least as good as language L1, as it can poly-
nomially express the same orderings L; can polynomially
express. In the second case, this is not true; as a result, Lo is
not as good as L1, as some orderings are polynomial in L,
but exponential in L,. Some pairs of preference languages
Ly and Lo can also be incomparable, in the sense that some
orderings are exponential in the first one but polynomial in
the second one, while the inverse holds for other preference
relations. Given a set of computational tasks (e.g., determin-
ing whether a world is undominated) which can be solved
with the same computation costs when preferences are en-
coded in two different languages, it is natural for efficiency
reasons to prefer the language enabling the more compact
encoding.

Encoding preference relations (for various uses) must not
be confused with taking advantage of preferential informa-
tion for defining inference (which is another issue, even if it
is related to preference representation). If some problems in
the two fields are similar (e.g., determining whether a deci-
sion is undominated is just the model checking problem for
nonmonotonic KR formalisms), this is not the case for all of
them. For instance, it can make sense to determine the diam-
eter of a preference ordering, or the number of its connected
components (since this reflects in some sense how refined
the preferences are) while there is no significant counterpart
for it when inference is concerned.

The difference between the two objectives is very salient
in light of the translatability functions used for compar-
ing the spatial efficiency of the logic-based languages we
consider. When inference is concerned, it is sufficient to
preserve the set of preferred models (or the set of conse-
quences of preferred models over the original language); this
is reflected in the few notions of polyspace translatability
which can be found in the literature (Cadoli et al. 1996;
Gogic et al. 1995; Gottlob 1995; Janhunen 1998). Relaxing
the polyspace requirement, every inference relation from a
propositional base which has a preferred model semantics
can be turned into an equivalent base classically interpreted
(any base whose classical models are the preferred models
of the original base does the job). When the purpose is pref-
erence representation, such a translation is impossible in the
general case (it is only possible when the set of alternatives
quotiented by the equivalence relation induced by the pre-
order has two elements). Indeed, we need a much stronger

notion of translatability when preference representation is
concerned (the whole preorder must be preserved, not only
the set of undominated elements). As a corollary, existing
translability results for inference cannot be used as such for
our purpose.

The aforementioned difference between encoding a pref-
erence relation over a set of possible alternatives or possi-
ble worlds, and using preferential information for defining
or controlling inference, is the reason why we do not con-
sider in this paper “preference-based” approaches to logic
programming or default logic (see for instance (Brewka &
Eiter 1999; Delgrande, Schaub, & Tompits 2003)). In these
approaches, preference bears on syntactical items (rules) and
is used for discriminating among answer sets (or extensions)
so as to produce “preferred” ones, but not to produce a full
ordering on the set of all possible interpretations? (note, by
the way, that the word “preference” in these approaches does
not have exactly the same meaning as the decision-theoretic
one).

The paper is organized as follows. In the next section, we
state the notations used in this paper. The following section
contains a panorama of the propositional preference repre-
sentation languages so far studied in the literature. The re-
sults of this paper are summarized in another section; due
to lack of space, full proofs are omitted and we only de-
scribe succinctly the proof methodology and give a few
proof sketches. In the last section of the paper, we point
out some further issues.

Preliminaries

In this paper, £ is a propositional language built upon a fi-
nite set of propositional variables VAR = {x1,...,z,},
the usual connectives, and the symbols T (tautology) and
L (contradiction). A literal is a propositional variable or
its negation. W = 2VAZ js the set of all interpretations
(worlds) over VAR. Interpretations are denoted by M, M’
etc. They are represented as tuples of literals over V AR; for
instance, if VAR = {a,b,c,d}, then M = [a, b, —c,d] is
the interpretation mapping a and d to true, and b and ¢ to
false. If a world M satisfies a formula G € L, we write
M E G. Mod(G) and Var(G) denote the set of models of
G and the set of variables mentioned in G, respectively. If
X C W then Form(X) denotes the formula — unique up to
logical equivalence — such that M od(Form(X)) = X.

Propositional Languages for Preference
Representation

The relative preference of alternatives can be expressed in
several ways. We will not discuss here the pros and cons of
each — this important question has been discussed for long
by researchers in decision theory and cognitive psychology.
Rather, we investigate how good they are in expressing a
given preference ordering in little space. Most preference
relation can be formalized either as an utilitarian preference

2This does not truly apply to the recent work on logic program-
ming with ordered disjunction (Brewka 2002); more on ordered
disjunction will be given later in the paper.



