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Abstract. Possibilistic logic is a well-known framework
for dealing with uncertainty and reasoning under inconsis-
tent or prioritized knowledge bases. This paper deals with
conditioning uncertain information where the weights asso-
ciated with formulas are in the form of sets of uncertainty de-
grees. The first part of the paper studies set-valued possibil-
ity theory where we provide a characterization of set-valued
possibilistic logic bases and set-valued possibility distribu-
tions by means of the concepts of compatible possibilistic
logic bases and compatible possibility distributions respec-
tively. The second part of the paper addresses conditioning
set-valued possibility distributions. We first propose a set of
three natural postulates for conditioning set-valued possibil-
ity distributions. We then show that any set-valued condition-
ing satisfying these three postulates is necessarily based on
conditioning the set of compatible standard possibility dis-
tributions. The last part of the paper shows how one can ef-
ficiently compute set-valued conditioning over possibilistic
knowledge bases.

1 INTRODUCTION
Possibilistic logic is a well-known framework for dealing
with uncertainty, reasoning under inconsistent and priori-
tized knowledge bases and partial knowledge [25]. Many
extensions have been proposed for possibilistic logic to deal
for instance with imprecise certainty degrees [4, 5], symbolic
certainty weights [6, 7], multi-agent beliefs [2], temporal
and uncertain information [21], uncertain conditional
events [10, 9, 11], generalized possibilistic logic [8, 18, 20],
reasoning with justified beliefs [22], etc.

This paper proposes a new extension of possibilistic logic
where the weights associated with formulas are in the form
of sets of uncertainty degrees. Standard possibilistic logic
expressions are propositional logic formulas associated
with positive real degrees belonging to the unit interval
[0, 1]. However, in practice it may be difficult for an agent
to provide exact degrees associated with formulas of a
knowledge base. This paper proposes an extension of
standard possibility distributions and standard possibilistic
bases where a set of possibility/certainty degrees may
be associated with interpretations or formulas. A set of
certainty degrees associated with a formula may represent
the reliability levels of different sources that support the
formula (see Example 1). Another important issue dealt
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with in this paper is the one of updating or conditioning a
set-based knowledge base.

Conditioning is an important task for updating the current
uncertain information when a new sure piece of information
is received. A conditioning operator is designed to satisfy
some desirable properties such as giving priority to the
new information and ensuring minimal change while trans-
forming an initial distribution into a conditional one. This
paper deals with conditioning in a possibility theory and
possibilistic logic frameworks [8, 14, 18, 13]. Conditioning
in standard (single-valued) possibility theory has been
addressed in many works [24, 27, 17, 23, 16, 3]. There are
two major definitions of possibility theory: min-based (or
qualitative) possibility theory and product-based (or quan-
titative) possibility theory. At the semantic level, these two
theories share the same definitions, including the concepts
of possibility distributions, necessity measures, possibility
measures and the definition of normalization condition.
However, they differ in the way they define possibilistic
conditioning. This paper focuses on a so-called min-based
conditioning [24] (or qualitative-based conditioning) which
is appropriate in situations where only the ordering between
events is important. In this case, the unit interval [0, 1] is
viewed as an ordinal scale where only the minimum and the
maximum operations are used for propagating and updating
uncertainty degrees.

The first contribution of this paper concerns the definition
of a set-valued possibility theory which generalizes both
standard possibility theory and interval-based possibility the-
ory [4]. The second contribution deals with conditioning in
a set-valued possibility theory setting. We first propose three
natural postulates for a set-valued conditioning. We show
that any set-valued conditioning satisfying these postulates
is necessarily based on applying min-based conditioning on
each compatible standard possibility distribution. We also
provide the exact set of possibility degrees associated with
min-based conditioning a set-valued distribution. The last
contribution concerns efficient and syntactic computations
of conditioning set-valued knowledge bases.

The rest of this paper is organized as follows: Section 2
provides a brief refresher on the possibility theory and possi-
bilistic logic settings. Section 3 presents set-valued possibil-
ity theory and set-valued possibilistic logic. In Section 4, we
focus on set-valued conditioning while Section 5 provides
a syntactic computing of set-valued conditioning. Section 6
provides concluding discussions.



