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1. Introduction

Argumentation is a general approach to model defeasibloreag, in which the
two main issues are the generation of arguments and thditatjpn so as to draw
some conclusions based on the way arguments interact (g Bulmin, 1958;
Prakkeret al, 2002; Besnaret al., 2008)).

Several theories of argumentation have been proposed gsdaramong oth-
ers (Dung, 1995; Pollock, 1992; Simaut al., 1992; Elvang-Ggranssaat al., 1995;
Besnardet al, 2001; Amgoucet al, 2002; Dimopoulo®t al,, 2002)). Among them
is Dung’s theory (Dung, 1995), which is quite influential since it encompagsany
approaches to nonmonotonic reasoning and logic progragnasrspecial cases. In
Dung’s approach, no assumption is made either on the nafiae argument or on
the nature of the attack relation. Thus, nothing preventargnmentation system
from taking as input suspicious data like self-attackingamtroversial arguments. Of
course, Dung’s theory can be used to encode frameworks vidribld such ambigui-
ties by the way arguments and their interactions are budt.eixample, an argument
can be a paifH, h) whereh is a statement supported by a consistenfsef assump-
tions like in the theory introduced by Elvang-Ggransebal. (Elvang-Ggranssoet

2. Refined and extended by several authors, including (Batcd., 2000; Baroniet al., 2003;
Caminada, 2006; Dunet al., 2007).
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al., 1993). In this case,H, h) attacks(H’, 1’) if there existsh”” € H' s.t. h is equiv-
alent to the negation df”. With such a notion of attack, no self-attacking argument
is possible. However, no similar conclusion can be drawreégeneral case when
unconstrained argumentation frameworks are considenedeed, Dung’s theory is
quite general in the sense that it can be used to encode mhey agumentation
frameworks with different kinds of attack relations. Whaally matters is the way
arguments interact w.r.t. the attack relation (whatevisrridation and its properties).
Indeed, any argumentation framework in Dung’s theory cawnibaed as a labeled
digraph: arguments are the nodes of the graph and attacksmesented by directed
edges (i.e., arcs).

Several inference relations can be defined within Dung’srtheUsually, infer-
ence is defined at the argument level: an argument is coesidiarivable from an
argumentation framework F' when it belongs to one (credulous consequence) (resp.
all (skeptical consequence)) extensiongldf under some semantics, where an exten-
sion of AF' is an admissible set of arguments (i.e., a conflict-free affedefending
set) that is maximal for a given criterion (made precise ®ygbamantics under con-
sideration). While skeptical derivability can be safelyesded to the level of sets of
arguments, this is not the case for credulous derivabitigeed, it can be the case that
arguments, andb are (individually) derivable from an argumentation franoekvA F’
while the set{a, b} is not included in any extension afF'.

Now, defining derivability for sets of arguments as inclusioto some (resp. all)
extensions under Dung’s semantics does not always leadpected conclusions.
Consider the following scenario: Ally is suspected of ralybiea a bookstore of Los
Angeles. Several arguments and counter-arguments &fig.can not be the thief,
she was in Santa Barbara at the time of the robbery (a); Beenddhat she saw Ally
in Los Angeles (b); Charles pretends he was in Santa Barb@taAdly (c); Charles
is Ally’s boyfriend, he may lie to protect her (d); Bea is lyihecause she wants to
cause trouble to Ally (e)

From an abstract point of view, the first scenario can be esdadDung’s setting
using the following argumentation framework:

EXAMPLE 1. — LetAF = (A, R) with A = {a,b, ¢, d,e} andR = {(b,a), (e, b),
(¢,b), (d,c)}. The digraph forA F' is depicted on Figure 1 on the following page.]

AF has a single extensiofu, d, e} whatever the semantics among Dung’s dnes
or alternative semantics like the semi-stable one (Canain2d06) or the ideal one
(Dunget al, 2007), hence:, d ande are considered jointly derivable. Howevar,
attacksc so it defends$ which in turn attacks.. So considering as desirahteand
d at the same time may be hazardous: some people may intdrgct $upports an
argumentagainst Itis not necessary to give argumertb the audience (asdefends
a againsb); furthermore it may be the case that usingirns against Ally (allowing!
to defend). It is thus better for Ally’s defence to avoid this argument

3. They are recalled in Section 2.
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Figure 1. Example 1: The digraph foA F'

One way to cope with this problem is to ask for more demandatigpns of absence
of conflicts than the one considered in Dung’s theory. In g@per, we define and
study new semantics for Dung’s framework based on the idaiaatt admissible set
S of arguments should not include controversies, i.e., iutthoot be the case that
an elemens; of S indirectly attacks another argumenivhenever a second element
s9 of S indirectly defendss. On Example 1 on the previous page, this prevents from
deriving the set of arguments, d, e} as a whole; neverthelessi} and{a, e} remain
derivable separately.

The specific case whenn = s5 corresponds to the notion of controversial argu-
ments, as introduced by Dung.

EXAMPLE 2. — Let AF = (A, R) with A = {a,b, c,e,n,i} andR = {(b,a),
(¢,a),(n,c), (i,b), (e,c),(i,e)}. The digraph forAF is depicted on Figure 2.
{a,i,n} is the grounded extension ofF’, it is also the stable and unique preferred

oftc

Figure 2. Example 2: The digraph foA F’

extension ofAF'; Hencea, i andn can be derived both credulously and skeptically
under the corresponding semantics. However, we consideittis not very cautious
to derivea as its defense againktconsists ofi andi also attacks indirectly. It is
problematic to derive jointly: ands. O

Thus, it is possible that an argumenibelongs to an extension though its only de-
fense against one of its attackers is an argurhamntroversial w.r.t.a. Is it really
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cautious to rely on such an argument? Is it really cautiousatadle a controversial
argument in the same way as every "ordinary" argument? Caelywen such argu-
ments without any caution? Our point of view is that the anse@egative for the
three questions.

Since Dung’s semantics are not suited to address contiavarguments (as illus-
trated above), there is a need for new, prudent semanticordingly, we propose in
this paper two new semantics for taking into account comtraial arguments. A first
approach, consists in suppressing indirect conflicts iaresibns leading to the notion
of p-extension (prudent extension) (Coste-Maraatial, 2005b).

A more prudent approach consists in considering exten§iais it is not possible
that an elemeni of S attacks indirectly an argumebtvhenever there exists another
argument: € S which indirectly defend$. This new definition of lack of conflict
leads to forbid controversies within extensions and leadke notion of c-extension
(careful extension) (Coste-Marquasal., 2005a).

In this paper, we compare the different inference relatindaced by our two new
semantics and we also compare them with the ones obtainggiDang’s framework.
We show that in many cases the new semantics lead to moregsuttions of deriv-
ability.

The paper is organized as follows. We first recall the mainndefns and re-
sults pertaining to Dung’s theory in Section 2. Then, in Bec8, p-extensions and
c-extensions are defined. Section 4 presents some prapeftthe new semantics.
A comparison of the different notions of derivability (incling a comparison with
Dung’s ones) is provided in Section 5. Some complexity teselated to the new se-
mantics are given in Section 6. Conclusion and perspedivdature work are given
in the last section of the paper.

2. Dung'stheory of argumentation

Let us present some basic definitions at work in Dung’s thedgrgumentation
(Dung, 1995). We restrict them to finite argumentation frevorks.

DEFINITION 3 ((FINITE) ARGUMENTATION FRAMEWORKS). — A (finite) argumen-
tation frameworks a pair AF' = (A, R) whereA is afinite set of so-called arguments
and R is a binary relation overA (a subset ofA x A), the attacks relation.

Clearly enough, the set of finite argumentation framewosks proper subset of
the set of Dung’s finitary argumentation frameworks, wheserg argument must be
attacked by finitely many arguments. The definition abovartfeshows that a finite
argumentation framework is nothing but a finite, labeledali.

The main issue is the inference one, i.e., characterizimgéls of arguments which
should be reasonably derived from a given argumentationdveork.
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In this objective, a firstimportant notion is the notion o€aptability: an argument
a is acceptable w.r.t. a set of arguments whenever it is defttbgl the set, i.e., every
argument which attacksis attacked by an element of the set.

DEFINITION 4 (ACCEPTABLE SET9. — Let AF = (A, R) be an argumentation
framework. An argument € A is acceptablev.r.t. a subsefS of A if and only if for
everyb € As.t. (b,a) € R, there exists € S s.t. (¢,b) € R. A set of arguments is
acceptable w.r.tS when each of its elements is acceptable wsi.t.

A second important notion is the notion of absence of cosflithtuitively, two
arguments should not be considered together whenever dherofattacks the other
one.

DEFINITION 5 (CONFLICT-FREE SET3. — Let AF = (A, R) be an argumentation
framework. A subsef of A is conflict-freeif and only if for everyu, b € S, we have
(a,b) € R.

Requiring the absence of conflicts and the form of autononpyurad by self-
acceptability leads to the notion of admissible set.

DEFINITION 6 (ADMISSIBLE SETSY). — Let AF = (A, R) be an argumentation
framework. A subsef of A is admissiblefor AF' if and only if S is conflict-free and
acceptable w.r.tS.

Every argumentation framework has at least one admissil@amelyf.

The significance of the concept of admissible sets is refldngehe fact that every
extension of an argumentation framework under the stanskmiantics introduced
by Dung (preferred, stable, complete and grounded extes)is an admissible set,
satisfying some form of optimality:

DEFINITION 7 (EXTENSIONS. — Let AF = (A, R) be an argumentation frame-
work.

— A subsefS of A is a preferred extensioof AF if and only if it is maximal w.r.t.
C among the set of admissible sets foF'.

— A subsefS of A is a stable extensioaf AF if and only if it is conflict-free and
for every argument from A \ S, there exist$ € S s.t. (b,a) € R.

— Asubsef of A is a complete extensiaof AF' if and only if it is admissible and
it coincides with the set of arguments acceptable w.relfits

— A subsetS of A is the grounded extensioof AF if and only if it is the least
element w.r.tC among the complete extensionsadf.

EXAMPLE (CONTINUATION OF EXAMPLE 1 ON PAGE3). — LetE = {a,d,e}. E
is the grounded extension gfF’, the unique preferred extension 4f’, the unique
stable extension ofl /" and the unique complete extensionAf'. O

Formally, complete extensions dfF' can be characterized as the fixed points of
its characteristic functioff 4 r:
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DEFINITION 8 (CHARACTERISTIC FUNCTIONY. — Thecharacteristic function
Far of an argumentation framewot i’ = (A, R) is defined as follows:
Farp:24 —24

Far(S) = {a| ais acceptable w.r.tS}.

Finally, several notions of derivability of an argument (oore generally a set of
arguments) can be defined by requiring the membership to xteeson (credulous
acceptability) or every extension (skeptical acceptghitif a specific kind. Obviously
enough, credulous acceptability and skeptical accejtiabilr.t. the grounded exten-
sion coincide, since every argumentation framework hasquergrounded extension.

Formally, we noteAF|~S where AF' = (A, R) is an argumentation framework
andsS C A, to state thab is a consequence ¢fF’ underf~. In the following, an infer-
ence relation~ is based on a notion of extension, and an inference prin@pdelulous
or skeptical), so thatl F'|~S holds if and only ifS is included in all (skeptical) or at
least one (credulous) extension(s)4F, for a given semantics. Formally:

NOTATION 9 (DUNG'S INFERENCE RELATIONY. — Let ~?” denote theDung's
inference relatiombtained by considering a semanticand an inference principle,
either credulousd = 3) or skeptical § = V).

For instanceS C A is a consequence of F = (A, R) w.rt. "7 notedAF
PVV’PS, indicates that is included in every preferred extension4f".

Observe that other inference principles could be consifjefier instance,S C
A can be considered as a consequencd Bf = (A4, R) when it is included in an
extension (w.r.t. some given semantics) but no element sf &tacked by such an
extension. However, for space reasons, we focus only orukesl and skeptical
inference in the following.

Among other things, Dung has shown that every argumentaiomeworkA F’ has
at least one preferred extension, while it may have zeropon®ny stable extensions.
These extensions are linked up as follows (Theorem 25 in gD1995)):

PROPOSITION10. — Let AF be an argumentation framework.

1) Every preferred (resp. stable, complete) extensioh/otontains the grounded
extension oA F.

2) The grounded extension 4’ is included in the intersection of all the complete
extensions ofiF'.

The purest argumentation frameworks’ in Dung’s theory are those for which all
the notions of acceptability coincide. Dung has providedféicsent condition for an
argumentation frameworl F' to satisfy this requirement, called the well-foundation
of AF (Dung, 1995):

DEFINITION 11 (WELL-FOUNDATION). — Let AF = (A, R) be an argumenta-
tion framework. AF' is well-foundedif and only if there exists no infinite sequence
ap, a1, as, ... a, . .. such that for each, a1, attacksa,.
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For a finite argumentation framework?, AF' is well-founded if and only if there
is no cycle in the digrapbA4, R). Theorem 30 in (Dung, 1995) states that:

THEOREM12. — A well-founded argumentation frameworkF’ has exactly one
complete extension, which is both the unique preferredheida, the unique stable
extension and the grounded extensiomiéf.

EXAMPLE (CONTINUATION OF EXAMPLE 1 ON PAGE3). — AF has no cycle. So
AF is well-founded. O

Dung has also shown that every stable extension is prefandavery preferred
extension is complete; however, none of the converse iitlasolds. When all the
preferred extensions of an argumentation framework albdestanes, the framework is
said to be coherent:

DEFINITION 13 (COHERENCH. — Let AF = (A, R) be an argumentation frame-
work. AF' is coherentf and only if every preferred extension 4" is also stable.

Coherence is a desirable property. Dung gave a sufficiemtitton for it based on
the notion of controversial argument:

DEFINITION 14 (CONTROVERSIAL ARGUMENTY. — Let AF = (A, R) be an
argumentation framework.

— Leta,b € A. a attacks indirectlyb if and only if there exists an odd-length path
froma to b in the digraph forAF. a is said to be an indirect attacker of

— Leta,b € A. a defends indirectly if and only if there exists an even-length
path froma to b in the digraph forAF. The length of this path is not zereis said to
be an indirect defender of

— Leta,b € A. ais controversial w.r.ty if and only ifa attacks indirectlyb anda
defends indirectly.

— AF is uncontroversial if and only if there is no pair b of arguments ofd such
thata is controversial w.r.th.

— AF is limited controversial if and only if there is no infinitecgeence of argu-
mentsag, . . ., Gy, - - . Of A S.t.a;41 IS controversial w.r.ta;.

Dung has shown the following theorem (Theorem 33 in (Dun§5)p

THEOREM15. —Every uncontroversial or limited controversial argumetita
framework is coherent.