(a function giving the goodness of the alternatives) or as an
ordinal preference (a binary relation over the pairs of alter-
natives).

In this paper, we mainly focus on this second kind of pref-
erences. A preference relation > is a preorder, i.e., a reflex-
ive and transitive binary relation on A. M = M’ means that
alternative M is at least as good (to the agent) as alternative
M'. Such a relation = is not necessarily complete, that is,
it may be that neither M = M’ nor M’ = M holds for a
pair of alternatives M and M’ in A. We note M >~ M’ for
M > M’ and not (M > M'’) (strict preference of M over
M"),and M ~ M’ for M = M’ and M’ = M (indiffer-
ence). It is important to note that M ~ M’ means that the
agent takes M and M’ to be equally preferred, while the in-
comparability between M and M’ (M # M’ and M’ # M)
simply means that no preference between them is expressed.

These definitions are about preferences over an arbitrary
set of alternatives .A. In this paper, we consider proposi-
tional languages expressing preferences: such languages ex-
press preferences over the set of possible interpretations W
over a given alphabet VAR. A refinement of this definition
is that of assuming that the set of possible alternatives ex-
cludes some interpretations of W. In this case, we assume
that a formula K is given: this formula represents “integrity
constraints” on the set of feasible alternatives, i.e., the only
interpretations we accept as possible alternatives are those
of Mod(K), i.e., A= Mod(K). For instance, in a decision
making problem consisting of recruiting at least one and at
most two of three candidates a, b and ¢, the feasible alterna-
tives are the models of K = (a VbV ¢) A (ma V =b V —c¢).

Even if we focus on ordinal preference in this paper, we
sometimes nevertheless make use of utility functions «, but
only because utility functions are a way among others of
encoding complete preference relations: namely, each w in-
duces =, defined by M >, M’ iff u(M) > u(M’).

We now briefly recall the propositional languages for
preference representation we study. In the following, the for-
mulas G; are propositional formulas representing elemen-
tary goals. The input of a logically-represented preference
relation is a pair A = (K, GB) where K is the proposi-
tional formula restricting the possible alternatives (the in-
tegrity constraints) and GB (the goal base) is a set of ele-
mentary goals, generally associated with extra data such as
weights, priorities, contexts or distances. > i ¢ (or simply
> When there is no risk of ambiguity) denotes the prefer-
ence relation induced by G B over Mod(K).

Penalties (Rpenalties)

In this natural and frequently used preference representation
language, the agent expresses her preferences in terms of
a set of propositional formulas that she wants to be satis-
fied. In order to compare alternatives (models), formulas are
associated with weights (usually, numbers), which tell how
important the satisfaction of the formula is considered.
Formally, the preferences of an agent are expressed as a
finite set of goals, where each goal is a propositional formula
with an associated weight. The complete preference is given
by a set of these goals: GB = {{a1,G1),...,{an,Gn)},

where each «; is an integer and each G, is a propositional
formula.

The degree of preference of a model is measured as fol-
lows: for any M € Mod(K), we define pgp(M) =
> {ai|M [~ G,} to be the penalty of M. The prefer-
ence relation =7, is defined by M >¥77 M’ if and only
if pap(M) < par(M') (with the convention >°(0) = 0).

Examplel Let

e K =T
e GB={(2,anb),(2,7aNc),(3,¢c— d)}.
We have
pci(la,bye,d]) =0+2+0=2;
pep([na,—b,e,d)) =2+0+0=2;
pea([-a,—b,—¢,~d]) =2+2+4+0=4
and pgp([-a,b,c,—d])) =24+0+3 =5,
therefore
[avbac7 d] Nzc);g [_‘av_‘b7 ¢, d}
= |ma,—b, e, —d]

—ap  |Da, b, e, d

Many references can be given regarding the use of penal-
ties in a logical framework. Here are a few of them: (Had-
dawy & Hanks 1992) for a utility representation language
with penalties and rewards, (Pinkas 1995; Dupin de Saint-
Cyr, Lang, & Schiex 1994) for a more systematic study.