2 BRIEF REMINDER ON POSSIBILITY
THEORY

Possibility distributions: Possibility theory [29, 19] is a
well-known uncertainty theory. It is based on the concept of
possibility distribution π which associates every state ω of
the world Ω (the universe of discourse) with a degree in the
interval [0, 1] expressing a partial knowledge over the world.
In this paper, Ω denotes the set of propositional interpreta-
tions. ω � φ means that ω is a model of (or satisfies) φ
in the sense of propositional logic. The degree π(ω) rep-
resents the degree of compatibility (or consistency) of the
interpretation ω with the available knowledge. By conven-
tion, π(ω)=1 means that ω is fully consistent with the avail-
able knowledge, while π(ω)=0 means that ω is impossible.
π(ω)>π(ω′) simply means that ω is more compatible than
ω′. A possibility distribution π is said to be normalized if
there exists an interpretation ω such that π(ω)=1, it is said
to be subnormalized otherwise.

As it is already mentioned in the introduction, possibility
degrees are interpreted either i) qualitatively (in min-based
possibility theory) where only the ordering of the values mat-
ters, or ii) quantitatively (in product-based possibility the-
ory) where the possibilistic scale [0, 1] is quantitative as in
probability theory. Min-based or qualitative possibility the-
ory refers to the possibilistic setting where only the ordering
induced by possibility degrees is important. In this setting,
only the max and min operators are used for the reasoning
and updating tasks.
Min-based conditioning: In the standard possibilistic set-
ting, conditioning comes down to updating a possibility dis-
tribution π encoding the current knowledge when a com-
pletely sure event called evidence or observation, denoted
by φ⊆Ω is received. This results in a conditional possibility
distribution denoted by π(.|φ). There are many definitions
of conditioning operators in the standard possibilistic setting
[24, 27, 17, 23, 16].
Hisdal [24] proposed that a definition of a conditioning op-
erator in the qualitative setting should satisfy the condition:

∀ω � φ, π(ω) = min(π(ω|φ),Π(φ)).

Where Π(φ) denotes the possibility measure of an event φ,
defined by:

Π(φ) = max{π(ω) : ω∈Ω, ω�φ}.

Dubois and Prade [15] proposed to select the largest condi-
tional possibility distribution satisfying this condition, lead-
ing to the following conditioning operator.

Definition 1 (min-based conditioning). Let π be a possibil-
ity distribution, φ ⊆ Ω be a sure event. min-based condi-
tioning of π by φ, simply denoted by π(.|mφ), is defined as:

∀ω∈Ω, π(ω|mφ)=


1 if π(ω)=Π(φ) and ω∈φ;
π(ω) if π(ω)< Π(φ) and ω∈φ;
0 otherwise.

(1)

When Π(φ)=0, then by convention ∀ω∈Ω, π(ω|mφ)=1.
Possibilistic knowledge bases: A possibilistic formula is a
pair (ϕ, α) where ϕ is a propositional logic formula and

α∈[0, 1] is a certainty degree associated with ϕ. The higher
the certainty degree α is, the more important is the formula
ϕ. A possibilistic baseK={(ϕi, αi), i = 1, ..., n} is simply
a set of possibilistic formulas.

A possibilistic knowledge base is a well-known compact
representations of a possibility distribution. Given a possi-
bilistic baseK, we can generate a unique possibility distribu-
tion where interpretations ω satisfying all propositional for-
mulas in K have the highest possible degree π(ω)=1 (since
they are fully consistent), whereas the others are pre-ordered
with respect to the highest formulas they falsify. More for-
mally:

Definition 2. LetK be a possibilistic knowledge base. Then,
the corresponding possibility distribution πK is given by:
∀ω∈Ω,

πK(ω)=

{
1 if ∀(ϕ, α)∈K, ω � ϕ
1−max{αi : (ϕi, αi)∈K,ω 2 ϕi} otherwise.

(2)

The following lemma will be helpful for establishing
proofs of some propositions. It states that ’zero-weighted’
formulas can be added or removed from possibilistic knowl-
edge bases without changing theirs distributions.

Lemma 1. Let K be a possibilistic knowledge base K
such that (δ, 0) ∈ K. Let K′=K \{(δ, 0)}. Then ∀ω ∈ Ω,
πK(ω)=πK′(ω).

This lemma can be easily shown since if a formula δ has a
certainty degree equal to 0, then if there is an interpretation
ω that falsifies only the formula δ then, according to Defini-
tion 2, the possibility degree associated to ω will be 1−0=1.

An important notion that plays a central role in the infer-
ence process and conditioning is the one of α-cut. Let α be
a positive real number. An α-cut is a set of propositional for-
mulas defined by K≥α={ϕ : (ϕ, β)∈K and β≥α}.