3. P-extensionsand c-extensions

Let us now present our new semantics for Dung’s argumentatdmneworks. They
are based on the notion of super-controversial pair of aggisand on the notion of
absence of indirect conflicts:

DEFINITION 16 (SUPERCONTROVERSIAL ARGUMENTY. — Let AF' = (A, R)
be a finite argumentation framework and tet, ¢ € A. (a, b) is super-controversial
w.r.t. ¢ if and only ifa attacks indirectlye andb defends indirectly.
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EXAMPLE (CONTINUATION OF EXAMPLE 1 ON PAGE3). — In AF, (d,e) is su-
per-controversial w.r.ta. O

Obviously enough, the notion of super-controversial pharguments extends the
notion of controversial arguments sinces controversial w.r.tc if and only if (a, a) is
super-controversial w.r.t.. It is inspired from the notion of safety defined in (Cayrol
et al, 2005; Mardiet al., 2005).

In order to address Example 1 on page 3 and Example 2 on page 4niore
satisfying way, we need to reinforce Dung’s notion of comliee set of arguments.

First we consider the notion @abntroversy-freset of arguments:

DEFINITION 17 (CONTROVERSY¥FREE SET3. — Let AF = (A, R) be a finite
argumentation frameworkS C A is controversy-fre and only if for everya, b € S
and every € A, (a, b) is not super-controversial w.r.t.

This notion leads to a new notion of admissibility:

DEFINITION 18 (C-ADMISSIBLE SETS). — Let AF = (A, R) be a finite argumen-
tation framework.S C A is c(areful)-admissibléor AF if and only if everya € S is
acceptable w.r.tS and S is conflict-free and controversy-free fdrF'.

EXAMPLE (CONTINUATION OF EXAMPLE 1 ON PAGE3). — {d}, and {a,e} and
its subsets excegt:} are the c-admissible sets fdi'. O

From Definition 18, the next lemma follows immmediately:

LEMMA 19. — Leta, b be two arguments of a finite argumentation framewak.
If a is controversial w.r.t.b, then{a} cannot be included into a c-admissible set for
AF.

PROOF20. — If a is controversial w.r.th, then(a, a) is super-controversial w.r.b.
Consequently{a} is not controversy-free. Heneecannot belong to a c-admissible
set. ]

Obviously, the absence of controversial arguments witlsietés only necessary to
ensure that the set is controversy-free, hence potentallgmissible (as Example 1
on page 3 shows, this is not a sufficient condition).

Alternatively, we can refine Dung’s notion of admissibilityy requiring that no
indirect conflict occurs within an admissible set of arguisegthis leads to the notion
of p-admissibleset:

DEFINITION 21 (P-ADMISSIBLE SETS). — LetAF = (A, R) be a finite argumen-
tation framework.S C A is p(rudent)-admissibléor AF' if and only if everya € S

is acceptable w.r.tS and S is without indirect conflicts, i.e., there is no pair of argu-
mentse andb of S s.t. a attacks indirectlyp in AF.

EXAMPLE (CONTINUATION OF EXAMPLE 1 ON PAGE3). — {d, e} and its subsets,
and{a, e} and its subsets exceft} are the p-admissible sets fdi". O
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EXAMPLE (CONTINUATION OF EXAMPLE 2 ON PAGE4). — {i,n} and its subsets
are the p-admissible sets fdr. O

From Definition 21 on the previous page, the next lemma falowmmediately:

LEMMA 22. —Leta, b be two arguments of a finite argumentation framewadrk.
If a is controversial w.r.t.b, then{a, b} cannot be included into any p-admissible set
for AF.

PROOF23. — If a is controversial w.r.th, then there is an odd-length path framnto
b. Consequently{a, b} is not without indirect conflicts. Hencf:, b} cannot belong
to a p-admissible set. |

Note that this lemma does not prevertr b from belonging to a p-admissible set
for AF, but not to the same one.

Actually, the absence of controversial arguments is ongessary to ensure the
absence of indirect conflicts (as Example 1 on page 3 showsegh not prove suffi-
cient).

In particular, no arguments belonging to an odd-lengthegEd ' can also belong
to a p-admissible set or a c-admissible set. Thus, our apprdaparts from (Baroni
et al, 2003; Baronkt al,, 2004) who consider that odd-length and even-length cycles
in an argumentation framework should be considered in theessay. The last two
lemmas are an illustration of another point of disagreemdtht(Baroniet al., 2005).
They argue that extensions (and admissible sets) must gomithl a “directionality
criterion”. According to this criterion, the status of algament only depends on its
predecessors in the digraph féF'. Thus, knowing the arguments preceding the mem-
bers of a set of arguments in the digraph fof' should be enough to decide whether
this set of arguments is admissible or not. Yet, severalaatmention that there is an
issue with controversial arguments because of their behiatowards the arguments
being their successors in the digraph foF. Ignoring the successors means to ignore
the controversial argument issue. Accordingly, c-adrlssind p-admissible sets of
arguments and the corresponding extensions do not comfilyswth a “directionality
criterion”.

Especially, it is not cautious to consider within a singlée@sion the arguments
of an odd-length cycle since they attack themselves intlyteEurthermore, any ar-
gument from an odd-length cycle is controversial w.r.t. aguenent of the cycle
(Doutre, 2002).

Echoing Dung’s lemma, we can state the following lemma fer phadmissible
sets?

LEMMA 24. — Let AF = (A, R) a finite argumentation frameworl§ C A a p-
admissible set forlF', anda, b € A such that

1) there exist,d € A such that(c,a) € Rand(d,b) € R,

4. A similar lemma can be stated for the c-admissible set# Bitiseless.
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2) ais acceptable w.r.tS and S U {a} is without indirect conflicts,
3) bis acceptable w.rtS and.S U {b} is without indirect conflicts.

We have:

1) S’ = SU{a} is ap-admissible set fod F',
2) bis acceptable w.r.tS” and.S” U {b} is without indirect conflicts.

PROOF25. —

1) Obvious given Definition 21 on page 9.

2) It sufficient to show thafa, b} is without indirect conflict Reductio ad absur-
dum Assume that: attacks indirectly (the proof forb does not attack indirectly
is similar by symmetry). Hence, there exists an odd-length froma to b. Asa is
attacked by: € A anda is acceptable w.r.tS, there existg’ € S such that’ defends
a againstc. Hence, there exists an even-length path (with length ef)drom¢’ to
a. Hence, there exists an odd-length path frérto . HenceS U {b} is not without
indirect conflict, contradiction.

On this ground, one can define several notions-ektensionand several notions
of p-extensions

Let start with thepreferred p-extensiorend thepreferred c-extensions

DEFINITION 26 (PREFERRED GEXTENSIONS PREFERRED PEXTENSION). — Let
AF = (A, R) be afinite argumentation framework. A c-admissiblesset A for AF
is a preferred c-extensiqnesp.a preferred p-extensipnf AF if and only ifAS” C A
s.t.S € S"andS’ is c-admissible (resp. p-admissible) faf".

EXAMPLE (CONTINUATION OF EXAMPLE 1 ON PAGE3). — {a, e} and{d} are the
preferred c-extensions &fF'. {a, e} and{d, e} are the preferred p-extensions4f".
O

We have the following proposition:
PROPOSITION27. — LetAF = (A, R) be a finite argumentation framework.

1) The set of all c-admissible (resp. p-admissible) subsetsfor AF' is a com-
plete set of24, C).

2) For every c-admissible (resp. p-admissible) SeC A for AF, there exists
at least one preferred c-extension (resp. preferred presitm) E C A of AF s.t.
S CE.

PROOF28. —

1) The set of all c-admissible sets fdi" has a least element w.rE sincef) is
a c-admissible set for any F'. Futhermore, every chain of c-admissible sets wa.t.
has a least upper bound (namely, the union of those setsprdiogly, the set of all
c-admissible sets fod F' is a complete set w.r.tZ. Idem for the p-admissible sets for
AF.
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2) Immediate from the fact that is finite.

Sincef is c-admissible and p-admissible for ad¥’, we obtain:

COROLLARY 29. — Every finite argumentation framework#” = (A, R) has a pre-
ferred c-extension and a preferred p-extension.

PROOF30. — Immediate from the fact thétis c-admissible and p-admissible and
point 2. of Proposition 27 on the previous page. |

What can be found in preferred c-extensions and in prefgrrextensions? Ob-
viously, all non-attacked arguments belong to at least aeé&eped p-extension of
AF, but it not the case (in general) that they belong to a prefkcrextension (see
Example 1 on page 3). Nevertheless, each non-attacked arguoralong at least to
one preferred c-extension gfF'. Furthermore, though every argument which is not
attacked belongs to each preferred extensioA Bf it is not the case (in general) that
it belongs to every preferred c-extension (resp. prefegoresitension) ofAF' (see Ex-
ample 1 on page 3). In this respect, preferred c-extensimhpreeferred p-extensions
hardly contrast with preferred extensions.

Let us now consider the notion efable c-extensiorendstable p-extensions

DEFINITION 31 (STABLE C-EXTENSIONS STABLE P-EXTENSION). — LetAF =
(A, R) be a finite argumentation framework. A conflict-free and caversy-free sub-
setS of A (resp. a subse$ of A without indirect conflicts) is atable c-extension
(resp. stable p-extensigrof AF if and only if S attacks (in a direct way) every argu-
ment fromA \ S.

EXAMPLE (CONTINUATION OF EXAMPLE 1 ON PAGE3). — AF has no stable c-
extension and no stable p-extension. O

As for Dung’s extensions, we have:

LEMMA 32. — Every stable c-extension (resp. stable p-extension) ofite fingu-
mentation frameworkl F' also is a preferred c-extension (resp. preferred p-extan)si
of AF'. The converse does not hold.

PROOF 33. — By definition, ifS is a stable c-extension (resp. stable p-extension) of
AF, foreverya € A\ S, S U {a} is not conflict-free. Subsequently,is a maximal
c-admissible (resp. p-admissible) setAf w.r.t. C, i.e. a preferred c-extension (resp.
preferred p-extension) A F'. The converse is not true (see Example 34).

EXAMPLE 34. — LetAF = (A, R) with A = {a,b,¢,d,e} andR = {(b,a), (a,b),
(¢,b),(d, ), (b,e)}. The digraph ofAF' is depicted Figure 3 on the facing pade. =
{b,d} andE5 = {a,e,d} are the preferred (resp. stable) extensiond &% F; and
E, = {a, ¢} are the preferred p-extensions 4 and the preferred c-extension of
AF, only E is a stable p-extension and a stable c-extension. O
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Figure 3. Example 34: The digraph o F’

Every finite argumentation framework has at least one prefiec-extension, at
least one preferred p-extension, zero, one or many stabktettsions and zero, one
or many stable p-extensions.

Like stable extensions, a stable c-extension (resp. stabldension) cannot be
empty wheneverl # ().

Contrariwise to stable extensions, it is not the case thextyewell-founded argu-
mentation framework has a stable c-extension or stabldgnsion; furthermore, it is
also not the case that every argumentation framework wkicimcontroversial has a
stable c-extension or stable p-extension. Example 1 on Bag@ counter-example
for both cases.

Let us now explain how c-extensions (resp. p-extensionpearharacterized using
some fixed point construction:

DEFINITION 35 (C-CHARACTERISTIC FUNCTIONS P-CHARACTERISTIC FUNG
TIONS). — LetAF = (A, R) afinite argumentation framework.

— Thec-characteristic functiotF . of AF is defined as follows:
24— 24
7 (S) = {a| ais acceptable w.r.tS andS U {a} is conflict-free and controversy-
free for AF}.
— Thep-characteristic functioof AF' is defined as follows:
Fhp 24 — 24
Fhr(S) ={a| ais acceptable w.r.tS and S U {a} is without indirect conflicts.

We immediately get that:

LEMMA 36. — Let AF = (A, R) be a finite argumentation framework and iC
A be a conflict-free and controversy-free set (resp. a setowitindirect conflicts) for
AF. S is c-admissible (resp. p-admissible) faf" if and only if S C F »(S) (resp.
S C Fhp(9)).
PROOF37. —

— Ifway. LetS C A be a conflict-free and controversy-free set (resp. a sebwith
indirect conflicts) such tha C 5 (S) (resp.S C F4 »(S)). We have thata € S,

a is acceptable w.r.tS. SinceS is conflict-free and controversy-free (resp. is without
indirect conflicts),S is a c-admissible (resp. p-admissible) setAdr.
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— Only-ifway. LetS be a c-admissible (resp. p-admissible) set4ét. According
to the definition of c-admissible (resp. p-admissible) séts< S, a is acceptable
w.r.t. S andsS is conflict-free and controversy-free (resp. without iedirconflicts).
Assume that there exists€ S such thata ¢ F4(S) (resp.a ¢ F4(S)) . Since
a is acceptable w.r.tS, it must be the case thatu {a} is not conflict-free or is not
controversy-free (resp. is not without indirect conflictBut S U {a} = S, which is
both conflict-free and controversy-free (resp. withoutriedt conflicts), contradiction.

Contrariwise to the characteristic function of an arguragan framework, 74 5
(resp. F4 1) is in general nonmonotonic w.r.tC (and this is also the case for its
restriction to the set of all c-admissible (resp. p-adrbisdisubsets ofd). Accord-
ingly, we cannot define a notion of grounded c-extensiorp(rgeounded p-extension)
corresponding to the grounded one.

EXAMPLE (CONTINUATION OF EXAMPLE 1 ON PAGE3). — LetS; = 0, S =
{e} andS; = {e,d}. S; C S C S3. S; andS; are c-admissible foAF. S, .55 and
Ss are p-admissible foA F'.

Fqr(S1) ={d,e} andFG(S2) = {e,a}. FGp(S1) € FGr(S2), henceFq is
nonmonotonic.

Fhr(S2) ={d,e,a} andF4 .(S3) = {e,d}. Fi(S2) € F4(S3), henceF,
iS nonmonotonic. O

Nevertheless:

LEmMmMA 38. — Let AF = (A, R) be a finite argumentation framework. The se-
quence(F4 (0))ien is monotonic w.r.t.C, and each element of it is a p-admissible
set forAF.

PrROOF39. — By induction on:

- Base:i = 0. By conventionF4.(0) = 0. Hence inclusionF%7.(0) <
FEIYH(@) is obviously satisfied foi = 0. § and F44(0) = {a € A | a is not
attacked} are obviously p-admissible sets fdi".

— Inductive stepz > 0. Inductive hypothesis: fot < k < i}‘A’}’,i((Z)) is a p-
admissible set andy ="' (0) C FhE(0). Is it satisfied fori + 1?7 As Fip(0) is
p-admissible, Lemma 36 on the previous page showsAR&L0) C F4 . (FLk (D).
HenceF % (0) € Fhut ().

Now, by definitionF% ..(F%1.(0)) = {a | a is acceptable w.r.tF% 1 (0) andF47.(0) U
{a} is without indirect conflicts. For1 < 4, each argument which is acceptable w.r.t.
Fh1.(0) belongs taFh - (0) or is attacked. Hence, following Lemma 24 on page 10

FEIYL(() is a p-admissible set fot F.
]

SinceA is finite, the sequenceF? -(0)):cn is stationary at some stageso the
following definition of theweak p-extensioaf AF' is well-founded:
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DEFINITION 40 (WEAK P-EXTENSIONS). — LetAF = (A, R) be a finite argumen-
tation framework. Lej be the lowest integer such that the sequence
(FA 7 (0))ien is stationary from ranly. F47.(0) is theweak p-extensionf AF.