Many other operators can be used, in place of the sum,
for aggregating weights of violated (or symmetrically, sat-
isfied) formulas (see (Lafage & Lang 2000) for a general
discussion). The other usual choice, namely the maximum
— leading to possibilistic logic — will be covered by the best-
out preference relation in the next paragraph. This principle
can be extended so as to introduce polarities between goals
(inducing positive rewards when satisfied) and constraints
(inducing negative rewards when violated); see for instance
(van der Torre & Weydert 2001; Benferhat et al. 2002;
Kaci 2002).

Hamming Distanceto Goals (Rg)

The preference relation based on penalties only makes a dis-
tinction between models satisfying a formula and models vi-
olating it. On the other hand, if an agent prefers a formula
G, to be satisfied, we could infer that she also prefers mod-
els “close” to this formula than models “far”. The measure
of closeness between models mostly used is the Hamming
distance, so that the distance from a model to a goal is the
number of variables that must be flipped in the model in or-
der to make it satisfy the formula.

Let d be the Hamming distance between models (i.e.,
d(M, M") is the number of variables that are assigned differ-
ent values in M and M’.) The “distance” between a model
M and a formula G is defined as follows:

d(M, Q) = A?/llinG d(M,M'").

A goal base is a finite set of pairs («;, G;), as for penal-
ties languages. In this case, however, we make each formula
contribute to the total weight in a measure that is propor-
tional to the distance between the formula and the model:



d(M,GB) = > {a;.d(M,G;)}.

=4 . is defined (see for instance (Lafage & Lang 2001)) by
M =8, M ifandonly if d(M,GB) < d(M',GB)

Example 2 Let (again)
e K =T
e GB={(2,anb),(2,maNc),(3,c—d)}.
Let M = [—a, —b, ¢, ~d]. We have
d(M,aANb)=2,dM,-aANc)=0andd(M,c —d) =1

hence d(M,GB) =2x242x0+3x1=T.

Let M’ = [—a, —b, ¢, ~d]. We have
dM';andb)=2,dM,-aAc)=1andd(M,c —d)=0
hence d(M,GB) = 2 x 242 x 143 x 0= 6 and therefore
M =85 M.

Distances between logical worlds have been used many
times in knowledge representation, especially in belief revi-
sion (Dalal 1988; Magidor & Schlechta 2001), belief update
(Katsuno & Mendelzon 1991) and belief merging (Libera-
tore & Schaerf 1998; Lin & Mendelzon 1999; Revesz 1997,
Konieczny & Pino-Pérez 1998; Konieczny, Lang, & Mar-
quis 2002). Their use in logical preference representation
is more recent (Lafage & Lang 2000; 2001). While we use
here the Hamming distance d and the weighted sum, an arbi-
trary distance function and an arbitrary aggregation function
can be used instead — note however that succinctness results
depend on the chosen distance.

Prioritized Goals

The languages defined above allow for compensations
among goals (the violation of a goal may be compensated
by the satisfaction of a sufficient number of goals of lower
importance). Prioritization is used when such a compensa-
tion should not be possible, and does not need any numerical
data.

While a few approaches make use of a partial priority
preorders, most of them make the assumption that the pri-
ority relation is complete (or, if it is defined as a strict or-
der, that it is ranked, i.e., its complement is transitive), and
for the sake of simplicity, we make this assumption too.
When the priority relation is complete, priorities of formu-
las can be equivalently expressed (and in a simpler way)
by a function » from integers into integers. A goal base
is then a finite set of formulas with an associated function:
GB = ({Gy,...,Gn},r). Ifr(i) = j, then j is called the
rank of the formula G;. By convention, a lower rank means
a higher priority. In the following we use the convention
minl) = +oo

The question is now how to extend the priority on goals
to a preference relation on alternatives. The following three
choices are the most frequent ones:

best-out ordering (R5¢sto ") (Benferhat et al. 1993)
Let us define

rep(M) = min{r(i) | M £ G;}

Then we define

| M =%, M'ifandonly if rgp(M) > rap(M')

discrimin ordering (R%iscrimin) (Brewka 1989; Geffner
1992; Benferhat et al. 1993)
Let

diserg g (M, M) ={i| M | G;and M' |£ G;}
and
discrap(M, M") = discrf g (M, M")Udiscrf g (M', M)
Then:
M >_céi%crimin M’
if and only if
miniediscrgB(M,M/) (i) < minjediscrgB(IbI/,Iw) 7(7)

M Eccl:zﬁcmmzn M’
if and only if
M =diserimin V17 or discrgp(M, M') = 0.

leximin ordering (RLc%min) (Benferhat et al.  1993;

Lehmann 1995) e
Let dj, (M) be the cardinal of {i | M |= G; and r(i) = k}.