The concept of α-cut can be used to provide the syntactic
counterpart of conditioning a possibilistic knowledge base
with a propositional formula:

Definition 3. Let K be a possibilistic knowledge and φ be a
sure piece of information. The result of conditioningK by φ,
denoted Kφ is defined as follows:

Kφ ={(φ, 1)}∪
{(ϕ, α) : (ϕ, α) ∈ K and K≥α ∧ φ is consistent.}

Namely, Kφ is obtained by considering φ with a certainty
degree ’1’, plus weighted formulas (ϕ, α) of K such that
their α-cut is consistent with φ. It can be checked that:

∀ω ∈ Ω, πKφ(ω) = πK(ω|mφ),

where πK and πKφ are given using Definition 2 and
πK(.|mφ) is obtained using Definition 1.

Next section generalizes standard possibility theory and
possibilistic logic into a set-valued setting.

3 SET-VALUED POSSIBILITY THEORY
AND SET-VALUED POSSIBILISTIC
LOGIC

Let us first start with a short example to motivate our exten-
sion.



Example 1. Suppose we are interested in the amenities and
facilities of a hotel in Paris to organize a conference. For
this, we posted a question on a specialized Internet platform.
To simplify, the question was about the presence of a large
conference room in the hotel (represented by the variable c)
and if the hotel has a great restaurant (represented by a the
variable r) to host the gala dinner. We also asked people to
specify how certain of the answers they are, using a unit scale
[0, 1]. Assume that we got three answers of three people: p1

is a former hotel employee, the second, p2, is an employee
of the Paris tourism office and the third, p3, is a client of
the hotel. The certainty levels of these people with respect to
different scenarios3 are summarized as follows:

Table 1. Example of multiple sources information

p1 p2 p3

cr 1 1 1
¬cr 1 1 1
c¬r .3 .2 .4
¬c¬r .4 .4 .4

In this example, the confidence degrees provided by
the responders can be viewed as possibility degrees. Now,
suppose that we got hundreds or thousands of answers or
suppose that there is a large number of variables, then it will
be interesting to find a compact way to encode the obtained
answers and more importantly to reason with them (answer
any request of interest and update the available information
when new sure information is obtained). Set-valued possibil-
ity theory is especially tailored to this type of information.

Let us now introduce the concept of set-valued possibility
distribution.

3.1 Set-valued possibility distributions
In the set-valued possibilistic setting, the available knowl-
edge is encoded by a set-valued possibility distribution Sπ
where each state ω is associated with a finite set Sπ(ω) of
possible values of possibility degrees π(ω).

If S is a set, then we denote by S and S the maximum and
minimum values of S respectively. When all S’s associated
with interpretations (or formulas) are singletons (meaning
that S = S), we refer to standard distributions (resp.
standard possibilistic bases). Here, Sπ(ω) (resp. Sπ(ω))
denotes the minimum (resp. maximum) of the possibility
degrees of ω.

Clearly, set-valued possibility theory is also an extension
of interval-based possibility theory [4], where the set is de-
noted as an interval of possible values. Therefore, we now
consider sets of degrees and we define a set-valued possibil-
ity distribution as follows:

Definition 4 (Set-valued possibility distribution). A set-
valued possibility distribution Sπ is a mapping Sπ : Ω→S
3 In this example, the scenario cr means that the hotel has a con-

ference room and has a great restaurant while the scenario c¬r
means that the hotel has a conference room but does not have a
great restaurant .

from the universe of discourse Ω to the set S of all sub-sets
included in the interval [0, 1], with the normalization prop-
erty requiring that maxω∈Ω Sπ(ω)=1.

The information corresponding to Example 1 could be
compactly encoded as follows:

Example 2. (Example 1 cont’d.) Let us represent the avail-
able knowledge from Example 1 as a set-valued possibility
distribution given in Table 2.

Table 2. Set-valued distribution corresponding to the multiple
source information of Table 1.

Sπ
cr {1}
¬cr {1}
c¬r {.2, .3, .4}
¬c¬r {.4}

As in an interval-based possibility theory [4], we also
interpret a set-valued possibility distribution as a family of
compatible standard possibility distributions defined by:

Definition 5. Let Sπ be a set-valued possibility distribution.
A normalized possibility distribution π is said to be compat-
ible with Sπ if and only if ∀ω∈Ω, π(ω)∈Sπ(ω).

As shown in Example 3, compatible distributions are not
unique. We denote by C(Sπ) the set of all possibility distri-
butions compatible with Sπ.

Example 3. Let Sπ be a set-valued possibility distribution
described in the Table 3.

Then following Definition 5, the possibility distributions
π1 and π2 (from Table 3) are compatible with Sπ.