EXAMPLE (CONTINUATION OF EXAMPLE 1 ON PAGE3). — {d, e} is the weak p-
extension forA F'. O

Like the grounded extension, the weak p-extension of amaegation framework
AF includes the set of elements dfwhich are not attacked. Hence:

LEMMA 41. —Let AF = (A, R) be a finite argumentation framework. #F' is
acyclic, then the weak p-extensionAf’ is nonempty.

PrROOF42. — Immediate from the definition of weak p-extension. |

We could define in the same way a notion of weak c-extensiomeser, whenever
there are two controversial arguments, none of these angtsnceuld be added to
this weak c-extension. Hence, this notion would be of noré@gt(because too much
restrictive) and we do not define it.

Let us illustrate the previously introduced notions:

EXAMPLE (CONTINUATION OF EXAMPLE 1 ON PAGE3). — E; = {a,d, e} is the
grounded extension, the unique stable extension and the&preferred extension of
AF. Ey = {a,e} andE3 = {d} are the preferred c-extensions féF. There is no
stable c-extensiont, = {d, ¢} and E, are the preferred p-extensions f&F'. E, is
the weak p-extension of F'. There is no stable p-extension. O

EXAMPLE (CONTINUATION OF EXAMPLE 2 ON PAGE4). — F; = {a,i,n} is the
grounded extension, the unique stable extension and thpi@mreferred extension
of AF. E; = {n} is the unique preferred c-extension4f'. There is no stable c-
extension.E5 = {i,n} is the unique preferred p-extension and the weak p-extensio
of AF'. There is no stable p-extension. O

EXAMPLE (CONTINUATION OF EXAMPLE 340N PAGE12). — FE; = {b,d} and
Es> = {a,e,d} are the preferred extensions and the stable extensionsAorE; =
{d} is the grounded extension fotF'. E; and E; = {a,e} are the preferred c-
extensions folA F'. E; is the stable c-extension fetF'. F; andE, are the preferred
p-extensions foA F'. F; is the stable p-extension farF'. E3 is the weak p-extension
for AF. d

NOTATION 43 (C-INFERENCE RELATIONS P-INFERENCE RELATIONY. — Let
o’ (resp. -, *) denotes the-inference relatioresp. p-inference relatioyobtained
by considering a semantieshased on the c-extensions (resp. p-extension) § for
stable,s = P for preferred ands = W for weak) and an inference principlg either
credulous ¢ = 3) or skeptical § = V).

For instanceS C A is a consequence fotF' = (A, R) w.r.t. ka’P, notedAF
FvZ’PS, indicates thatS is included in every preferred p-extension fdF'. Since
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the weak p-extension of an argumentation framework is wigee notekvi"w =
v, W W
|/\‘p = "Np b

EXAMPLE 44. — LetAF = (A, R) with A = {a,b,c,e,n,i} andR = {(b,e),
(b, c), (¢, e), (b,a), (a,i), (n,i), (i,n)}. The digraph fotAF is depicted on Figure 4.

(9, @O—ECW
© ®

Figure4. Example 44: The digraph fod F’

E, = {b,i} andE> = {b,n} are the preferred extensions and the stable extensions
of AF. E3 = {b} is the grounded extension ofF. E, = {n} is the preferred
c-extension ofAF'. There is no stable c-extensioii; and E, are the preferred p-
extensions ofAF'. A, is the stable p-extension @fF' and E; is the weak p-extension
of AF.

As a consequence, we have (for instance):

— AFp2"{n} andAFR) " {n};
— AFpR T 0 and AR {n};

— AFR5{b,i} and AFR20;
— AFR75{b,i} andAF D% A;
— AFp;{d}.

4. Some properties

First of all, we have the following proposition:
PROPOSITION4S. — LetAF = (A, R) be a finite argumentation framework.

— Every c-admissible set (resp. p-admissible set)Adt is also admissible for
AF'. The converse does not hold.

— Every c-admissible set fof I is also a p-admissible set fotF'. The converse
does not hold.

— Every stable c-extension (resp. stable p-extensiom)ofalso is a stable ex-
tension (resp. preferred extension, complete extensioA¥o The converse does not
hold.
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— Every stable c-extension ofF' also is a stable p-extension (resp. preferred
p-extension) oA F'. The converse does not hold.

PrROOF46. —

— The implication is obvious. As to the converse A’ (see Figure 1 on page 4)
{a,d, e} is an admissible set, but it is not a c-admissible set (respdrpissible set)
for AF.

— ltis sufficient to prove that if a s&t C A is a c-admissible set fot F', then no
element ofS indirectly attacks an element &f (in other words, there does not exist
an odd-length path between two element$hfReductio ad absurdunteta,b € S
such thab indirectly attacks:. Then there exists € A such thafc,a) € R. SinceS
is a c-admissible set of F" anda € S, a is acceptable w.r.tS. So there existd € S
such that(d,c) € R (i.e., d defendsa againstc). Then(b,d) is super-controversial
w.r.t. a. This contradicts the fact th& is c-admissible. As to the converse, 4F'
(see Figure 1 on page 4y, e} is a p-admissible set, but it is not a c-admissible set.

— The implication is trivial. As to the converse, ihF' (Figure 2 on page 4),
{i,n,a} is a stable extension, but it is not a stable c-extensiorp(restable p-
extension) ofA F'.

— The implication is trivial.

EXAMPLE 47. — LetAF = (A, R) with A = {a,b,c,d,i,n} andR = {(i,n),
(n,a), (b,a), (¢,a),(d,c),(b,d),(d,b)}. The digraph forAF' is depicted on Figure 5.

O—-0—@
0 ©
(&

Figure5. Example 47: The digraph fod F’

E, = {i,a,d} andEy = {i,b,c} are the preferred extensions and the stable exten-
sions forAF. E5 = {i} is the grounded extension farF'.

E, andE, = {b,c} are the preferred c-extensions #F'. E; is the stable c-extension
for AF.

FE; and E, are the preferred p-extensions and the stable p-extenfsion!”. E5 is

the weak extension fod . O

As to the converse, il F' (Figure 5),E» = {b,i} is a stable p-extension (resp. pre-
ferred p-extension), but it is not a stable c-extension.
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Clearly, this does not imply that every preferred c-extenss a preferred exten-
sion (resp. a preferred p-extension) which is conflict-ted controversial-free (resp.
without indirect conflicts) since maximality w.r.t. set lasion is required among c-
admissible sets. Nevertheless, as a consequence of Riope on page 16, we
have:

COROLLARY 48. — Let AF = (A, R) be a finite argumentation framework.

— For every preferred c-extension (resp. preferred p-esiter) £’ de AF, there
exists at least one preferred extensiBrof AF s.t. E' C E.

— For every preferred c-extensiafi. de AF, there exists at least one preferred
p-extensiort, of AF' s.t. E. C E,,.

PROOF49. —

— By definition, a preferred c-extension (resp. preferrezkignsion) ofAF is
a c-admissible set (resp. p-admissible setddf. According to Proposition 45 on
page 16, a c-admissible set (resp. p-admissible sedyofs an admissible set. Dung
(Dung, 1995) has shown that every admissible set Bfis included into a preferred
extension ofAF'. Hence, each preferred c-extension (resp. preferredgnsixn) of
AF is included into a preferred extension Af".

— By definition, a preferred c-extension aff” is a c-admissible set A F'. Ac-
cording to Proposition 45 on page 16, a c-admissible set/ofs a p-admissible set.
According to Proposition 27 on page 11 every p-admissililefséd /' is included into
a preferred p-extension of F. Hence, each preferred c-extensionAf is included
into a preferred p-extension dfF'.

These corollaries show in particular that whéi' has a unique preferred exten-
sion E (especially, whemAF is well-founded or without an even-length cycle, or
trivial — i.e., when the unique preferred extension of it ispdy), £ includes every
preferred c-extension ol F' and every preferred p-extension. However, unlike pre-
ferred extensions, a well-founded argumentation framkwif can have more than
one preferred c-extension and can have more that one mdfprextension (see Ex-
ample 1 on page 3).

It can also be the case that a preferred extensiot/otioes not include any of the
preferred c-extensions (resp. preferred p-extensiondfgfand the presence of even-
length cycles inAF' does not prevent it from having a unique preferred c-extensi
(resp. preferred p-extension). The two points are illusttdy the following example:

ExAMPLE 50. — LetAF = (A, R) avecA = {v,s,r,u,o,n} andR = {(r,v),
(v,7), (s,0), (1, 8), (r,u), (u,0), (o,n),(n,0)}. The digraph ofAF is depicted on
Figure 6 on the facing page.

E, = {r,o}andE> = {r,n} are the preferred extensions and the stable extensions
of AF. E; = () is the grounded extension ofF. E; = {n} is the preferred c-
extension ofAF. There is no stable c-extensiofy is the preferred p-extension of
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Wloos

Figure 6. Example 50: The digraph oA F’

AF. There is no stable p-extensiofy is the weak p-extension. We ha¥g ¢ Fb.
Observe that though the digraph fdi¥" has an even-length cycld,F' has a unique
preferred c-extension and a unique preferred p-extension. O

Likewise, a preferred p-extension does not necessariliagoa preferred c-exten-
sion as shown by the following counter-example.

EXAMPLE (CONTINUATION OF EXAMPLE 44 ON PAGE16). — There is a unique
preferred c-extensio, = {n} and two preferred p-extensions which drg and
E, ={b,i}. E. ¢ E, thusE, does not contain any preferred c-extension. O

Another easy consequence of Proposition 45 on page 16 isf thdf is trivial,
then( is the unique preferred c-extension (resp. preferred prsion) ofAF.

We now need the following lemmas to prove the following prsifion.

LEMMA 51. — Let AF = (A, R) be a finite argumentation framework. For every
i > 0, we have i (0) C Fi-(0).

PROOF52. — By induction on:

— Base:i = 0 ori = 1, by conventionF42(0) = F4,(0) = 0 and the set of
non-attacked arguments dff’ is 41 (0) = F4 - (0).

— Inductive step: Definition 8 on page 7 and Definition 35 ongyag show
that VS C A, we haveF%(S) C Fap(S). With S = F4-(0), we obtain
Fhp(Fhi®) € Far(F45(0). Stated otherwiseFh5" (0) © Far(Fhp(0)).
By inductive hypothesisF;,(0) C Fi,.(0). As Far is monotonic, we have
Far(Fou(0) C Far(Fip()), thatisFar(Fon(0)) € Fit1(0). The transitivity
of C givesFi (0) € Fii (0).

[ ]
As to the weak extension, one can show that:

LEmMMA 53. — The weak p-extension of a finite argumentation framewbFk is
included into the grounded extensionAf'.

PROOF54. — Definition 40 on page 15 shows that the weak p-extensiakefined
asFh1(0) wherei is the least integer such that;.™ (0) = F4L.(0).
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Lemma 51 on the preceding page shows that for every0, we haveF?% ;. (0) C
ar(0)-
Let j (resp.k) be the least non-null integer such te 2" (0) = F42(0) (resp.
Fiit(0) = F5p(0)).

1) If j < k, then we have (by Lemma 51 on the previous paﬁ@i(@) C
F(0). SinceFar is monotonic, we gef, () C F% () and the conclusion
follows.

'2) If j > k, then we have (by Lemma 51 on the preceding pagky.(0) C
Fp(0) = F% -(0). The conclusion follows.

The argumentation frameworks having a stable p-extensitisig some interest-
ing properties. We start with the link between the groundddresion and the weak
p-extension under this requirement.

LEMMA 55. — Let AF = (A, R) be a finite argumentation framework. AfF' has
a stable p-extension, the grounded extensiod Bfand the weak p-extension dff’
coincide.

PROOF56. — LetS be a stable p-extension dff", 1, the weak p-extension of '
andG the grounded extension dff 7.

According to Lemma 51 on the previous page foriadl N F4%.(0) C Fy -(0).

Assume thatV,, # G. Then there exists € N such that?‘j;,F((Z)) Z Fhi(0). Let
imin D€ the Ieastlnteger such that this property holds aLetF i (0) \ Frpmim (D).
SinceFS - (0) = Fha(0) (by conventionFi 2 (0) = F9.(0) = 0), we havei,,i, >
1. Furthemore, since ¢ Fhum(0) anda € Fin(0), there exists an indirect
conflictin & k=1 (0) U {a}.

Thanks to Proposition 45 on page 16, we know that every sialeietension for
AF is a stable extension fot. Now, each stable extension fdiF' contains& (Dung,
1995). According to Lemma 53 on the previous pdadg, C G and, by definition of
W,, we havevi € N, F47.(0) C W,, hence we geF, () C S.

Assume that: € S. Since there exists an indirect conflict/fy i~ (0) U {a},
there exists an indirect conflict if. This contradicts the fact that is a stable p-
extension. We have ¢ S. Hence there exists € S such that(b,a) € R. Sincea €

imin (0), a is defended againstby Fizi» (). Hence there existse “’”"’1(@)
such that(c,b) € R. As Fiyin=1(0) = Fhimn~1((), we havec € Fiimin~(p),
and this implies that € S.

Hencec andb both belong toS with (¢, b) € R. This is impossible sincé must
be conflict-free. |

According to Proposition 45 on page 16, the conclusion of inen®5 holds when
AF has a stable c-extension.
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Moreover, whemA F' has a stable p-extension, the intersection of all prefezred
tensions ofdA F" and the grounded extension 4’ coincide.

PROPOSITIONS7. — LetAF = (A, R) be a finite argumentation framework. A"
has a stable p-extension, the grounded extension (respveh& p-extension) oA F
and the intersection of all preferred extensionsidf coincide.

PROOF58. — According to Proposition 55 on the facing page, the weaktension
of AF and the grounded extension 4f coincide.

Let G be the grounded extension af". Let S be a stable p-extension dff". Let
us noteP the intersection of all preferred extensions4f'.

From Theorem 25 in (Dung, 1995), we know titaiC P.

Assume tha” ¢ G. Then there exists € P \ G. Therefores is attacked and is
not defended by~ against at least one of its attackers (otherwiseould belong to
G). Let us consider the sequendg,; );cn of sets of arguments defined by:

— Ey={be A\ S|Jae P\G,(ba) € Randvc € G, (c,b) € R}.
- B =FE,U{tye A\S|Fe€E;,Jac S\G,((a,b) € Rand(b',a) € R))
andve € G, (¢, V) ¢ G}.

(E;)ien Is increasing. Sincel is finite, there exists a natural integgrsuch that
E;j11 = FE;. Letus notell = F;.

According to Proposition 45 on page 1%is a preferred extension. HengeC §S.
SinceS is conflict-free, all the attackers afe P\ G belongtoA\ S. Let) an attacker
of a such that is not defended againkby G (otherwisen € G). By definition of £y,
b€ Ey. Ey C E, henceb € E. HenceE # () under the assumption th&t\ G # 0.

By construction, every element &f attacks an element of\ G and is not attacked
by any element of5.

Furthermore, since is a stable p-extension o F' and since, by construction,
E NS =0, every element of’ is attacked by an element 6f hence by an element,
saya’, of S'\ G. Eachd’ is attacked by an element &f, otherwise it would belong to
G. Hence each element &f is defended by againstS \ G.