M =lezimin: pr'if and only if there is a k such that
de(M) > dp(M') and Vj < k, dy(M) = dy(M");

M =™ M'if and only if
M s-lgzimin M7 or d; (M) = d; (M) for any i.

Note that ='5&/min and =29, are complete preference re-
lations while =%iscrimin js generally not. \We moreover
have the following chain of implications: M =%, M’ =
M diserimin N/ = N - lezimin
Example 3 Let
e K =T,

e GB= <{G1, GQ, Gg}, T)

where

e Gi=aAb,Gy=—aNc,G3=c—d,
e r(3)=1,r(1)=7r(2) =2.

Let M; = Ja,b,c,~d], My = Ja,b,c,d], M3 =
[a, —b, ¢, d] and My = [—a, b, ¢, d].
best-out

We have TGB(Ml) = 1, TGB(MQ) = TGB(M3) =
rap(My) = 2, hence
My =g Mz ~¢p Mz ~¢7g M.
discrimin
We have
discrd p(My, Ma) = 0; discrd g (Ma, My) = {3};
miniediscrgB(]\/Il,Mz) T(l) = +OO;

mlniediscrgB(]\/IQ,Ml) T(l) =1



therefore My > d””“’”” M. As for My and My, we
have dzschB(Mg,M4) = {1}, discrfp(My, M) =
{20} hence M, and M, are incomparable w.r.t.
iscrimin \\e have the following:

]\41 _<d15c7zmzn M3

M3 _<dGz%c7zmzn Mg

M3 _<dGz%c7'zmzn M4

Ms, M4 incomparable.

leximin
We have the following:

My | My | Mg | M,
dq 0 1 1 1
ds 1 1 0 1

Therefore, we have
]\41 _<lelzmzn M _<lelzmzn M

Let us note at this point that qualltatlve choice logic
(QCL) (Brewka, Benferhat, & Berre 2002) falls into the
class of priority languages. Indeed, (Brewka, Benferhat, &
Berre 2002) gives a polynomial-size translation from QCL
formulas to stratified knowledge bases (interpreted with
the leximin ordering) preserving the preference relation in-
duced; now, it can be shown that there exists as well a poly-
nomial size translation in the other direction, which implies
that both languages have the same succinctness power and
that results obtained for </$%™i" carry over to QCL. How-
ever, they do not carry over to logic programming with or-
dered disjunction (Brewka 2002), the succinctness of which
is left for further research.

lemzmzn M

Conditional Logics

Each goal G; is attached to a context C;, so that GB =
{C: : Gy,...,C, : Gy}. Each conditional desire C; : G;
is interpreted as “ideally C; if G,;” (Boutilier 1994), or: “in
all of the most preferred alternatives in which C; holds, G;
holds as well.” Formally, a complete preorder > satisfies
C; : G, if and only if every model of max(Mod(C;), <)
is a model of Mod(G;). On the other hand, more than
one complete preorder may satisfy this condition and there
are several ways for deriving a preference relation from this
set of complete preorders. The standard preference relation
RS . consists in considering that M = M’ if and only if
this holds for all relations > that satisfy the condition above
for all goals C; : G, while the preference RZ  , derived
from the Z-completion (Pearl 1990) selects one specific pre-
order relation, by making worlds gravitate towards prefer-
ence (Boutilier 1994) and allows much more consequences
to be derived and therefore makes more sense. To be more
precise:

Standard preference relation (RS, ;). R°"** consists
in considering that an alternative is at least as good as an-
other one if and only if this holds in all models of GB.
Formally: M >C°”d S M’ if and only if for any > satis-

fying GB we have M > M’. Note that =57n% is only a
partial preorder which is generally very weak, often much
too weak (it does not enable enough comparisons) to be a
good alternative for preference representation.