However, π3 is not compatible with Sπ since
π3(cr)=.46∈Sπ(cr)={1}.

Table 3. Example of set-valued possibility distribution Sπ,
compatible possibility distributions π1 and π2 and a non

compatible one π3.

ω∈Ω Sπ ω∈Ω π1 π2 π3

cr {1} cr 1 1 .4
¬cr {1} ¬cr 1 1 1
c¬r {.2, .3, .4} c¬r .3 .4 .2

¬c¬r {.4} ¬c¬r .4 .4 .4

Let us now see how to generalize standard possibilistic
logic into a set-valued setting.

3.2 Set-valued possibilistic logic
Contrary to standard possibilistic logic where the uncertainty
is described with single values, set-valued possibilistic logic
uses sets.
The syntactic representation of set-valued possibilistic logic
generalizes the notion of a possibilistic base to a set-valued
possibilistic knowledge base as follows:

Definition 6. A set-valued possibilistic knowledge base, de-
noted by SK, is a set of propositional formulas associated
with sets:

SK = {(ϕ, S), ϕ∈L and S is a set of degrees in [0, 1]}



In Definition 6, ϕ∈L denotes again a formula of a
propositional language L.

A set-valued possibilistic base SK can be viewed as a fam-
ily of standard possibilistic bases called compatible bases.
More formally:

Definition 7 (Compatible possibilistic base). A possibilis-
tic base K is said to be compatible with a set-valued pos-
sibilistic base SK if and only if K is obtained from SK by
replacing each set-valued formula (ϕ, S) by a standard pos-
sibilistic formula (ϕ, α) with α ∈ S.

In other words, each compatible possibilistic base is such
that K = {(ϕ, α) : (ϕ, S)∈SK and α∈S}.

We also denote by C(SK) the finite set of all compatible
possibilistic bases associated with a set-valued possibilistic
base SK.

Example 4. In the following, we will use this set-valued pos-
sibilistic knowledge base to illustrate our propositions. Let
SK be a set-valued possibilistic knowledge base such that:

SK = {(¬c ∨ r, {.4, .7, .8}), (r, {.6})}.

An example of a compatible possibilistic knowledge base
is:

K = {(¬c ∨ r, .4), (r, .6)}.

As in standard possibilistic logic, a set-valued knowledge
base SK is also a compact representation of a set-valued pos-
sibility distribution SπSK .

3.3 From set-valued possibilistic bases to
set-valued possibility distributions

Let us go one step further with the contribution on how to
compute the set-valued possibility distribution from a set-
valued base.

Let SK={(ϕi, Si): i=1, ..., n} be a set-valued possibilis-
tic knowledge base. A natural way to define a set-valued
possibility distribution, associated with SK and denoted by
SπSK , is to consider all standard possibility distributions as-
sociated with each compatible knowledge base. Namely:

Definition 8. Let SK be a set-valued possibilistic knowl-
edge base. The set-valued possibility distribution SπSK as-
sociated with SK is defined by:

∀ω ∈ Ω, SπSK(ω) = {πK(ω) : K ∈ C(SK)}.

Recall that C(SK) is the set of compatible knowledge
bases (given in Definition 7) and πK is given by Definition 2.
Similar to the single valued possibilistic logic setting, we
can get rid of some formulas of a set-valued knowledge base
without any information loss. More precisely, we can ignore
any formula of SK attached with only one certainty degree
equal to zero, as stated in the following lemma.

Lemma 2. Let SK be a set-valued possibilistic base such
that (δ, {0}) ∈ SK. Let SK′=SK \{(δ, {0})}. Then ∀ω∈Ω,
SπSK(ω)=SπSK′(ω).

Lemma 2 is again useful for establishing proofs of some
propositions. The idea behind this lemma stands in the
definition of compatible bases and Lemma 1. Indeed, in the
case where SK is such that (δ, {0}) ∈ SK, then in every
compatible base K, we have (δ, 0) ∈ K, therefore, as stated
in Lemma 1, the weighted formula (δ, 0) can be ignored
from K without changing its associated distributions, and
this can be generalized to the set-valued formula (δ, {0}).

Let us now characterize SπSK . The following proposition
provides the conditions under which the highest possibility
degree ’1’ belongs to SπSK(ω):

Proposition 1. Let SK be a set-valued possibilistic knowl-
edge base. Let ω be an interpretation. Then:

1∈SπSK(ω) iff ω �
∧
{ϕ : (ϕ, S) ∈ SK and S > 0}

Namely, 1 ∈ SπSK(ω) if and only if ω satisfies all formu-
las having a strictly positive certainty degree.