Finally, no element of E is attacked by an elemeabf (4 \ E) \ S. Indeed, if it
were the case, sincgis a stable p-extension ofF', S would attacke, which would
attacke which, by construction of7, attacks an element &f: there would exist an
odd-length path between two elementsSfthis is impossible becauseis a stable
p-extension.

Thus,E is acceptable w.r.tE.

Assume now thakF is conflict-free. TherF is included into a preferred extension
E’ of AF. By definition of P, P is included inE’. However,EU P is not conflict-free
(sinceEy, C F andE, U P is not conflict-free by construction dfy, a € P\ G is
attacked by somé € E;). ThenE’ cannot exist since a preferred extension must be
conflict-free. Hencé is not conflict-free.
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We now show that assuming thatis not conflict-free leads again to a contradic-
tion. If E is not conflict-free then there atg, b, € E such that(b;,b2) € R. By
construction ofF, there exist two arguments,as € S\ G such that(a;,b1) € R
and(bs,az) € R; hence there exists an odd-length path frogmo ay (via by andbs).

This contradicts the fact thé&tis a stable p-extension. Thus assuming that there exists
a € P\ G leads to a contradiction. As a consequeree, G.

According to Proposition 10 on page®,C P, and this concludes the proofl

Clearly, since a stable c-extension is a stable p-extenisigmesence of a stable c-
extension the grounded extension (resp. weak p-extensioh)’ and the intersection
of all preferred extensions of ' coincide.

PROPOSITIONS9. — Let AF = (A, R) be a finite argumentation framework. If
AF has a stable p-extension, the intersection of all prefepesktensions ofiF’ is
included in the grounded extension (resp. weak p-extehefofiF".

PROOF60. — The proof is very close to Proof 58 on the previous padera:P
denotes the intersection of all preferred p-extensiSresstable p-extension arddthe
grounded extension (or, equivalently, the weak p-extenaxording to Lemma 55
on page 20). Assume that Z G. Consider the se as defined in Proof 58 and first
show thatF is acceptable w.r.t£} as in Proof 58.

Assume now thak is without indirect conflicts. Then, according to PropasitR7
on page 11F is included in a preferred p-extensidi of AF. By definition of P, P
is included intoE’; howeverE U P is not conflict-free (sincély C E andEy U P is
not conflict-free). TherE’ cannot exist since a preferred p-extension must be without
indirect conflict, hence conflict-free. Henégis not without indirect conflict.

If £ contains indirect conflicts then there @kgeb, € E such that there exists an
odd-length path frond, to b2 (e.g. (b1,b2) € R). By construction ofE, there exist
two arguments,as € S C G such thaiay,b,) € R and(bs,a2) € R; hence there
exists an odd-length path from to a- (via by andbs). This contradicts the fact that
S is a stable p-extension. Hende,C G. |

This proposition implies that ifAF" has a stable p-extension, the intersection of
all preferred p-extensions is included in the intersectibmall preferred extensions
(resp. stable extension). This conclusion can also be dvalwen AF' has a stable
c-extension, since a stable c-extension is a p-extensiatheFmore, in presence of
a stable c-extension the intersection of all preferredteresions forAF is included
into the grounded extension farF'.

PROPOSITION61. — Let AF' = (A, R) be a finite argumentation framework. If
AF has a stable c-extension, the intersection of all preferezktensions ofiF' is
included into the grounded extension (resp. weak p-exdahsif AF'.

PROOF62. — The proof is very close to Proof 58 on the preceding padgere P
denotes the intersection of all preferred c-extensiSresstable c-extension ardthe
grounded extension (or, equivalently, the weak p-extenaazording to Lemma 55).
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Assume thaiP? Z G. Consider the sel as defined in Proof 58 and first show that
is acceptable w.r.t& as in Proof 58.

Assume now thaty is conflict-free and controversy-free. Then, according to
Proposition 27 on page 1A is included in a preferred c-extensiéii of AF. By def-
inition of P, P is included intoE’; howeverE U P is not conflict-free (sincéy C F
and Ey U P is not conflict-free). Ther&’ cannot exist since a preferred c-extension
must be conflict-free. Henck is not conflict-free or not controversy-free.

We now show that assuming th&tis conflict-free or controversy-free leads again
to a contradiction.

— Assume that there exist, b2 € E such thatb;,b3) € R. Since, by construc-
tion of £, EN .S = () and since no element @f is attacked by an element 6f, there
exist two arguments;, as € S\ G such thafa;,b;) € R and(as, b2) € R; hence
there exist an odd-length path fram to b2, and an even-length path from to b,
(via b1). Consequently(as, a1) is super-controversial w.r.the; this contradicts the
fact thatS is a stable c-extension.

— Assume that there exi#t, b € E, d € A such that(b,bs) is super-
controversial w.r.td (i.e., there exists an odd-length path frémto d, and an even-
length path fronb, to d). Since by construction aF’, E N .S = () and no element of
E is attacked by a element 6f, there exist two arguments, a2 € S \ G such that
(a1,b1) € Rand(az,b2) € R. Then there exist an odd-length path framto d (via
bs), and an even-length path from to d (via b;). Consequently(az,a1) is super
-controversial w.r.td: this contradicts the fact th&tis a stable c-extension.

Thus, assuming that there exiaste P\ G leads to a contradiction. As a consequence,
P CAQG. [ |

According to (Dung, 1995), the grounded extension is inetuoh each preferred
(resp. stable) extension, hence the intersection of démed c-extensions s included
in each preferred extension.

What is the influence of the presence of a stable c-extengiaghe presence of
controversial arguments? To clarify it, we first need toestht following lemma:

LEmMmMA 63. — Let AF' = (A, R) be a finite argumentation frameworkAF is
limited controversial if and only ifA F" has no odd-length cycle.

PrROOF64. —

— "If way": assume tha#l F' is not limited controversial. Then there exists an infi-
nite sequencs = ag, . . ., ay, . .. of arguments from¥ such that:; ; is controversial
w.r.t. a; for everyi. SinceA is finite, there exist, j with ¢ < j such that,, ..., q;
is a subsequence 6f anda; is controversial w.r.ta,. Since an argument is contro-
versial w.r.t. to a second argument whenever there exist #otdd-length path and
an even-length path from the first argument to the secend, . , a; is an odd-length
cycle of arguments froml F'.

— "Only-if way": see (Doutre, 2002).
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From this lemma, we can prove the following:

LEMMA 65. — Let AF = (A, R) be a finite argumentation framework. AfF" has
a stable c-extension, thet/" is limited controversial.

PROOF66. — Assume thatl F' has a stable c-extensighand thatA F' is not limited
controversial. Then, from Lemma 63 on the preceding pagerethxists an odd-
length cycle in the digraph fod F'. Leta be any element of this cycle. According to
(Doutre, 2002), there existse A such that is controversial w.r.th. Then(a, a) is
super-controversial w.r.th. SinceS is conflict-free and controversial-free, we have
thata ¢ S. Hence there exists € S such that(c,a) € R. Then(c,c) is super-
controversial w.r.tb, which contradicts the fact th&t is a stable c-extension ofF'.

|
As a consequence:
COROLLARY 67. — Let AF' = (A, R) be a finite argumentation framework. AfF
has a stable c-extension, theF' is coherent.
PROOF68. — SinceAF has a stable c-extension, from Lemma 88; is limited
controversial. Then, from Theorem 33 in (Dung, 1994}, is coherent. |
Hence, we have:
PROPOSITION69. — Let AF = (A, R) be a finite argumentation framework s.t.

AF has a stable c-extension. For each preferred c-extenkjoof AF, there exists at
least one stable extensighof AF' s.t. E. C S.

PROOF70. — SincedF has a stable c-extension, from Corollary 8#; is coherent.
Let E. C A be a preferred c-extension dff’. According to Corollary 48 on page 18,
there exists a preferred extensiSrof AF such thatE, C S. SinceAF is coherent,
S is a stable extension ofF. [ |

5. Comparing inferencerelationsw.r.t. cautiousness

In this section, we compare w.r.t. cautiousness a numbenfefdénce relations
based on the introduced semantics; we also compare thenDwith'’s inference re-
lations. Cautiousness is a way to compare the inferentialepf relations; it is
defined in the following way: we say that?* is more cautious tha gs noted
pde C yvg’;s/ if and only if for eachAF = (A, R) and eachS C A, if AF~1°S
then AFRY*'S.

We remind that according to Proposition 45 on page 16, forfanie argumen-
tation framework, the existence of a stable c-extensiorosap the existence of a
stable p-extension and of a stable extension; furtherntbeegxistence of a stable
p-extension imposes the existence of a stable extension.
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We have to distinguish several cases: the argumentatit@nsgpossessing a sta-
ble c-extension and those not possessing a stable c-extebst a stable p-extension;
those possessing a stable extension, but not possessiagle gtextension; and fi-
nally those not possessing a stable extension. Indedd’'ihas no stable extension

) : . v,S | V.8 3,8
(resp. stable c-extension, stable p-extension), kh%ﬁ (resp.p~.7, b, 7) andp~

(resp. yv§=5, kvi"s) trivialize: every set of argument belongs to the imageléf by

va,s (resp. }N\Z’S, }vZ’S) and no set of argument belongs to the imageddt by
}va’s (resp. }\Jf’s, }wi’s). In such a pathological scenario, credulous inferencé. w.r
the stable semantics (resp. the semantics based on the stakiension, the seman-
tics based on the stable p-extension) is strictly more oaatihan skeptical inference
w.r.t. the stable semantics (resp. the semantics basedeastahle c-extension, the
semantics based on the stable p-extension), which is untsge

5.1. Cautiousness links between c-inferencerelations
The cautiouness links between c-inference relations isysanzed in the two fol-
lowing propositions.

PROPOSITION71. — The cautiousness links reported in Table 1 hold for evertefini
argumentation framework which has a stable c-extension.

Table 1. Cautiousness links between c-inference relations in pesef a stable c-
extension

MR T T
MU e ] 2 | 22 | g
S Ca | €| Zs | s
I’V?P Cy Cs - Co
he® | Cwo | Cu | Zu | C

PROOF72. — As AF has a stable c-extensiop,”® and r."° do not trivialize,
items 4, 7, 8, 9, 10 and 11 follow immediately from the defanitiof c-inference
relation, Lemma 32 on page 12 and the transitivitzoHence, we have the following
chain of cautiousness links (1):

v,P v,S 3,8 3,P
"Nc g |/\‘c g |/\‘c g |/\‘c :

As to the remaining items:

1) For non-inclusion, inAF (ex. 47 on page 17, Figure 5 on page 1§} is
included into a preferred c-extension, but it is not incldidi@o a stable c-extension.
2) Non-inclusion comes from item 12 and (I) showing th@vt’s - yva”.
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3) Non-inclusion comes from item 6 and (I) showing thaj’s C yvf’P.

5) Non-inclusion comes from item 12 and (1) showing that® C ..

6) For non-inclusion, inAF (ex. 73, Figure 7){d} is included into a stable c-
extension, but it is not included into every stable c-exitams
EXAMPLE 73. — LetAF = (A, R) with A = {a,b,¢,d} andR = {(b,a), (¢, b),
(d,c),(¢c,d))}. The digraph forAF is depicted on Figure 7.

@
@
(@) ©

Figure7. Example 73: The digraph fad F’

{d,b} and{c,a} are the preferred extensions, the stable extensions, gfergrd
c-extensions, the stable c-extensions, the preferredgnsions and the stable p-
extensions ofAF. () is the grounded extension and the weak p-extensiod Bf
O
12) For non-inclusion, inAF (ex. 47 on page 17, Figure 5 on page 1{J} is
included into every stable c-extension, but it is not inelddnto every preferred c-
extension.

One can note that the cautiousness picture for carefulenter relations is similar
to the one for the inference relations induced from Dungraastics (assuming that
the argumentation frameworks under consideration hawdestxtension(s)):

v,P v,5 3,5 3,P
"Nc - |/\‘c - |/\‘c - |/Vc :
PROPOSITION74. — The cautiousness links reported in Table 2 hold for evertefini
argumentation framework in absence of a stable c-extension

Table 2. Cautiousness links between c-inference relations in ateseih a stable c-
extension

TP
c = 17%
P

2 T
<

PROOF75. —
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1) We consider three cases:

a) AF has a stable p-extension, hence a stable extensioAFlex. 8, Fig-
ure 8),{b} is included into a preferred c-extension, but it is not ided into every
preferred c-extension.

EXAMPLE 76. — Let AF = (A, R) with A = {a,b,¢,d,i,n} and R =
{(i,n), (n,a), (b,a), (c,a),(d,c),(d,b), (b,d), (n,n)}. The digraph forAF is de-
picted on Figure 8.

O—-@

Figure 8. Example 76: The digraph fod F’

E, = {i,a,d} andE; = {i, b, c} are the preferred extensions and the stable exten-
sions ofAF. E5 = {i} is the grounded extension dff’. F{ = {d} andE}, = {b, c}
are the preferred c-extensions4f'. AF has no stable c-extensioBy’ = {i,d} and
E5 are the preferred p-extensionsAf'. Fs is a stable p-extension ofF'. Fs is the
weak p-extension ofi F. O

b) AF has a stable extension, but no stable p-extensionAAh(ex. 1 on
page 3, Figure 1 on page 4)/} is included into a preferred c-extension, but it is not
included into every preferred c-extension.

c) AF has no stable extension. lF' (see ex. 77, Figure 9 on the next page),
{d} is included into a preferred c-extension, but it is not i&d into every preferred
c-extension.
EXAMPLE 77. — Let AF = (A,R) with A = {a,b,¢,d,e,i} and R =
{(b,a), (e,d), (¢, b),(d,c), (i,7)}. The digraph forAF is depicted on Figure 9 on
the following page.
E; = {a,e,d} is the preferred extension and the grounded extensiottaf AF has
no stable extensiorty] = {a, e} andE} = {d} are the preferred c-extensionsAF'.
AF has no stable c-extensiof; andE} = {d, e} are the preferred p-extensions of
AF. AF has no stable p-extensioRy’ is the weak p-extension ofF'. O

2) Obvious.

Results presented in Table 2 on the preceding page are toisigth the results
presented in Table 1 on page 25.



28 Journal of Applied Non-Classical Logics. Volume xx — Nfy x

Figure 9. Example 77: The digraph fod F’

5.2. Cautiousness links between p-inferencerelations

The cautiouness links between p-inference relations arergurized in the two
following propositions.

PROPOSITION78. — The cautiousness links reported in Table 3 hold for evertefini
argumentation framework which has a stable p-extension.

Table 3. Cautiousness links between p-inference relations in pesef a stable p-
extension

M TR T TR T
@P c | g | 2. ] s | ¢
Ml Cs | S| Ze | 1| Ze
'NV’P Co Co C Cu Cu
|N§’S C 13 Cu Z 15 - Z 16
oV Cw | Cu | Zw | S| C
PROOF79. — From the definitions of the inference relations, Lem2@8 page 12

and transitivity ofC, item 3, 5, 9, 10, 11, 13, and 14 are satisfied and the following
chain of cautiousness links (1) holds:

v,P v,8 3,8 3,P
"Np g |/\‘p g |/\‘p g |/\‘p °

As to the other items, we distinguish (when necessary) tveesaln item adF
has a stable c-extension and in itemil’ has a stable p-extension, but no stable c-
extension.