Preferencerelation based on Z-ranking (RZ,, ;). While
ReondsS considered all models satisfying a set of con-
ditionals, the approach based on the Z-completion of
GB, at work in System-Z (Pearl 1990) and similar ap-
proaches, selects one model and allows much more con-
sequences to be derived. Given a theory A = (K,GB)
where K is a set of hard constraints (propositional formu-
las) and GB = {é1,...,0,} a set of conditional rules,
where §; = C; : G; (with the condition that C; A G;
is consistent), System-Z proceeds by determining a par-
tition {GBy,...,GB,} of GB by the following proce-
dure, for which we need first this definition: a condi-
tional rule C : G is tolerated by a set of conditional
rules {C1 : G1,...,Cp, : G} (wrt. K) if and only
FCANGA(C1 — Gi)AN...N(Chy = Gp) NK is

consistent.
k:=0; R:=GB,;
repeat
k=k+1
Ry = 0;
foreachd € R
if ¢ is tolerated by R\ {4}
then add 6 to Ry and remove it from R
endif
endfor

until R = 0; maxrank =k

This procedure stops because each individual rule in A
is consistent (that is, C; A G; is consistent). If a con-
ditional rule ¢ is in Ry then we let rank(d) = k.
Ranks respect specificity relations between rules, i.e.,
more specific rules are assigned higher ranks. Now, let
MatImp(6) be the material implication C' — G as-
sociated with 6 = C : G. Then, =%nh? is de-
fined by the best-out preference relation generated by
GB' = ({MatImp(61),..., MatImp(d,)},r) where
r(i) = maxrank — rank(d;) + 1.

Example4 Let

e K =T,

e GB={T:a,a:-b, na:b ~aA-b:c}

The first iteration gives Ry = {T : a, a : —b}, the

second one gives Ry = {-a b} and the last one

Rs = {—a A —b : c¢}. We have maxrank = 3. Thus,

GB' = <{G1,G2, G37G4},7“> with G1 = a, G2 = a A —b,

Gs =-aAb Gy =-aAN-bAcandr(4) =1,r(3) =2,

r(1) = r(2) = 3. Let M1 = [—a, —b, ~c], My = [—a, b, ],
M3 = [a, b, c], My = [a,—b, ¢]. We have
My _<ng z Mo %g)gd z M3 %g)gd z My

Intuitively speaking, = "’"”d Z is the preference relation,

among those satisfying GB maximizing preference world
by world ((Boutilier 1994), page 79). The obtained rela-

tion >"Gogd Z is much more discriminant (hence much better)

than ¢, Nevertheless, one drawback of both Reo":7

and RC"”d’S is the so-called “drowning effect” (some goals
are ignored while they should not); this can be remedied for



instance by adding extra constraints expressing that violat-
ing a conditional desire induces an explicit utility loss (Lang
1996; Lang, van der Torre, & Weydert 2002).

Ceteris Paribus Preferences (R.,)

In this language, preferences are expressed in terms of state-
ments like: “all other things being equal, I prefer these alter-
natives over these other ones.” Formally, let C', G, and G’ be
three propositional formulas and V' being a subset of VAR
such that Var(G) U Var(G’) C V. The ceteris paribus
desire C' : G > G’[V] means: “all irrelevant things being
equal, | prefer G A =G’ to -G A G'”, where the “irrele-
vant things” are the variables that are not in V. The defini-
tions proposed in various places (Doyle & Wellman 1991,
Doyle, Wellman, & Shoham 1991; Tan & Pearl 1994,
Boutilier et al. 1999) differ somehow. We take as a basis the
definition by (Doyle & Wellman 1991), slightly generalized
by introducing a variable set V' that explicitely tells the vari-
ables that are referred to in the clause “all other things being
equal” (namely, the other things are the variables not in V)
For natural reasons, and to remain consistent with the orig-
inal definitions, we impose that Var(G) U Var(G') C V.
Furthermore, we add to the original definition the ability to
express indifference statements — without them, M ~ M’
could not be expressed.

Let GB = Dp U Dy, where Dp and Dy are defined as
follows.
Dp = {C1:G1>GVi],...,Cm : Gy > G [Vinl}
Dr = {Cn:Gn~G[Va],...,Cp: Gy ~ GV, ]}

We call the elements of Dp as “preference desires”
while elements of D; are “indifference desires”. For all i,
C;, G; and G, are propositional formulas and Var(G;) U
Var(G}) CV; C VAR. We define the preference induced
by a single desire D; = C; : G; > G}[V;], denoted by
M >p, M’, by the foIIowmg three conditions:

1. M ): Ci NG A ﬁG;,
2. M' ECi AN—G; NGY;
3. M and M’ coincide on all variables in VAR\V;.

If the above conditions 1-3 are satisfied for an indiffer-
ence desire D; = C; : G; ~ G}[Vi] in Dy, then we say
that M and M’ are indifferent with respect to Dz, denoted
by M ~p, M’'. Now, the preference order = is defined
from the above dominance relations by transmve closure of
their union: M ig’B M’ holds if and only if there exists a
finite chain My = M, M, ..., M,_1, M, = M’ of alterna-
tives such that forall j € {0,...,¢q—1} thereisa D; € GB
such that M; >p, M;4, orsuchthat M; ~p, M.
Example5 Let K = TandGB = {T :a > —a [{a}], a
b>c[{b,c}], a:c>b[{bc}], T:d>-d[{c,d}] T
e ~ —e [{e}] }. Then we have the following:

a,b,—c, d, €]
a,—b,c,d,e] (usinga:b> c[{b,c}])

[
[
~ap Fa, —b,c,d, €] (using T : a > —a [{a}])
[
[

= [na,b,—e,d, €] (using —a : ¢ > b [{b, c}])
mgp  [ma.bc,mdye] (using T :d > —d [{c, d}])
~cg  [ma,be,nd, —e] (using T : e ~ —e [{e}])

Synthesis of Results

We now present the results we have obtained when consider-
ing both the expressiveness and the spatial efficiency dimen-
sions to compare the preference representation languages
described before.

Expressiveness

The first results of this paper tell which orders can be ex-
pressed in the languages we consider. Namely, we show that
some languages are only able to express complete preorders,
while other ones are able to express all preorders.

Theorem 1

1. Rpenatties, R, Rigstowt, Rleziminand RZ , can ex-
press all complete preorders (pnd nothing more);

2. Rdiscrimin and R, can express all preorders;

Prio

3. RS

cond

cannot even express all complete preorders.

These results are not surprising. They are rather posi-
tive: all languages considered (except B> ) are fully ex-
pressive for what they are designed to. Notice also that ex-
tending andwith negated conditionals (—(C' : G)) enables
expressing all preorders.

This result has two obvious consequences:

e let R; alanguage expressing all preorders anmd R- a lan-
guage expressing only complete preorders. Then there
cannot be any translation from R, to R» (because it is not
possible to find a translation in R of a preference item of
R; inducing an incomplete preorder).

e let R; and R, be two languages of the same expressive
power (that is, both expressing all preorders, or both ex-
pressing all complete preorders). Then R, and R, can be
translated to each other. Note however that the result of
such a translation can be exponentially large.

Succinctness

The second kind of results are about the existence of a poly-
size translation of any preorder from a language into another
one in another language. This is simply proved by exhibiting
the translation.

The largest part of the work, however, is composed of re-
sults of impossibility of always translating preferences from
a language to another one while preserving the size of the
original goal base. Three methods are used to prove these
results:

1. show that a specific preorder can be expressed in a lan-
guage by a goal base whose size is polynomial in the num-
ber of variables, while it cannot in the other language. We
consider three classes of such specific preorders:

o exponentially long chains. An exponentially long chain
is a preference relation of the form My >~ Ms > ... >~
Mon where n is the number of propositional variables.
Some of the Ianguages (namely Rpenaltiesv Rdistuncesy
Rlezimin | pdiscrimin ' p 'y can express such chains in

prio prio

polynomial space while some others (namely Rb¢sto,



Rfmd, RZ ) cannot. Therefore, there is no polyno-
mial size translation from one language of the former
class into a language of the latter class.

e exponentially many equivalence classes. We consider
the (partial) preference relation such that M = M’
if and only if M and M’ are “opposite” models (this
preference relation has 27~ equivalence classes, two
models of different equivalence classes being incompa-
rable). Among the languages expressing all orderings,
Rg;jg”mm can express this preference relation in poly-
nomial size while R, cannot.

e exponentially large equivalence classes. We consider
the preference relation where M = M’ holds for all
M,M'. RS cannot express it in polynomial space
while all other languages can.