Proof. Recall that 1∈SπSK(ω) means that there exists
a compatible possibilistic base K ∈ C(SK) such that
πK(ω) = 1. Now, formulas of K having a certainty degree
equal to ’0’ can be removed, thanks to Lemma 1, without
changing πK . The fact that πK(ω) = 1 implies that ω is a
model of {ϕ : (ϕ, α) ∈ K,α > 0}. This also means that ω
is also a model of {ϕ, (ϕ, S) ∈ SK, S > 0}.

Let us now show the converse. Assume that ω is a model
of {ϕ, (ϕ, S) ∈ SK, S > 0}. Let K be a compatible possi-
bilistic knowledge base obtained from SK by replacing each
set-valued S by its lower bound S. Clearly, {ϕ : (ϕ, S) ∈
K} is satisfied by ω. Hence, 1 ∈ SπSK(ω).

Example 5. (Example 4 cont’d) Let us continue with the
knowledge base from Example 4. Recall that

SK = {(¬c ∨ r, {.4, .7, .8}), (r, {.6})}

Following Proposition 1, interpretations cr and ¬cr will
have among their possibility degrees the degree 1 (namely
1∈SπSK(cr) and 1∈SπSK(¬cr)) since these interpreta-
tions are models of all the formulas of SK attached only to
strictly positive degrees.

We now study under which conditions a possibility degree
(1−α) belongs to SπSK(ω), with α∈[0, 1]. Clearly, if
(1−α)∈Sπ(ω) then there exists a compatible base K such
that πK(ω)=1−α. Hence, there exists (ϕ,α)∈K such that
ω 2 ϕ. Then there exists (ϕ, S)∈SK such that ω2ϕ and
α∈S.

To determine the possible values of SπSK(ω), it is enough
to browse all certainty degrees associated with formulas of
SK falsified by ω and check whether their inverse will be-
long or not to SπSK(ω).

This is precisely specified by the following proposition:

Proposition 2. Let ω be an interpretation. Let A =
⋃
{S :

(ϕ, S) ∈ SK, ω 2 ϕ}. Let a ∈ A∪{0}. Then,

(1− a)∈SπSK(ω) iff ω � {ϕ : (ϕ, S) ∈ SK, S > a}



Proof. Proposition 2 recovers Proposition 1 in case where
a=0. Hence, we only focus on the case a>0. To see the
proof, assume that a>0 and (1−a)∈SπSK(ω). This means
that there exists a compatible possibilistic knowledge base
K ∈ C(SK), such that πK(ω)=1−a.

This means that {ϕ : (ϕ, b), b > a} is consistent and satis-
fied by ω. Since {ϕ : (ϕ, S), S > a} ⊆ {ϕ : (ϕ, b), b > a},
this also means that {ϕ : (ϕ, S), S > a} is consistent and
satisfied by ω.

Let us show the converse. Assume that ω � {ϕ :
(ϕ, S), S>a}∧ω. Clearly, ifA=∅ (namely, a=0) orA={0}
then whatever is the compatible base K, ω will satisfy each
formula in K, hence πK(ω)=1, and (1 − a) ∈ SπSK(ω).
Assume that a ∈ A and a > 0. Let (ϕ1, S1) be a formula of
SK such that a ∈ S1 and ω 2 ϕ1. Let K be a compatible
base defined by:

K = {(ϕ, S) : (ϕ, S) ∈ SK, ϕ 6= ϕ1} ∪ {(ϕ1, a)}.

Namely, K is obtained from SK by replacing S by S for
each formula in SK, except for ϕ1 where a is used instead
of S. It is easy to see that K is compatible with SK, namely
K ∈ C(SK). It is also easy to see that πK(ω) = 1−a, since
{ϕ : (ϕ, b) ∈ K, b > a} is satisfied by ω, {ϕ : (ϕ, b) ∈
K, b > a}∪{(ϕ1, a)} is falsified by ω. Therefore (1−a) ∈
SπSK(ω).

Let us continue our example, and illustrate Proposition 2.

Example 6. (Example 4 cont’d) We need to check which
degrees belong to SπSK(ω). For each interpretation, we first
compute A =

⋃
{S : (ϕ, S) ∈ SK, ω 2 ϕ}. For instance,

let us consider ω=c¬r then A={.4, .7, .8, .6}. Now, let us
analyse each value a of A∪{0},

• For a=0, c¬r 2 {¬c ∨ r, r}, then 1 6∈ SπSK(c¬r);
• For a=.4, c¬r 2 {r}, then .6 6∈ SπSK(c¬r);
• For a=.7, ∅ ∧ c¬r is consistent, then .3∈SπSK(c¬r);
• For a=.8, ∅ ∧ c¬r is consistent, then .2∈SπSK(c¬r)
• Finally, for a=.6, ∅ ∧ c¬r is consistent, then
.4∈SπSK(c¬r).