1) a) For non-inclusion, il F' (ex. 34 on page 12, Figure 3 on page X3}
is included into a preferred p-extension, but it is not ineld into a stable p-extension.



Handling controversial arguments 29

b) For non-inclusion, ildF' (ex. 76 on page 27, Figure 8 on page Z@} is
included into a preferred p-extension, but it is not incldid@o a stable p-extension.
2) Non-inclusion comes from item 15 and (ll) showing thaﬁ’s - PVE’P.

4) Non-inclusion comes from item 16 and (I) showing tha}s C }wi’P.

6) Non-inclusion comes from item 15 and (Il) showing thaf™ C >+

7 a) For non-inclusion, iF' (ex. 73 on page 26, Figure 7 on page 26),
{a} is included into a stable p-extension, but it is not includted every stable p-
extension.

b) For non-inclusion, inAF' (ex. 80, Figure 10){:} is included into a stable

p-extension, but it is not included into every stable p-egien.
EXAMPLE 80. — LetAF = (A, R) with A = {b,c,e,n,i} and R = {(b,e),
(b, ¢), (c,e), (n,i),(i,n)}. The digraph forAF is depicted on Figure 10.

@51@

Figure 10. Exampe 80: The digraph fot F’

E, = {b,i} andE> = {b,n} are the preferred extensions and stable extensions of
AF. E3 = {b} is the grounded extension ofF'. F{ = {i} andE}, = {n} are
the preferred c-extensions dff". AF has no stable c-extensioi; and F, are the
preferred p-extensions and the stable p-extensiordofFs is the weak p-extension
of AF.

8) Non-inclusion comes from item 16 and (II) showing tha}s - }wi’s.

12) Inclusion comes from Proposition 59 on page 22.

15) a) For non-inclusion, i, (ex. 34 on page 12, Figure 3 on page 13)
{b} is included into every stable p-extension, but it is notueld into every preferred
p-extension.

b) For non-inclusion, inAF (ex. 76 on page 27, Figure 8 on page 2{0)}
is included into every stable p-extension, but it is notuield into every preferred
p-extension.

16) a) For non-inclusion, considetF (ex. 34 on page 12, Figure 3 on
page 13),{b} is included into every stable p-extension, but it is not ued into
the weak p-extension.

b) For non-inclusion, consider agaidlf’ (ex. 76 on page 27, Figure 8 on
page 27),{b} is included into every stable p-extension, but it is not uded into
the weak p-extension.

17) Inclusion comes from item 20 and (II) showing tlhaE’S - kvi’P.

18) Inclusion comes from item 20 and (II) showing tlha}’s - }wi’s.
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19) a) For non-inclusion, considetF (ex. 34 on page 12 Figure 3 on
page 13),{d} is included into the weak p-extension, but it is not includiet ev-
ery preferred p-extension.

b) For non-inclusion, considetF (ex. 81 Figure 11){d} is included into the
weak p-extension, but it is not included into every prefépeextension.
ExamMPLE 81. — Let AF = (A,R) with A = {a,b,¢c,d,e} and R =
{(b,a), (a,b),(c,b),(d,c),(b,e)}. The digraph forAF is depicted on Figure 11.

@
-0~

Figure11. Example 81: The digraph fod F’

E, = {b,d} andE; = {a,d} are the preferred extensions and the stable extensions
of AF. E; = {d} is the grounded extension ofF. E; = 0 is the preferred c-
extension ofAF. AF has no stable c-extensiof; andE} = {a} are the preferred
p-extensions ofAF’. FE; is the unique stable p-extension 4. Fs5 is the weak
p-extension ofdA F'. O

20) According to Lemma 53 on page 19, the weak p-extensiarcladed into the
grounded extension. According to Proposition 10 on pagke’gtounded extension
is included in every stable extension, hence, accordingapdsition 45 on page 16
in every stable p-extension.

One can note that the cautiousness picture for prudentinéerrelations is similar
to the one for the inference relations induced from Dungreastics (assuming that
the argumentation frameworks under consideration havadeséxtension):

v,P v,S 3,8 3,P
l’vp C l’vp C l’vp C l’vp °

PROPOSITION82. — Cautiousness links reported in Table 4 on the next page hold
for every finite argumentation framework which has no stagbéxtension.

PROOF83. — In item a),AF has a stable extension, but no stable p-extension. In
item b), AF' has no stable extension.

1) a) Fornon-inclusion, considerF' (ex. 1 on page 3, Figure 1 on page 4),
{a} isincluded into a preferred p-extension, but it is not ield into every preferred
p-extension.
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Table 4. Cautiousness links between p-inference relations in ajesen a stable p-
extension

. T T R
'NQ,P - Za Z-
~p Cs - Za
PV;W Cs Z o C

b) For non-inclusion, considetF' (ex. 77 on page 27, Figure 9 on page 28),
{a} isincluded into a preferred p-extension, but it is not ield into every preferred
p-extension.

2) Non-inclusion comes from item 4 afd’"” C "

3) Obvious.

4) a) For non-inclusion, considetF (ex. 84, Figure 12}{n} is included
into every preferred p-extension, but it is not includeditite weak p-extension.
EXAMPLE 84. — Let AF = (A,R) with A = {a,b,c,d,e,i,n} and R =
{(b,a), (a,1), (c,b),(d,c), (e, c),(d,e), (a,d), (a,e), (i,n), (n,i)}. The digraph for
AF is depicted on Figure 1287 = {a,c¢,n}, By = {b,d,i} andE3 = {b,d,n} are

Figure 12. Example 84: The digraph fod F’

the preferred extensions and the stable extensiontraf £, = () is the grounded
extension ofAF. E] = {n} is the unique preferred c-extension4f'. AF' has no
stable c-extensiont; = {n} is the unique preferred p-extension4f’. AF has no
stable -extensionky is the weak p-extension ofF. O
b) For non-inclusion, inAF (ex. 85, Figure 13 on the following pag€e) }
is included into every preferred p-extension, but it is matlided into the weak p-
extension.
ExaMPLE 85. — Let AF = (A,R) with A = {a,b,c¢,d,e,i,n,v} and R =
{(b,a),(a,i),(c,b),(d,c), (e, c), (d,e),(a,d),(a,e),(i,n),(n,i),(v,e), (v,v)}. The
digraph for AF is depicted on Figure 13 on the next pageds; = {a,c,n},
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Figure 13. Example 85: The digraph fod F’

E; = {d,b,i} andE3 = {b,d,n} are the preferred extensions Af". AF has no
stable extensionE; = () is the grounded extension dfF’. E| = {n} is the unique
preferred c-extension of F'. AF has no stable c-extensiohy is the unique preferred
p-extension ofAF’. AF has no stable p-extensioh, is the weak p-extension of F'.
O

5) Lemma 38 on page 14 and Definition 40 on page 15 show that ¢ad -
extension is a p-admissible set. According to Propositidro2 page 11, the weak
p-extension is included in a preferred p-extension.

6) a) Fornon-inclusion, consideérF' (ex. 1 on page 3, Figure 1 on page 4),
{d} is included into the weak p-extension, but it is not included every preferred
p-extension.

b) For non-inclusion, considetF' (ex. 77 on page 27, Figure 9 on page 28),
{d} is included into the weak p-extension, but it is not includled every preferred
p-extension.

5.3. Cautiousness links between c-inference relations and Dung'srelations
Cautiouness links between c-inference relations and Burdations are summa-
rized in the three following propositions.

PROPOSITION86. — Cautiousness links reported in Table 1 on page 25 hold for
every finite argumentation framework which has a stableteresion.

PROOF87. — According to Dung (Dung, 1995), the following chain afitiousness
links holds (ll1):

'N.,G c 'NV,P c va,s c Pva,s c |NEI,P
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Table 5. Cautiousness links between c-inference relations and Bunfgrence rela-
tions in presence of a stable c-extension

M TR [
M= Z,2:|¢2:]¢2:]¢Z2s
I’\‘V7P:|’VVS:|’VG g’25 g’26 g’27 g'zg

According to the definitions of c-inference relationss, lrem32 on page 12 and the
transitivity of C, the following chain of cautiousness links holds (1):

v,P v,S 3,8 3,P
l’vc g I’Vc g I’Vc g l’vc °

Futhermore, sincd F' has a stable c-extension, Propositions 45 on page 16 and 57
on page 21 show that"“ = ~"*. In the same way, sincdF has a stable c-
extension, Corollary 67 on page 24 shows fhét” = |~ and that~* = 77

1) Inclusion commes from Proposition 69 on page 24. For mehision, consider
AF (ex. 47 on page 17 Figure 5 on page X7)¢} is included into a stable extension,
but it is not included into a preferred c-extension.

2) Inclusion comes from Proposition 45 on page 16. For na@hsgion, consider
AF (ex. 47 on page 17, Figure 5 on page X7)b} is included into a stable extension,
but it is not included into a stable c-extension.

3) Inclusion comes from item 7 and (lll) showing th|aI’G - }NE’S. Non-
inclusion comes from item 7 and (l11) showing that’G - HS.

4) (1) showskv\z’s C kvf"s, hence according to Proposition 45 on page 16 and the
transitivity of C, we have}wz/’s C ~>%. For non-inclusion, considetF (ex. 47 on
page 17, Figure 5 on page 17}, b} is included into a stable extension, but it is not
included into a preferred c-extension.

5) Inclusion and non-inclusion come from item 8 and (1) shtgvihatyvz/’s C

e

6) Inclusion and non-inclusion come from item 8 and (I) shtgvihat}vl”s C
o

7) Inclusion comes from Proposition 61 on page 22. For na@hsgion, consider

AF (ex. 47 on page 17, Figure 5 on page 1%} is included into the grounded
extension, but it is not included into every preferred ceesion.

8) Inclusion comes from Proposition 45 on page 16. For nahigion, consider
AF (ex. 47 on page 17, Figure 5 on page 1{@)} is included into every stable c-
extension, but it is not included into the grounded extemsio

Table 1 on page 25 and Table 5 are summarized on the Hassamipgesented on
Figure 14 on the next page. An arrow frdfq to R, means that the inference relation
R is strictly more cautious than the inference relation
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IN..,G — INV.,P — INV,S INE.,S _ INE.,P
ot \ o o \ ot

Figure 14. Cautiousness links between c-inference relations and Buges in pres-
ence of a stable c-extension

Skeptical c-inference under the preferred semantics isrikavhich has the lowest
inferential power. It is even more cautious than classitf@rence under the grounded
semantics. (Baroret al, 2005) claims that an inference relation should not be more
cautious than the inference relation under Dung’s grouestshsion. We do not agree
with this claim: as shown in Example 2 on page 4, an argumetft &n hazardous
defense (as) may belong to the grounded extension.

EXAMPLE (CONTINUATION OF EXAMPLE 47 ON PAGE17). — There exists a sta-
ble c-extensiorE; = {i,a,d}. The classical grounded extensiorfis = {i}. If we
adhere to this semantics, €s) is super-controversial w.r.z, we have to rejech.
Howeverb may be acceptable as it is self-defending against its uratpaeker and
is not controversial. So, it may be reasonable to derivetalso O

As all c-inference relations are included into the credslolassical inference re-
lation under the preferred semantics, the derived setshaeysiincluded into an ac-
ceptable and conflict-free set.

PROPOSITION88. — Cautiousness links reported in Table 6 hold for every finite
argumentation framework which has no stable c-extensiothas a stable extension.

Table 6. Cautiousness links between c-inference relations and Bunfgrence rela-
tions in presence of a stable extension and in absence obéesteextension

EN P
=Ny |/\‘c "Nc
Mg, 2:] g2
N e P I
MNP g Bs | 2B
SRl A R e
MY g 20| Z 2w
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PROOF89. — According to Dung (Dung, 1995), the following chain aluitiousness

links holds (ll1): G up s s L p
(Sl el VN all M el Pt el Vha

According to the definitions of c-inference relations, Lean®2 on page 12 and tran-
sitivity of C, the following chain of cautiousness links holds (1):

v, P v,S 3,8 3,p
l’vc g I’Vc g I’Vc g l’vc °

In items a),AF' has a stable p-extension, but no stable c-extension. Irsit®m
AF has no stable p-extension, but has a stable extension.

1) Non-inclusion comes from item 9 and (l1l) showing tPﬂatG - }va’P. Inclu-
sion comes from Corollary 48 on page 18.

2) Non-inclusion comes from item 10 and (I1l) showing tl’ﬁatG - }va’P. In-
clusion comes from Corollary 48 on page 18 and (l) showing Fthfap C yvf’P.

3) Non-inclusion comes from item 9 and (I1l) showing that® € |~ We do
not know Whethefvf’P C 5.

4) Non-inclusion comes from item 10 and (lll) showing tlhatG C PVE’S. We
do not know whether.""" € 77,

5) The first non-inclusion comes from item 9 and (ll1) shovvihgtkv"G C kvV’P.
The second non-inclusion comes from item 6 and (I) showimgit"* C 7.

6) The first non-inclusion comes from item 10 and (lIl) shogviMnatkv“'G C

v,P

- a) For the second non-inclusion, considef (ex. 90, Figure 15){n} is in-
cluded into every preferred c-extension, but it is not ideld into every preferred
extension.
ExAMPLE 90. — LetAF = (A, R) with A = {a,b,c,e,n,i} andR = {(b,e),
(b, ¢), (c,e), (b,a),(a,i),(n,i),(i,n)}. The digraph fordF' is depicted on Figure 15.
E, = {b,i} andEy = {b,n} are the preferred extensions and the stable extensions of

O OuOBQ
© ®

Figure 15. Example 90: The digraph fod F’

AF. Es = {b} is the grounded extension dff". E; = {n} is the unique preferred
c-extension ofAF. AF has no stable c-extensiod; and E/ are the preferred p-
extensions ofAF'. A; is the unique stable p-extension af". Ej5 is the weak p-
extension ofA F. O
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b) For the second non-inclusion, considef (ex. 50 on page 18, Figure 6 on
page 19){n} is included into every preferred c-extension, but it is mafuded into
every preferred extension.

7) The first non-inclusion comes fromitem 9 and (I11) showihgt/~ ¢ C |~"°.
The second non-inclusion comes from item 8 and (1) showiag}thf’P C }wf’P.
8) The first non-inclusion comes from item 10 and (lll) shogvithat ¢ C

va,s'

a) For the second non-inclusion, considel' (ex. 90 on the previous page,
Figure 15 on the preceding pagé€);} is included into every preferred c-extension,
but it is not included into every stable extension.

b) For the second non-inclusion, considef (ex. 50 on page 18, Figure 6 on
page 19){n} is included into every preferred c-extension, but it is maiuded into
every stable extension.