. show that the existence of such a translation contradits
some results on circuit complexity, such as the impossi-
bility of expressing the majority function with a CNF cir-
cuit of size polynomial in the number of variables. Tech-
nically, this is done by showing that the preference rela-
tion such that M > M’ if and only if M has at least as
many positive literals as M’ can be expressed in polyno-
mial space in some languages but not in other ones. In
particular, the languages Rdwmmes,Rpemmes,Ri,iﬁf,mm,

and R, can express this preference relation in polyno-
mial size. The languages R&iscrimi, Rbestout R and

Prio cond’

RZ . can express this orderlng only using formulae that,
combined in some way, express exactly the majority func-
tion. The majority function can be represented in polyno-
mial space in general, but do not if we restrict to specific
syntactic forms such as CNF. As a result, the languages
Riliscrimin phestout RS 4and RZ  , cannot express the
preference relptlon based on the number of positive liter-
als only if we restrict to CNF. We remark that this result
only holds under this language restriction, but is not con-

ditioned to the collapse of the polynomial hierarchy.

. prove a result based on complexity classes; such results
are conditioned to the non-collapse of the polynomial hi-
erarchy. The impossibility of translating a preference lan-
guage from a language to another one in polynomial time
can be proved as follows: prove that checking whether
M = M’ is hard in one language and easy in another
one. If a translation from the first language from the sec-
ond were be possible in polynomial time, then some parts
of the polynomial hierarchy would collapse, contradict-
ing a widely-acceted conjecture. Such a result, however,
only indicates that the translation would require super-
polynomial time; it may very well be that the result of
the translation is polynomial in size. Since the size of the
result is what matters in this paper, we cannot directly use
the conventional complexity classes. We instead use the
compilability classes, which characterize the complexity
of problems when preprocessing is allowed (Cadoli et al.
2002; Liberatore 2001). Intutively, we can view the trans-
lation of the problem M = M’ from a language to an-
other one as a problem of finding a new goal base in the
second language; we however do not require this transla-
tion to take only a polynomial amount of time, but only

that the result is polynomially large. This is exactly the
kind of problems the classes of compilability character-
ize. Somehow, proving impossibility in this way gives
a stronger result, as a polysize translation does not ex-
ist even if we are allowed to translate the models M and
M’; on the other hand, these results are conditioned to the
non-collapse of the polynomial hierarchy.

Theorem 2 The results about translations and impossibility
of translations are summarized in Table 1.

This table deserves a few comments.

e no means a provable impossibility of a polysize transla-
tion. We indicate the type of proof used for showing this
impossibility:

L for an impossibility due to the fact that the first lan-
guage can express all preorders while the second does
not (typically, the second language expresses only com-
plete preorders);

2 for an impossibility due to the fact that there are spe-
cific classes of preorders that the first language can ex-
press in polynomial space while the second one can-
not.

e no-c (“conditional no”) means that there cannot be any
polysize translation unless the polynomial hierarchy col-
lapses.

e w-no (“weak no”) means that there cannot be any poly-
size translation if we require the formulae of the resulting
language to be in CNF.

One of the cells of the table contains both a “w-no” and a
“no-c”. These two results do not imply each other: “w-no”
means that no polysize translation is possible if we restrict
formulae to a specific syntactic form, but this result is not
conditioned (i.e., is proved for sure); “no-c” means that the
impossibility of translation holds in general (i.e., even if we
do not restrict the syntactic form of formulae) but only if the
polynomial hierarchy does not collapse.

One more class of results has not been reported in the
table in order to make it more readable. These results are
about translations that require the introduction of new vari-
ables. Indeed, all other results (both positive and negative)
about translations have been proved by assuming that the
goal base and its translation contain exactly the same vari-
ables. This restriction is not irrelevant: the addition of new
variables increases the number of possible formulae that rep-
resent the same function, and some of these formulae may be
very short. For example, as it has been proved for a number
of nonmonotonic formalisms (Cadoli et al. 1999), the in-
troduction of new variables may superpolynomially reduce
the minimal size of formulae needed for representing a piece
of information. In the setting of representing preference in-
formation, we can introduce new variables by assuming that
a goal base GB that contains only the propositional vari-
ables X can be translated into a goal base GB’ (in another
language) that contains the variables X U Y. Intuitively,
the new variables Y are used as names for “propositional
macros”, i.e., , the goal base contains formulae like y = F,



Table 1: Existence of Polynomial-Size Translations.

b { dt S

from\to Rpen RH Rp?"w Rperaif) Rpaz"ig Rcond Rcond RCP
Ryen yes | yes | no? ? W-no no? no? | no?