Then we can conclude that SπSK(c¬r)={.2, .3, .4}.
Let us take another interpretation, for instance ω=¬c¬r.

Then A = {.6} and for each a∈A∪{0},

• For a=0, ¬c¬r 2 {¬c ∨ r, r}, then 1 6∈ SπSK(¬c¬r);
• And for a=.6, ∅ ∧ ¬c¬r is consistent, then .4 ∈
SπSK(¬c¬r).

We can conclude that SπSK(¬c¬r)={.4}.
The whole distribution is exactly the one given in Example 2.

Let us now deal with the issue of conditioning a set-valued
possibilistic base. The following section extends min-based
conditioning to set-valued possibility distributions.

4 CONDITIONING SET-VALUED
POSSIBILISTIC INFORMATION

Before providing our extension of min-based conditioning to
the set-valued setting, let us first focus on the natural proper-
ties that a set-valued conditioning operator should fulfill.

4.1 Three natural requirements for the
set-valued conditioning

The first natural requirement (called recovering standard
conditioning) is that in the degenerate case, namely when
each set Sπ(ω) contains exactly one single degree π(ω),
the result of the new conditioning procedure should coincide
with the result π(.|mφ) of the original conditioning proce-
dure (Definition 1). For each possibility distribution π, by
{π(ω)} we denote its set-valued representation, i.e., a set-
valued possibility distribution for which, for every ω∈Ω, we
have Sπ(ω)={π(ω)}. In these terms, the above requirement
takes the following form:

S1. If for every ω∈Ω, we have Sπ(ω)={π(ω)}, then
Sπ(ω|φ)={π(ω|mφ)} for all ω and φ.

The second requirement (called specificity) is related to
the fact that we do not know the precise values Sπ(ω) since
we only have partial information about them. In principle, if
we can get some additional information about these values,
then this would lead, in general, to narrower sets (indeed,
the cardinality of a set captures the ignorance regarding the
exact value of π(ω)). Let us define the concepts of specificity
between set-valued possibility distribution:

Definition 9. Let Sπ and Sπ′ be two set-valued possibility
distributions. Then Sπ is said to be more specific than Sπ′,
denoted Sπ⊆Sπ′, if Sπ(ω)⊆Sπ′(ω) holds for all ω∈Ω.

S2. If Sπ(ω)⊆Sπ′(ω) for all ω, then Sπ(ω|φ)⊆Sπ′(ω|φ)
for all ω.

Of course, these two postulates are not sufficient. For ex-
ample, we can take Sπ(.|φ)={π(.|mφ)} for degenerate set-
valued possibility distributions and Sπ(ω|φ)=[0, 1] for any
other set-valued distribution Sπ. To avoid such extensions, it
is reasonable to impose the following minimality condition:

S3. There does not exist a conditioning operation ’|1’ that
satisfies both properties S1–S2 and for which:

• Sπ(ω|1φ) ⊆ Sπ(ω|φ) for all Sπ, ω, and φ,
• Sπ(ω|1φ) 6= Sπ(ω|φ) for some Sπ, ω, and φ.

S3 is called minimality condition. The following theorem
provides one of our main results where we show that there is
only one set-valued conditioning satisfying S1-S3 and where
the set conditional possibility degree Sπ(ω|φ) is defined as
the closure of the set of all π(.|mφ), where π is compatible
with Sπ.

Theorem 1. There exists exactly one set-valued condition-
ing, also denoted by Sπ(.|φ) for sake of simplicity, that sat-
isfies the properties S1–S3, and which is defined by: ∀ω ∈ Ω,

Sπ(ω|φ) = {π(ω|mφ) : π ∈ C(Sπ)} (3)

where |m is the min-based conditioning given in Defini-
tion 1.

Proof. 1◦. Let us denote the corresponding set-based condi-
tioning by Sπ(.|φ). We need to prove:

• that this closure Sπ(.|φ) satisfies the properties S1–S3,
and



• that every operation Sπ(.|1φ) that satisfies the properties
S1–S3 coincides with the set-conditioning Sπ(.|φ).

2◦. One can easily see that the operation Sπ(.|φ) satisfies the
properties S1–S2.

3◦. Let us now prove that if an operation Sπ(.|1φ) satis-
fies the properties S1–S2, then for every Sπ and φ, we have
Sπ(.|φ) ⊆ Sπ(.|1φ).