9) a) For the first non-inclusion, considé# (ex. 76 on page 27, Figure 8
on page 27){i} is included into the grounded extension, but it is not ineldichto a
preferred c-extension.

b) For the first non-inclusion, considetF’ (ex. 1 on page 3, Figure 1 on
page 4);{d, e} is included into the grounded extension, but it is not ineldidnto
a preferred c-extension.

The second non-inclusion comes from item 10 and (1) shovﬁagkbj’P C }\Jf’P.
10) The first non-inclusion comes from item 9 and (1) showhmgtvj’P - kvf"P.

a) For the second non-inclusion, consideF (ex. 90 on the previous page,
Figure 15 on the preceding pagé)} is included into every preferred c-extension,
but it is not included into the grounded extension.

b) For the second non-inclusion, considef (ex. 50 on page 18, Figure 6 on
page 19){n} is included into every preferred c-extension, but it is mafuded into
the grounded extension.

Table 2 on page 26 and Table 6 on page 34 are summarized on $ke Hiagram
presented on Figure 16 on the next page. As in Figure 14 on pagglain arrows
mean "strictly more cautious than". The absence of any alpetween relations mean
that they are proven incomparable. Dotted arrows reprégeotance. We conjecture
thatkv\Z’P c 7% and thaﬂ(vf"P c o,

When there is a stable p-extension, according to Propasitioon page 21, we
havej“ = 77

As all c-inference relations are included into the cladsgicedulous inference re-
lation under the preferred semantics, it is possible to enthat the derived sets are
not hazardous: they are all included into an acceptable anflict-free set. Because
we do not know exactly how the c-inference relations undergieferred semantics
relate to the classical credulous inference relations uthdestable semantics, it is not
possible to say more.
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|/\/"G I,VV.,P INV,S l,VE.,S INH,P

Y A

'NV,P |N3,P

C c

Figure 16. Cautiousness links between careful inference relatiorsIzumg’s ones in
presence of stable extension and in absence of preferreteosion

PrROPOSITION91. — The cautiousness links reported in Table 7 hold for evertefini
argumentation framework which has no stable extension.

Table 7. Cautiousness links between c-inference relations and Bunfgrence rela-
tions in absence of a stable extension

I,P P
- Mot
NN
M g, 8| 2,2
MY g, 85| €, 2

PROOF92. — According to Dung (Dung, 1995), the following chain aluitiousness
links holds (lII):

'N.,G c 'NV.,P c |NV.,S c |NH,S c |NH,P.

According to the definitions of c-inference relationss, lbean32 on page 12 and the
transitivity of C, the following chain of cautiousness links holds (1):

v,P v,S 3,8 3,p
l’vc g I’Vc g I’Vc g l’vc °

1) Non-inclusion comes from item 5 and (IIl) showing that® C . Inclu-
sion comes from Corollary 48 on page 18.

2) Non-inclusion comes item 6 and (ll) showing that® C ~>*. Inclusion
comes from Corollary 48 on page 18 and (I) showing th%tp - kvf’P.

3) The first non-inclusion comes item 5 and (l1l) showing thatG C M*P. The
second non-inclusion comes from item 4 and (1) showing }t»h}lf) C }wf’P.

4) The first non-inclusion comes from item 6 and (I11) shovvihgtkv"G C PVH’P.
For the second non-inclusion, considel (ex. 85 on page 31, Figure 13 on page 32);
{n} is included into every preferred c-extension, but it is mefuded into every pre-
ferred extension.
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5) For the first non-inclusion, il F' (ex. 77 on page 27, Figure 9 on page 28),
{d, e} is included into the grounded extension, but it is not ineldiéhto a preferred
c-extension. The second non-inclusion comes item 6 anch{Wwimg that}wz/’P C
INE.,P.

6) The first non-inclusion comes from item 5 and (1) showirgtth”" = 7.
For the second non-inclusion, considef (ex. 85 on page 31, Figure 13 on page 32);
{n} is included into every preferred c-extension, but it is natlided into the
grounded extension.

Table 2 on page 26 and Table 7 on the previous page are sunecharizhe Hasse
diagram presented on Figure 17.

IN.,G |NV,P 'NE,P

e

'NV,P |N3,P

C c

Figure 17. Cautiousness links between careful inference relatiomsIzumg’s ones in
absence of stable extension

c-inference relations behave w.r.t. cautiousness likesatal inference relations do
- when there is no stable extension. skeptical c-infereele¢ion under the preferred
semantics is not comparable with classical inference ugdmmded semantics; this
incomparability is expected w.r.t. previous results. lagmin possible to ensure that
arguments considered as hazardous by Dung cannot be derived

5.4. Cautiousness links between p-inference relations and Dung’srelations
Cautiouness links between p-inference relations and Buegations are summa-
rized in the four following propositions.

PrROPOSITION93. — Cautiousness links reported in Table 8 on the next page hold
for every finite argumentation framework which has a stabéxtension.

PROOF94. — According to Dung (Dung, 1995), the following chain afitiousness

links holds (lII): o up s s L p
(el A el A el SV el S

According to the definitions of p-inference relations, Lean&? on page 12 and tran-
sitivity of C, the following chain of cautiousness links holds (II):

v,P v,S 3,8 3,pP
"Np g |/\‘p g |/\‘p g |/\‘p °
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Table 8. Cautiousness links between p-inference relations and Bunfgrence rela-
tions in presence of a stable c-extension

o R B
'NEI,P:|N3,S Z.0.| <. 02| Z.2s | Z D
P\‘V,P:'NV,S:'N.,G:PV;W C.2s| C2s| 2,01 | C 2o

Furthermore, sincel F' has a stable c-extension, Proposition 45 on page 16 and
Proposition 57 on page 21 show tH&t’G = }NV’P. In the same way, sincdF
has a stable c-extension, Corollary 67 on page 24 show$\tﬁ’£t = va,s and that
7% = ¥F. Moreover, sincedF has a stable c-extensior,F’ has a stable p-
extension, hence, according to Proposition 55 on page Zﬁau@(v"G = H;W.

1) For non-inclusion, considedF' (ex. 34 on page 12, Figure 3 on page 13);
{a,d} is included into a stable extension, but it is not into evesf@rred p-extension.
Inclusion comes from Corollary 48 on page 18.

2) For non-inclusion, consided F' (ex. 34 on page 12, Figure 3 on page 13);
{a,d} is included into a stable extension, but it is not includetb ia stable p-
extension. Inclusion comes from Corollary 48 on page 18 amgdsition 45 on
page 16.

3) Non-inclusion comes from item 8 and (l1l) showing that® C ~. Inclu-
sion comes from item 8 and (l11) showing tHat’G - }va’s.

4) Non-inclusion comes from item 1 and (II) showing thﬁi’s - kv?)’P. (1
showska’S - yvjs. Hence, according to Proposition 45 on page 16 and traitgitiv
of C, we havd(vZ’S C 5.

5) Inclusion and non-inclusion come from item 9 and (II) shly\/thatva’S

INE.,P
.

6) Inclusion and non-inclusion come from item 9 and (ll) shtyvthat}vZ’S C
s
7) For non-inclusion, inAF (ex. 34 on page 12, Figure 3 on page 18J} is
included into the grounded extension, but it is not included every preferred p-

extension. Inclusion comes from Proposition 59 on page 22.

8) Proposition 45 on page 16 shows tha\f’s C }NV’S. For non-inclusion, con-
sider AF (ex. 34 on page 12, Figure 3 on page 1{3)} is included into every stable
p-extension, but it is not included into the grounded extans

N

Table 3 on page 28 and Table 8 are summarized on the followasgéldiagram
(Figure 18 on the next page).

When a stable p-extension exists, p-inference relatiohaNmew.r.t. classical in-
ference relations exactly in the same way as c-inferenedi@ek do (w.r.t. classical
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va,P va.,s Ha).,s PV,,"

Figure 18. Cautiousness links between p-inference relations and Bumgs in pres-
ence of stable c-extension

inference relations). Skeptical p-inference under thégpred semantics is the relation
with the weakest inferential power. It is even more cautithas classical inference
under the grounded semantics. Remember that, in the geraes@| nothing prevents
the grounded extension from containing an unexpected sobseguments (see the
motivations presented on Example 2 on page 4). If the p-émfes relation under

the preferred semantics was in agreement with the groundedston, all preferred

p-extensions should contain every non-attacked arguriidmto not want this to hap-
pen systematically. This is the reason why skeptical prérfee under the preferred
semantics has this quite surprising behaviour — it does llmt @0 derive more than

the p-inference relation using the weak p-extension.

On the other hand, all p-inference relations are included ihe classical and
credulous inference relations under the preferred seogmntie can ensure that none
of the derived sets is hazardous (each of them is includedaimtacceptable conflict-

free set).
PROPOSITION95. — The cautiousness links reported in Table 9 hold for evertefini
argumentation framework which has a stable p-extensiohnbstable c-extension.

Table 9. Cautiousness links between p-inference relations and Bunfgrence rela-
tions in presence of a stable p-extension and in absencetabées-extension

. M LT R T
"N /@!21 /@!22 /(Zr;:* SLQ!*
o Z, s | €26 | Z,27 | €, 20
'NV’P = |N"G = |NP’W C,Po | C,Pw0 | L DOu| G, D
|Nv"S C,Pu| C,Pu| L Dis| C, D1

PROOF96. — According to Dung (Dung, 1995), the following chain aluitiousness
links holds (III):
'N.,G c 'NV,P c va,s c P“a’s c |NEI,P
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According to the definitions of p-inference relations, Lemn&? on page 12 and tran-
sitivity of C, the following chain of cautiousness links holds (II):

v,P v,S 3,8 3,p
I’Vp g l’vp g l’vp g l’vp °

Furthermore, sincd F' has a stable p-extension, Proposition 57 on page 21 shows
thatp @ = 77 = oo

1) Non-inclusion comes from item 5 and (111) showing that"® C . Inclu-
sion comes from Corollary 48 on page 18.

2) Non-inclusion and inclusion come from item 6 and (lI1) sfiog that}va’s C
|N3,P.

3) Non-inclusion and inclusion come from item 11 and (ll1pgling that}w"G C
INE,P.

4) Non-inclusion and inclusion come from item 8 and (I11) sliag that}va’s
3,P

N

5) For the first non-inclusion, considetF’ (ex. 76 on page 27, Figure 8 on
page 27){a,d} is included into a stable extension, but it is not includetd i pre-
ferred p-extension. For the second non-inclusion, conside (ex. 81 on page 30,
Figure 11 on page 30)a} is included into a preferred p-extension, but it is not in-
cluded into a stable extension.

6) For non-inclusion, consided F’ (ex. 76 on page 27, Figure 8 on page 27);
{d} is included into a stable extension, but is not included a&table p-extension.
Inclusion comes from Proposition 45 on page 16.

7) Non-inclusion and inclusion come from item 11 and (I/Ipgfing that}w"G C
PVE’S-

8) For non-inclusion, considedAF' (ex. 76 on page 27, Figure 8 on page 27);
{a,d} is included into a stable extension, but it is not includetb ia stable p-
extension. (Il) shows’,~Z’S - }vi’s. According to Proposition 45 on page 16
% € %, Transitivity of C allows to conclude that"* C ™.

9) Inclusion comes from item 13 and (lll) showing thaf/’P - va.,s_ Non-
inclusion comes from item 12 and (1) showing tHaaZ’S - }vi’P.

10) Inclusion comes from item 14 and (lll) showing thaf/’P - va.,s_ Non-
inclusion comes from item 12 and (1) showing tHaaZ’S - }vi’s.

11) Inclusion comes from Proposition 59 on page 22. For motusion, consider
AF (ex. 81 on page 30, Figure 11 on page 3} is included into the grounded
extension, but it is not included into every preferred peesion.

12) Inclusion comes from item 16 and (IlI) showing tFpaY’P - va.,s_ For non-
inclusion, considedF' (ex. 76 on page 27, fig 8 on page 2{};} is included into
every stable p-extension, but it is not included into evesfgrred extension.

13) Proposition 45 on page 16 shows tha%’s Cc PVZ’S. (I1) shows thaﬂ(vZ’S Cc
kvi’P. SinceC is transitive, we have.”* C yvjp. Non-inclusion comes from item

16 and (11) showing thajt)* C 2"
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14) Idem to item 13 replacin@E’P by yvj=5.

15) Non-inclusion and inclusion come from item 11 and (IHp&ing thatkv"G C
PVE’S-

16) Proposition 45 on page 16 shows tha\?’s C PVZ’S. For non-inclusion, con-
sider AF (ex. 76 on page 27, Figure 8 on page )} is included into every stable
p-extension, but it is not included into every stable extams

Table 3 on page 28 and Table 9 on page 40 are summarized onlthvarig Hasse
diagram (Figure 19).

PV;W = pC = B e S S AP
! l | !
e o > 7

Figure 19. Cautiousness links between p-inference relations and Buwrges in ab-
sence of stable c-extension, and in presence of a stableepsean

As mentioned above, skeptical p-inference under the pesfesemantics is the
relation with the weakest inferential capacity. All p-irdace relations are more cau-
tious (i.e., they have a weaker inferential power) than theesponding (i.e., under
the same semantics) classical inference relations.

PROPOSITION97. — Cautiousness links reported in Table 10 hold for every finite
argumentation framework which has a stable extension, bstable p-extension.

Table 10. Cautiousness links between p-inference relations and Bunfgrence re-
lations in presence of a stable extension and in absencetabdesp-extension

M T T
Ml g2 2,22 | 226
Mg, B | 2,25 | 226
M 220 2026 | 220
'NV’S Do | L, 2u | €, D1
¢ | 2 Bn| 2,81 | €2

PROOF98. — According to Dung (Dung, 1995), the following chain afitiousness
links holds (lII):
'N.,G c 'NV,P c va,s c Pva,s c |NEI,P
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According to the definitions of p-inference relations, Lemn&? on page 12 and tran-
sitivity of C, the following chain of cautiousness links holds (II):

v,P v,S 3,8 3,P
"Np g |/\‘p g |/\‘p g |/\‘p °

1) Non-inclusion comes from item 13 and (Ill) showing tI’ﬁatG - M*P. In-
clusion comes from Corollary 48 on page 18.

2) Non-inclusion comes from item 14 and (lll) showing tI’ﬁatG - M*P. In-
clusion comes from Corollary 48 on page 18.

3) Non-inclusion and inclusion come from item 15 and (ll1paling that}w"G C
INE.,P.

4) The first non-inclusion comes from item 13 and (llI) shogvilﬂnat}v"c
PVE’S. The second non-inclusion comes from item 5 and (Il) showiray ka"P

|N3,P
o

5) The first non-inclusion comes from item 14 and (ll1) shogviMnatkv"G C
% For the second non-inclusion, consideF (ex. 99, Figure 20){n} is included
into every preferred p-extension, but it is not includediatstable extension.
EXAMPLE 99. — Let AF = (A, R) with A = {a,b,c,d,e,i,n,u} and R =

{(b7a)’(a7i)7(0’b)7 (d’c)7 (670)’(d’e)’(a’7d)7(a’e)’(i’n)7(n’i)’(i’u)7(u’u)}'
The digraph forA F' is depicted on Figure 20.