Ry no-c | yes | no? no-c | w-no/no-c | no? no? ?
Rf)fw yes | yes yes yes yes no? yes yes
Rixl | yes | yes | no? yes W-no no? no? | no?
jo‘;g no’ | no' | no' | no! yes no? no' | no?

1 1 1 1 1

R . | no no no no ? yes no ?
Z . | yes | yes | vyes yes yes no® yes | yes
R, no' | no® | no! no’ W-no no? no! yes

where I is a formula that occurs often; this way, we can re-
place each occurrence of F' with y (this is how size can be
reduced.) Technically, we can no more define a translation
from a language L1 to Lo by enforcing M > > M’ to be
equivalent to M >-GB, M’ because M and M’ are models
over X, while GB’ is a goal base over variables X UY". The
problem is that M iéQB, M’ only makes sense if M and
M’ are models over the variables of GB’. This problem can
be overcome by extending the definition to partial models:
M =72, M’ holds if and only if there exists two models
M, and M over X UY that extend M and M’, respectively
(i.e., M, gives the same evaluation of M to the variables
in X), and M, =%%, M. Using this definitions, the con-
straint that M =5, M is equivalent to M >=52, M’ now
makes sense, as the latter formula is well-defined. Transla-
tions in this weak sense exist from RLcimin to Rdiscrimin,

Prio

from Rdiscrimin tg R, and from Rleﬁgmm to R.,. A for-
malization of this kind of translatlons where new varlables
can be introduced, but their values must be determinable
from the value of the old ones in polynomial time, are the

model-preserving translation (Cadoli et al. 2000).

Conclusion

In this paper, we have shown that some preference repre-
sentation languages are more succinct than others. How-
ever, no language is the most succinct one: for any language,
there is another one that cannot be translated into it in poly-
nomial space. On the other hand, RX¢°tand RZ  , can

prwo con

be translated into any other language except B3 ., (which
is however incomparable to everything else) and can there-
fore be considered as the least succinct languages of our list.
While spatial efficiency results were known for knowledge
representation formalisms such as nonmonotonic logics and
revision (Cadoli et al. 1996) and action representation for
planning (Nebel 2000), nothing so far was known about the
spatial efficiency of preference representation languages.
Even if some of our impossibility results make use of
complexity results for some decision problems, it is impor-
tant to note that our results cannot be directly inferred from
the complexity of the decision problems associated with
these languages®. Indeed, even if a problem is hard in a

3Complexity results for some of the languages considered here

language and easy in another one, the existence of a transla-
tion is not guaranteed: see for example R.,, whose compari-
son problem is PSPACE-hard, but cannot be translated into
the simpler Rdiscrimin where comparison is polynomial-
time. Our results that are conditioned to the non- collapse of
the polynomial hierarchy are not obtained using “standard”
complexity classes.

We do not claim that the list of languages considered here
is exhaustive. It is however representative of the languages
developed by researchers in Al and especially in qualitative
decision theory for representing preference relations com-
pactly using propositional logic: this means that we con-
sciously omitted from the study “numerical” languages for
describing compactly utility functions, such as (Boutilier,
Bacchus, & Brafman 2001) as well as CP-nets and con-
straints and let their succinctness as an open problem. Note
however that these languages are close to propositional pref-
erence languages, up to syntactical restrictions — the fact that
variables are not binary having no significant influence on
succinctness. Furthermore, CP-nets with binary variables
can be encoded in a straightforward way (in linear time) as
ceteris paribus statements. However, CP-nets cannot encode
all preorders, in contrast to the language R.,*.

Expressivity and succinctness of languages are particu-
larly significant to preference elicitation (which, roughly
speaking, consists in obtaining preference items directly
from the agent until the preference relation is “sufficiently”
described): indeed, the interactive elicitation process using
some preference representation language may require expo-
nential time, while polynomial time would be sufficient if a
more succinct language were considered. Another impact of
our results concerns the design of “mixed” languages based
on two (or more) types of representations (which is partic-
ularly relevant when each language “cognitively fits” some
particular types of preferences); the existence or the impos-
sibility of polysize translation help us identifying the lan-
guages that may or that may not be used together in such a
mixed language.

can be found, or easily derived from results in (Friedman &
Halpern 1994; Eiter & Lukasiewicz 2000; Nebel 1998; Lang 2002).

“4Thanks to Christophe Gonzalés and Patrice Perny for pointing
this out to us.
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