Then, for every distribution π∈C(Sπ), we have {π} ⊆
Sπ and thus, due to the postulate S2, we have
{π}(.|1φ) ⊆ Sπ(.|φ). By the property S1, we have
{π}(ω|1φ) = {π(ω|mφ)}. Thus, the above inclusion means
that π(.|mφ) ∈ Sπ(.|1φ).

The set Sπ(ω|1φ) therefore contains all the values
π(ω|mφ) corresponding to all possible π∈C(Sπ):

{π(ω|mφ) : π ∈ C(Sπ)} ⊆ Sπ(ω|1φ).

Thus, we conclude that Sπ(ω|φ) ⊆ Sπ(ω|1φ) for all ω.
The statement is proven.

4◦. We can now prove that Sπ(.|φ) also satisfies the property
S3.

Indeed, if there is some other operation |1 that satisfies S1
and S2, and for which Sπ(ω|1φ) ⊆ Sπ(ω|φ) for all ω, then,
since we have already proven the opposite inclusion in Part 3
of this proof, we conclude that Sπ(ω|1φ) = Sπ(ω|φ) for all
ω, so indeed no narrower conditioning operation is possible.

5◦. To complete the proof, let us show that if some Sπ(.|1φ)
satisfies the properties S1–S3, then it coincides with Sπ(.|φ).

Indeed, by Part 3 of this proof, we have Sπ(ω|φ) ⊆
Sπ(ω|1φ) for all ω. If we had Sπ(ω|φ) 6= Sπ(ω|1φ) for
some ω and φ, this would contradict the minimality prop-
erty S3. Thus, indeed, Sπ(.|φ) = Sπ(.|1φ). Uniqueness is
proven, and so is for the theorem.

4.2 Analyzing set-based conditioning
Now, we can go one step beyond Theorem 1 and provide
the exact contents of the conditioned set Sπ(.|mφ). Let us
first start with the following lemma which delimits the set of
possible values associated with models of φ after the condi-
tioning operation.

Lemma 3. Let Sπ be a set-valued possibility distribution.
Let φ⊆Ω. Then ∀ω∈Ω,

• If ω 2 φ, Sπ(ω|φ) = {0},
• And if ω � φ, Sπ(ω|φ) ⊆ Sπ(ω)∪{1}.

The proof of this lemma is immediate. Indeed, if π is a
standard possibility distribution, then by definition π(ω|mφ)
is either equal to π(ω) or to 1 for models of φ. Hence, the
only admissible values for Sπ(ω|φ) are those in Sπ(ω) and
the value 1. For counter-models of φ (namely, ω 2 φ), then
clearly Sπ(ω|φ) = {0} since π(ω|mφ) = 0 for each com-
patible distributions π.

Given this lemma, we need to answer two questions:

• Under which conditions does the fully possibility degree
1 belong to Sπ(ω|φ)?

• Under which conditions will a given possibility degree
a ∈ Sπ(ω) still belong to Sπ(ω|φ)?

The answer to these questions is given in the following
proposition:

Proposition 3. Let Sπ be a set-valued possibility distribu-
tion. Let φ ⊆ Ω.

i) 1 ∈ Sπ(ω|φ) iff ∀ω′ 6=ω, Sπ(ω) ≥ Sπ(ω′).
ii) Let a ∈ Sπ(ω) (with a 6= 1). Then a ∈ Sπ(ω|φ) iff
∃ω′ 6=ω, Sπ(ω′) > a.

Proof. For item (i) assume that 1 ∈ Sπ(ω|φ). This means
that there exists a compatible distribution π of Sπ such that
π(ω|mφ) = 1. This also means that ∀ω′ 6= ω, π(ω) ≥
π(ω′). Since, Sπ(ω) ≥ π(ω), and π(ω′) ≥ Sπ(ω′), hence
we have ∀ω′ 6= ω, Sπ(ω) ≥ Sπ(ω′). For the converse,
assume that ∀ω′, Sπ(ω) ≥ Sπ(ω′). Let π be a compati-
ble distribution such that π(ω) = Sπ(ω) and ∀ω′ 6= ω,
π(ω′) = Sπ(ω). Clearly, ∀ω′ 6= ω, π(ω) > π(ω′). Hence
π(ω|mφ) = 1 and 1 ∈ Sπ(ω|φ).