<
-

Figure 20. Example 99: The digraph fod F’

E, ={a,c,n}, By = {b,d,i} andEs = {b,d, n} are the preferred extensionsAf".

E is the stable extension of . E, = () is the grounded extension dfF.

E4 is the preferred c-extension dff”. AF' has no stable c-extension.

E{ = {n} is the preferred p-extension &fF. E, is the weak p-extension ofF'.

AF has no stable p-extension. O
6) Non-inclusion and inclusion come from item 15 and (IIpgling thatkv"G C

Pva,s



44 Journal of Applied Non-Classical Logics. Volume xx — Ny x

7) The first non-inclusion comes from item 13 and (ll) shogviMnatkv“'G
", The second non-inclusion comes from item 8 and (11) showtiag }\JZ’P

INE.,P
.
8) The first non-inclusion comes from item 14 and (llI) shogviMnatkv“'G C
}vV’P. For the second non-inclusion, considéf’ (ex. 99 on the preceding page,
Figure 20 on the previous pagé):} is included into every preferred p-extension, but

it is not included into every preferred extension.
9) Non-inclusion and inclusion come from item 15 and (l11pgling thatkv"G
|NV,P.
10) The first non-inclusion comes from item 13 and (lII) shmgv'that}v"G
va,s' The second non-inclusion comes from item 11 and (II) shgvtmat}wZ’P

|N3.,P
P

11) The first non-inclusion comes from item 14 and (lII) shmgv'that}v"c C
va,s_ For the second non-inclusion, considéf' (ex. 99 on the preceding page,
Figure 20 on the previous pagé) } is included into every preferred p-extension, but
it is not included into a stable extension.

12) Non-inclusion and inclusion come from item 15 and (IHpwing that}w"G C
va,s_

NN

N

13) For the first non-inclusion, considd' (ex. 1 on page 3, Figure 1 on page 4);
{a,d} is included into the grounded extension, but it is not ineldithto a preferred
p-extension. The second non-inclusion comes from item 1#(dh showing that

Z,P C INIH),P.

14) For the first non-inclusiora, d} is included in the grounded extension, but it
is notincluded in a preferred p-extension. For the secomdindusion, consideA F’
(ex. 99 on the preceding page, Figure 20 on the previous p&ge)s included into
every preferred p-extension, but it is not included intogheunded extension.

15) For the first non-inclusion, considd' (ex. 1 on page 3, Figure 1 on page 4);
{a,d} is included into the grounded extension, but it is not ineldiéghto the weak
p-extension. The inclusion comes from Lemma 53 on page 19.

Table 4 on page 31 and Table 10 on page 42 are summarized oasise Hiagram
presented on Figure 21 on the next page.

p-inference under the weak semantics has an inferentiabpaxgaker than the
ones of classical inference relations but it is not comparabr.t. cautiousness to
skeptical p-inference under the preferred semantics.

PrROPOSITION100. — Cautiousness links reported in Table 11 on the facing page
hold for every finite argumentation framework which has bk extension.

PROOF101. — According to Dung (Dung, 1995), the following chainaafutious-
ness links holds (llI):

'N.,G c 'NV,P c va,s c Pva,s c |NEI,P
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IN,,W I,VV.,P l,VV,S l,VE.,S I,VE.,P

G 3,P
e e

Figure 21. Cautiousness links between p-inference relations and Burges in ab-
sence of stable p-extension and in presence of a stablesiten

Table 11. Cautiousness links between p-inference relations and Bunfgrence re-
lations in absence of a stable extension

3P
~p

T

T

SIS
5

NI IR
s <
1SS
NI IR
U U 1Y

N
w

M g, 20
M 2,2
“ ¢ 2

©
©

According to the definitions of p-inference relations, Lean&2 on page 12 and tran-
sitivity of C, the following chain of cautiousness links holds (II):

v,P v,S 3,8 3,P
"Np g |/\‘p g |/\‘p g |/\‘p °

1) Non-inclusion comes from item 7 and (Ill) showing thatG - }va’P. Inclu-
sion comes from Corollary 48 on page 18.

2) Non-inclusion comes from item 8 and (l11) showing thatG - }va’P. Inclu-
sion comes from Corollary 48 on page 18.

3) Non-inclusion and inclusion come from item 9 and (l1) glag thatyv“'G C
|N3,P.

4) The first non-inclusion comes from item 7 and (I11) shovvihgtkv"G C kvV’P.
The second non-inclusion comes from item 5 and (11) shovmmgkth’P C kvi"P.

5) The first non-inclusion comes from item 8 and (l11) shovvihgtkv"c C kvv’P.
For the second non-inclusion, considel" (ex. 85 on page 31, Figure 13 on page 32);
{n} is included into every preferred p-extension, but it is metided into every pre-
ferred extension.

6) Non-inclusion and inclusion come from item 9 and (l11) &g that}v"G C
INV.,P.

7) For the first non-inclusion, considetF’ (ex. 77 on page 27, Figure 9 on
page 28);{a,d} is included into the grounded extension, but it is not ineldidhto
a preferred p-extension. The second non-inclusion conoes item 8 and (1) show-

ing thatp"" C 2",
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8) For the first non-inclusion, considetF’ (ex. 77 on page 27, Figure 9 on
page 28){a,d} is included into the grounded extension, but it is not ineldichto a
preferred p-extension. For the second non-inclusion,idend F' (ex. 85 on page 31,
Figure 13 on page 32)n} is included into every preferred p-extension, but it is not
included into the grounded extension.

9) For the non-inclusion, considerF' (ex. 77 on page 27, Figure 9 on page 28);
{a,d} is included into the grounded extension, but it is not ineldidhto the weak
p-extension. Inclusion comes from Lemma 53 on page 19.

Table 4 on page 31 and Table 11 on the preceding page are simadhan the
following Hasse diagram (Figure 22).

IN.,G INV.,P INE.,P

W 3,P v,P
MY — T —

Figure 22. Cautiousness links between prudent inference relatiomlszamg’s ones
in absence of a stable extension

5.5. Cautiousness links between c-inference relations and p-inference relations
Cautiouness links between c-inference relations andgrénfce relations are sum-
marized in the following three propositions.

PROPOSITION102. — Cautiousness links reported in Table 12 on the facing page
hold for every finite argumentation framework which has &@&Ea-extension.

PROOF103. — According to the definitions of c-inference relatipheamma 32 on
page 12 and transitivity of , the following chain of cautiousness links holds (1):

v,P v,S 3,8 3,p
l’vc g I’Vc g I’Vc g l’vc °

According to the definitions of p-inference relations, Lemn82 on page 12 and
transitivity of C, the following chain of cautiousness links holds (II):

v,P v,S 3,8 3,P
"Np g |/\‘p g |/\‘p g |/\‘p °

1) Non-inclusion comes from item 5 and (11) showing thaf"® C |~*'. Inclu-
sion comes from Corollary 48 on page 18.
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Table 12. Cautiousness links between c-inference relations andgrénce relations
in presence of a stable c-extension

M TR TR T RE°
M| 20| 22: | 205 ] 2,24
S | 225 | 220 | 220 | 2.2
'NV’P C,2s | G20 | &, 7u | C, 2w
|N§’S C,Pu | C,2u|¥Z Dis| C, P
'NP’W C,P2u | C, 21| Z, Dw| C, P

2) Non-inclusion comes from item 6 and (1) showing tlhai’s C PVE’P. Inclu-
sion comes from Proposition 45 on page 16.

3) Non-inclusion comes from item 11 and (1) showing thaZt’P - PVE’P. Inclu-
sion comes from item 15 and (ll) showing thaﬁ’s - }vi’P.

4) Non-inclusion comes from item 8 and (II) showing tlhaj’s C }wi’P. Inclu-
sion comes from Proposition 45 on page 16.

5) For the first non-inclusion, considetF’ (ex. 47 on page 17, Figure 5 on
page 17);{i,b} is included into a stable p-extension, but it is not includie a
preferred c-extension. For the second non-inclusion,idend F' (ex. 34 on page 12,
Figure 3 on page 13Jia} is included into a preferred c-extension, but it is not ined
into a stable p-extension.

6) Non-inclusion comes from item 5 and (I) showing that® C ~2"". Inclu-
sion comes from Proposition 45 on page 16.

7) Non-inclusion comes from item 11 and (I1) showing thaf” C >+, Inclu-
sion comes from item 15 and (ll) showing thaﬁ’s - PVE’S.

8) For the first non-inclusion, il F' (ex. 47 on page 17, Figure 5 on page 17),
{b} isincluded in a stable p-extension, but is not included iergstable c-extension.
(1) shows thalkvz/’s - kvf’s, hence, according to Proposition 45 on page 16, we have
va.,s c PVE"S-

c =1p

9) Inclusion comes from 13 and (II) showing thaﬁ’P - PVZ’S. Non-inclusion
comes from item 12 and (I) showing tH&t\Z’S C }wf’P.

10) Inclusion comes from item 14 and (II) showing thaZ’P C
inclusion comes from item 12 and () showing tlhai’s - }vf’s.

11) For the first non-inclusion, considetF" (ex. 47 on page 17, Figure 5 on
page 17){:} is included into every preferred p-extension, but it is mefuded into

every preferred c-extension. We ignore whethét” C }vZ’P.
12) Inclusion comes from item 16 and (ll) showing tma;"P C va.,s_ For the

non-inclusion, consided F' (ex. 47 on page 17, Figure 5 on page ]{Zﬁ is included
into every stable c-extension, but it is not included interg\preferred p-extension.

v,

» Non-
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13) Proposition 45 on page 16 shows tha}s - PVX’S. () shows thaﬂ(vz/"s C
}vf’P. Hence, sinceC is transitive, we hav¢vZ’S - }vf’P. Non-inclusion comes
from item 16 and (1) showing that”® € 7.

14) Proposition 45 on page 16 shows thaﬁ’s - }vj’s. () shows thalbj’s -
}vf’s. Hence, sinceC is transitive, we hav¢vZ’S - }vf’s. Non-inclusion comes
from item 16 and (1) showing thdtt«z/’s - yv§=5.

15) Non-inclusion comes from item 11 and (ll) showing thq\ftp C }vZ’S. Inclu-

sion comes from item 19 and Table 3 on page 28 showingrtlzgé{‘f C PVZ’S.

16) Inclusion comes from Proposition 45 on page 16. For matusion, consider
AF (ex. 47 on page 17, Figure 5 on page 1§} is included into every stable c-
extension, but it is not included into every stable p-extams

17) Inclusion comes from item 13 and Table 3 on page 28 ShOWI'adN;W C

}vZ’S. Non-inclusion comes from item 20 and (I) showing thaﬁ’s - }vf’P.
18) Inclusion comes from item 14 and Table 3 on page 28 shovbian;W -
>’ Non-inclusion comes from item 20 and (1) showing that® C |~"°.

19) Non-inclusion comes from item 11 and (ll) showing thaﬁ"P C H;W. In-
clusion comes from Proposition 61 on page 22.
20) Inclusion comes from item 16 and Table 3 on page 28 shovbian;W C

PVZ’S. For non-inclusion, consided 5 (ex. 47 on page 17, Figure 5 on page 17);
{a} is included into every stable c-extension, but it is noturded into the weak p-
extension.

Table 1 on page 25, Table 3 on page 28 and Table 12 on the pngaeaje are
summarized on the Hasse diagram of Figure 23.

v,P W v,S 3,8 3P
P\'10 —>Pvp —>'Np 'Np —>P\‘p

>

v,P v,8 3,8 3,P
~ O T

C

Figure 23. Cautiousness links between p-inference relations andezénce in pres-
ence of stable c-extension

c-inference relations are typically more cautious thamfprence relations. We
. v, P v,P
ignore whethe~."" C ).
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PROPOSITION104. — Cautiousness links reported in Table 13 hold for every finite
argumentation framework which has a stable p-extensiohnbstable c-extension.

Table 13. Cautiousness links between c-inference relations andgyence relations
in absence of a stable c-extension and in presence of a stabtéension

IP P
27 TR
Bs = =
"Ngy /@!23 /@!24
mf Z,2s| €, B
by | 227 | L2
Y 22| 202

PROOF105. — According to the definitions of c-inference relatiphemma 32 on
page 12 and transitivity of , the following chain of cautiousness links holds (1):

v,P v,8 3,8 EN
"Nc g |/\‘c g |/\‘c g |/\‘c :

According to the definitions of p-inference relations, Lean82 on page 12 and
transitivity of C, the following chain of cautiousness links holds (II):

v, P v,S 3,8 3,p
l’vp g l’vp g l’vp g l’vp °

1) Non-inclusion comes from item 5 and (ll) showing tlhaE’P - yvjp. Inclu-
sion comes from Corollary 48 on page 18.

2) Non-inclusion comes from item 6 and (II) showing tlhaE’P - yvjp. Inclu-
sion comes from Corollary 48 on page 18.

3) The first non-inclusion comes from item 5 and (11) showihgtth’P - yvjs.

The second non-inclusion comes from item 4 and (I) showiag il }wf’P.

4) The first non-inclusion comes from item 6 and (I1) showihgtth’P - yvjs.
For the second non-inclusion, considel (ex. 90 on page 35, Figure 15 on page 35);
{n} is included into every preferred c-extension, but it is mmluded into a stable
p-extension.

5) For first non-inclusion, considetF" (ex. 76 on page 27, Figure 8 on page 27);
{i} is included into every preferred p-extension, but it is matiuded in a preferred c-
extension. The second non-inclusion comes from item 6 grath@iwing that(vz/’P C

3,p

6) For the first non-inclusion, considetF’ (ex. 76 on page 27, Figure 8 on
page 27){i} is included into every preferred p-extension, but it is metuded into a
preferred c-extension. For the second non-inclusion,idend £’ (ex. 90 on page 35,
Figure 15 on page 35)n} is included into every preferred c-extension, but it is not
included into every preferred p-extension.
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7) The first non-inclusion comes from item 5 and (I1) showihgtth’P - PVZ’S.
P

The second non-inclusion comes from item 8 and (1) showiag}thf’P C }wf’ .

8) The first non-inclusion comes from item 6 and (l1) showihgtth’P - PVZ’S.
For the second non-inclusion, considel (ex. 90 on page 35, Figure 15 on page 35);
{n}isincluded into every preferred c-extension, but it is metuded into every stable
p-extension.

9) The first non-inclusion comes from item 5 and Table 3 on [2Z&yghowing that

va’P C H;W. The second non-inclusion comes from item 10. and (1) shgihat

|Nv.,P C 'NH,P

10) The first non-inclusion comes from item 6 and Table 3 orep2® showing
that~"" C |~ For the second non-inclusion, consideF (ex. 90 on page 35,
Figure 15 on page 35)n} is included into every preferred c-extension, but it is not
included into the weak p-extension.

Table 2 on page 26, Table 3 on page 28 and Table 13 on the psepage are
summarized on the following Hasse diagram (see Figure 24).

v,P LW v,S 3,8 3,p

e

v, P 3,pP
l,\/c’ l,\/c’

Figure 24. Cautiousness links between p-inference relations anderénce relation
in absence of a stable c-extension and in presence of stadsiégmsion

The set of arguments which may be inferred using any c-infexeelation is in-
cluded into the set derivable using the credulous p-infegerlation under the pre-
ferred semantics. All other p-inference relations are motgarable with c-inference
relations.

PROPOSITION106. — Cautiousness links reported in Table 14 on the next page hold
for every finite argumentation framework which has no stagbéxtension.

PROOF107. — According to the definitions of c-inference relatiphemma 32 on
page 12 and transitivity of , the following chain of cautiousness links holds (1):

v,P v,8 3,8 3,P
"Nc g |/\‘c g |/\‘c g |/\‘c :

According to the definitions of p-inference relations, Len82 on page 12 and
transitivity of C, the following chain of cautiousness links holds (II):

v,P v,S 3,8 3,P
"Np g |/\‘p g |/\‘p g |/\‘p °
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Table 14. Cautiousness links between c-inference relations andgrénce relations
in absence of a stable p-extension

I,P P
27 gca gca
bp = =
|/\‘p, /@!23 /@!24
M 2 2s | 220

In items a)AF has a stable extension (but no stable p-extension). In img”
has no stable extension.

1) Non-inclusion comes from item 3 and (ll) showihqf’P C }vi’P. Inclusion
comes from Corollary 48 on page 18.

2) Non-inclusion comes from item 4 and (I1) showing thaj"” € " Inclu-
sion comes from Corollary 48 on page 18.

3) a) For the first non-inclusion, considé#’ (ex. 108, Figure 25Xd, n}
is included into every preferred p-extension, but it is matluded into a preferred
c-extension.
EXAMPLE 108. — LetAF = (A, R) with A = {a,b,c,d,e,n,i,r,s} andR =
{(b,a), (c,a), (n,c),(d,b),(i,b), (e, c), (i,e),(d,r), (r,s),(n,s)}. The digraph for
AF is depicted on Figure 252, = {4, a,d,n} is the unique preferred extension, the

Figure 25. Example 108: The digraph fot '

unigue stable extension and the grounded extensiot¥ofE| = {d} andE}, = {n}
are the preferred c-extensions4f. AF has no stable c-extensiof; = {d,i,n}
andEY = {d, a,n} are the preferred p-extensions4f'. E} is the weak p-extension
of AF. AF has no stable p-extension. O
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b) For the first non-inclusion, considetF' (ex. 109, Figure 26){d,n} is
included into every preferred p-extension, but it is notluded into a preferred c-
extension.

EXAMPLE 109. — LetAF = (A, R) with A = {a,b,c,d,e,n,i,r, s,0} and
R = {(b,a),(c,a), (n,c),(d,d), (i,b), (e,c), (¢,e),(d,r), (r,8),(n,s),(0,0)}. The
digraph forAF' is depicted on Figure 26.

& \ @

®
0
@

Figure 26. Example 109: The digraph fot '

E; = {i,a,d,n} is the unique preferred extension and the grounded exten§idF.
AF has no stable extensiof; = {d} andFE), = {n} are the preferred c-extensions
of AF. AF has no stable c-extensio?;’ = {d,i,n} andE} = {d,a,n} are the
preferred p-extensions ofF. E7 is the weak p-extension ofF. AF has no stable

p-extension. O
The second non-inclusion comes from item 4 and (1) showiag}thf’P C }wf’P.
4) a) For the first non-inclusion, considdi#’ (ex. 108 on the preceding

page, Figure 25 on the previous pagé), n} is included into every preferred p-
extension, but it is not included into every preferred ceasion. For the second non-
inclusion, consideddF' (ex. 110, Figure 27 on the next pagé);} is included into
every preferred c-extension, but it is not included intorgyweferred p-extension.
ExAMPLE 110. — LetAF = (A, R) with A = {a,b,c¢,d,e,n,i} and R =
{(b,a), (c,a), (n,c), (d,b), (i,b), (e, c), (i,e)}. The digraph forAF is depicted on
Figure 27 on the facing page.
E, = {i,a,d,n} is the unique preferred extension, the unique stable extersd
the grounded extension ofF. FE{ = {d,a,n} is the unique preferred c-extension
of AF. AF has no stable c-extensio?;’ = {d,i,n} andE} = {d,a,n} are the
preferred p-extensions ofF. E is the weak p-extension faible ofF’. AF' has no
stable p-extension. O

b) For the first non-inclusion, considetF' (ex. 109, Figure 26){d,n} is
included into every preferred p-extension, but it is notuded into every preferred
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Figure 27. Example 110: The digraph fot '

c-extension. For the second non-inclusion, consitlEr(ex. 111, Figure 28){a} is
included into every preferred c-extension, but it is nofuded into every preferred
p-extension.

EXAMPLE 111. — LetAF = (A, R) with A = {a,b,c,d,e,n,i,v} and R =
{(b,a), (c,a),(n,c), (d,b),(i,b), (e, c), (i,e),(v,c), (v,v)}. The digraph forAF is
depicted on Figure 28.

() D—))
(&) ©
@

Figure 28. Example 111: The digraph fot '

E; = {i,a,d,n} is the preferred extension and the grounded extensiohfaf AF
has no stable extensiol®; = {d, a,n} is the unique preferred c-extension AF".
AF has no stable c-extensioBy = {d,i,n} andE} = {d, a,n} are the preferred p-
extensions ofAF. EY is the weak p-extension of F. AF has no stable p-extension.
O

5) a) For the first non-inclusion, considé# (ex. 110 on the facing page,
Figure 27);{i} is included into the weak p-extension, but it is not includet a
preferred c-extension.
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b) For the first non-inclusion, considefF' (ex. 111 on the preceding page,
Figure 28 on the previous pagd);} is included into the weak p-extension, but it is
not included into a preferred c-extension. The second nolusion comes from item
6 and (1) showing thaFth/’P Cc kvf’P.

6) a) For the first non-inclusion, considdi#” (ex. 110 on page 52, Fig-
ure 27 on the previous pag€);} is included into the weak p-extension, but it is not
included into a preferred c-extension. For the second nolusion, considedF
(ex. 110 on page 52, Figure 27 on the previous page)js included into every pre-
ferred c-extension, but it is not included into the weak peasion.

b) For the first non-inclusion, considerF' (ex. 111 on the preceding page,
Figure 28 on the previous pag€);} is included into the weak p-extension, but it is
not included into a preferred c-extension. For the secomdinclusion, consideA F’
(ex. 111 on the preceding page, Figure 28 on the previougpégeis included into
every preferred c-extension, but it is not included intouleak p-extension.

Table 2 on page 26, Table 4 on page 31 and Table 14 on page Sinangssized
on the following Hasse diagram (Figure 29).

v,P 3,P W

v,P 3,P
e T b

Figure 29. Cautiousness links between p-inference relations anderence relation
in absence of a stable p-extension

Whether a stable extension exists or not, the cautiousingss lbetween c-in-
ference relations and p-inference relations remain idahti

6. Some complexity results

Before concluding the paper, let us consider some complesstues. Complexity
issues for Dung’s theory have been considered in (Dimometi@l, 1996; Dunne
et al, 2002). For the ideal and the semi-stable semantics, codtyplesults can be
found in (Dunne, 2008; Dunret al., 2008).

We have shown in a previous paper (Coste-Maratial, 2005c¢) that consider-
ing sets of arguments (instead of single arguments) as oqumries for the inference
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problem does not lead to a complexity shift when Dung’s iefee relations are con-
sidered (the purpose is to determine whether such sets i@valule from a given finite
argumentation framework F'). As to the c-inference relations and the p-inference
relations, the same conclusion can be drawn.

From now on, we assume the reader acquainted with basicysaifocomplexity
theory, especially the complexity classesNP, coNP and the polynomial hierarchy
(see e.g., (Papadimitriou, 1994)).

PrROPOSITION112. — Let AF' = (A, R) be a finite argumentation framework and
S C A. The results of complexity reported in Table 15 hold.

Table 15. Decision problems in finite argumentation systems and ttwinplexity.

| Decision question | Complexity |

Is S without indirect conflict? inP
Is S controversy-free? inP
Is S p-admissible (resp. c-admissible)? inP
Is S the weak p-extension? inP
Is S included in the weak p-extension? inP
Is S a stable p-extension (resp. stable c-extension)? | inP
HasAF a stable p-extension .

) in NP
(resp. stable c-extension)
Is S included in a stable p-extension .

. in NP
(resp. stable c-extension)?
Is S included in every stable p-extension .

in coNP

(resp. stable c-extension)?
Is S a preferred p-extension (resp. preferred c-extensionj?coNP

Is S included in a preferred p-extension? in NP

Is S included in a preferred c-extension? NP-complete
Is S included in every preferred p-extension
(resp. preferred c-extension)?

i P
in 1I;

PrRoOOF113. — Firstof all, it is easy to show that, given a finite argumation frame-
work AF, deciding whether a given argument indirectly attacksp(résdirectly de-
fends) a given argument is Id and deciding whether a set of arguments is without
indirect conflict is inP® and deciding whether a set of arguments is controversy-free
isinP.

Accordingly, deciding whether a given set of arguments amissible (resp. c-
admissible) forAF' is in P.

5. It has been proved that determining the existence of algieyen-length path between two
given vertices in a graph is NP-complete(LaPaeglal., 1984). However, in our case, we do
not require for the path to be a simple one.
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As a consequence, deciding whether a given set of arguméesis. is included
in) the weak p-extension is iA as well.

Furthermore, deciding whether a given set of arguments taldesp-extension
(resp. stable c-extension) dff’ is in P as well.

So deciding whetheA F' has a stable p-extension (resp. a stable c-extension) is in
NP: it is sufficient to guess a sé&t C A and to check in polynomial time thatis a
stable p-extension (resp. a stable c-extension). Therefleciding whether a given
set of arguments' is included in a stable p-extension (resp. a stable c-extenef
AFisinNP: itis sufficient to guess a sét C A and to check in polynomial time that
E is a stable p-extension (resp. a stable c-extensiod)fofand thatS is included in
E.

Furthermore, deciding whether a given set of arguménis included in every
stable p-extension (resp. every stable c-extensiod)fofs in coNP: in order to show
that the complementary problem isNP, it is sufficient to guess a sét C A and to
check in polynomial time thakF is a stable p-extension (resp. a stable c-extension) of
AF and thatS is not included inE.

Besides, deciding whether a set of argumeéhis a preferred p-extension (resp.
a preferred c-extension) of F' is in coNP: in order to show that the complementary
problem is inNP, it is sufficient to guess a proper superS§étof S and to check in
polynomial time thatS’ is p-admissible (resp. c-admissible) faF".

As a consequence, deciding whether a given set of argunseigsncluded in
every preferred p-extension (resp. preferred c-extepsibA F is in II5 (in order to
show that the complementary problem isSifj, it is sufficient to guess a sét C A
and to check in polynomial time using &P oracle that¥ is a preferred p-extension
(resp. a preferred c-extension) faF' and thatS is not included inZ).

Finally, deciding whether a given set of arguments is inetlich a preferred p-
extension (resp. a preferred c-extension)df is in NP.

The hardness result of the problem consisting in decidingtihdr a given set of
arguments is included in a preferred c-extensiomdf comes from a polynomial
reduction from 3-SAT.

Let ¢ be a CNF formulawithp = A C; whereC; = \/ ¢ ; such that no
i=1...n j=1...3
C; is a tautology. We not€' the set of clauses aof and L the set of literals ob.

f:¢o— (AF = (A, R),S) such that:

— A has 3 nodes;, a; andd; for each positive literal of. (n; denotes the positive
literal associated to the variahig of ¢), one node:, for each negative literal af (n]
denotes the negative literal associated:fy one node’; for each clause of’, one
nodeT’;

— R is built in polynomial time fromy in the following way:

a) Vn; € A, (ni,ai) € R, (ai,di) € R,



Handling controversial arguments 57

b) vn} € A, (n},d;) € R,
c)Vie L,C; € C,iflisinC;, (I,C;) € R,
d) vC; € C, (CZ,T) € R,

- 5={T}

As a matter of illustration, the digraph associated to thefda(a VbV c) A (a V
=bV =) A (ma V —b V) is depicted on Figure 30 (resp.ngq, n3) is associated to
a (resp.b, ¢).

Figure30. (aVbVe)A(aV=bV —c)A(—aV -bVc)

a; andd; forbid n; andn/ to belong to the same c-admissible set si(iden;) is
super-controversial w.r.d;. T belongs to a preferred c-extensionAf’ if and only
if T is defended against each, i.e., if one ofn; or n; which attacks”; belongs to
the preferred c-extension too. Hernfebelongs to a c-admissible set (therefore to a
preferred c-extension) if and onlydfis satisfiable.

Since 3-SAT isNP-hard, deciding whethef is included in a preferred c-extension
is NP-hard. [ |

The membership results shown above are similar to the ortasel for the clas-
sical inference relations (Dimopoule$ al, 1996; Dunneet al, 2002). Even if c-
inference and p-inference relations are more cautioustaasical inference relations,
the proposed refinements do not induce a computationatexsia

7. Conclusion

We have presented two new semantics within Dung’s theoryr@iiraentation:
prudent and careful semantics.
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Prudent semantics does not allow two arguments to belorfgeteame extension
whenever one of them attacks indirectly the other one. @watsial arguments are
then handled more cautiously than with Dung’s semantics.

Under the careful semantics, two arguments cannot belotitgeteame extension
whenever one of then indirectly attacks a third one whileatier argument defends
it. Careful semantics always rejects controversial argumerhis behaviour is inter-
esting for scenarios where controversies are consideredrasadictions and are not
desirable.

These two new semantics handle controversial argumentsfaretht ways, yet
in a more prudent way than Dung’s semantics. p-extensioaagthen the notion
of coherence within an extension while c-extensions sthegit towards arguments
outside the extension. Such extensions do not verify app@rties verified by Dung’s
extensions. However, for a given family (c-extensions expensions), links between
the different kinds of extensions (preferred, stable, gomd, ...) are similar to the
one existing between Dung’s extensions. The existence tdtdesp-extension or a
stable c-extension for an argumentation framework st &a influence on its very
nature. For instance, if there exists a stable c-extensioarf argumentation frame-
work, then it is coherent. If there exists a stable p-extamst is relatively grounded.

We have compared w.r.t. cautiousness in a systematic aralistive way the
derived inference relations one another and also with tkes abtained from Dung’s
semantics. We have shown that our relations are more cautiau the ones proposed
by Dung. However, our semantics do not always agree with tbergled extension
(they are sometimes more cautious).

We have also proved that the decision problems for the nesvénte relations we
have introduced are not more complex than the corresporuiag for the inference
relations based on Dung’s semantics.

Note finally that both p-extensions and c-extensions camaecterized within the
setting of constrained argumentation frameworks (CostegMiset al., 2006). Inter-
estingly, for such frameworks, dialectical proofs can bedufer generating extensions
(Devredet al, 2007), hence for deciding the corresponding inferenceiosls.

Perspectives for further research includes the identifioatf missing complexity
results (hardness ones) as well as the few missing cautegsasults.
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