For item (ii), let a∈Sπ(ω) where a6=1. Assume that
∃ω′ 6=ω, such that Sπ(ω′)>a. Consider a compatible
distribution π where π(ω′)=Sπ(ω′) and π(ω)=a. Then
clearly, π(ωm|φ)=a∈Sπ(ω|φ). For the converse, assume
that a∈Sπ(ω|φ) and a6=1. This means that there exists a
compatible distribution π such that π(ω|mφ)=a<1. Hence,
∃ω′, π(ω)=a<π(ω′). Since π(ω′)≤Sπ(ω′) this means that
Sπ(ω′)>a.

Example 7. In this example, we deal with conditioning a
set-valued possibility distribution. Therefore, let us continue
Example 2 and assume that the manager of the hotel tells us
that the restaurant of the hotel has closed down definitively a
few weeks ago. Then we need to condition with the new piece
of information φ=¬r. Let us run the conditioning operation
step by step. For every interpretation model of φ,

• For ω=c¬r,

i) since, with ω′=¬c¬r, .4≥.4, then 1 ∈ Sπ(c¬r|¬r);

ii) For a=.2, since, Sπ(¬c¬r)=.4>.2, then
.2∈Sπ(c¬r|¬r).
For a=.3, since, Sπ(¬c¬r)=.4>.2, then
.3∈Sπ(c¬r|¬r).
For a=.4, since, Sπ(¬c¬r)=.4≯.4, then
.4 6∈Sπ(c¬r|¬r).

• For the interpretation ω=¬c¬r, we follow the same com-
putation steps.

• For counter-models of ¬r, we have Sπ(ω|φ) = {0}.

Given the distribution in Table 2, we sum up the result of
conditioning this distribution in Table 4.

Table 4. Set-valued distribution Sπ of Example 2 conditioned by
φ=¬r.

Sπ(.|φ)
cr {0}
¬cr {0}
c¬r {.2, .3, 1}
¬c¬r {1}



5 SYNTACTIC COUNTERPART OF
SET-VALUED CONDITIONING

Let us first consider again conditioning a standard possibilis-
tic knowledge base K and rewrite the result of conditioning
K. Recall that K≥a={ϕ : (ϕ, α) ∈ K and α ≥ a} be a set
of propositional formulas from K having a weight greater or
equal to a. Then, the result of conditioning K by φ, denoted
by Kφ, given by Definition 3 can be rewritten as:

Kφ = {(φ, 1)}
∪ {(ϕ, α) : (ϕ, α) ∈ K≥α ∧ φ is consistent }
∪ {(ϕ, 0) : (ϕ, α) ∈ K≥α ∧ φ is inconsistent }.

The only difference with Definition 3 is that ’0’ weighted
formulas have been added. This has no influence thanks to
Lemma 1. Namely,Kφ is obtained fromK by adding φ with
a fully certainty degree and ignore some formulas from K.
By ignoring some formulas, we mean the certainty degrees
of these formulas are set to ’0’.

SK

Set-valued possibilistic base

KnK1 K2

K1φ
K2φ Knφ

SK′

Figure 1. Compatible-based conditioning

The aim of this section is to provide syntactic computation
of set-valued conditioning when set-valued possibility distri-
butions are compactly represented by set-valued possibilistic
knowledge bases. As illustrated in Figure 1, the input is an
initial set-valued knowledge base SK and a formula φ. The
output is a new set-valued knowledge base SK′ that results
from conditioning the set of all compatible bases of SK with
φ. This new set-valued knowledge base SK′ is obtained by
considering the set of all compatible possibilistic knowledge
bases,Ki ∈ C(SK). More precisely, it is done in three steps:

• First, from SK we generate the set of compatible bases
K1,K2, ...,Kn

• then, we condition each compatible base Ki with φ. The
result is Kiφ and obtained using Definition 3.

• Lastly, we define SK′ by associating with each formula ϕ
of SK the set of degrees present in at least one conditioned
Kiφ .

Namely: SK′ = {(ϕ, S) : S =
⋃
{αk : (ϕ, αk)∈Kφ,K ∈

C(SK)}}.
Hence, a naive algorithm for computing SK′ is given.

Algorithm 1 Naive computation of SK′

Input: SK: a set-valued knowledge base
φ: a propositional formula

Output: SK′: the result of conditioning SK with φ
SK′ ←− {(φ, 1)}
foreach (γ, S) ∈ SK do
S′ ←− ∅
foreach K compatible with SK do

Compute Kφ

S′ ←− S′ ∪ {α : (γ, α) ∈ Kφ}
end foreach
SK′ ←− SK′ ∪ {(γ, S′)}

end foreach
return SK′

Clearly, this algorithm is not satisfactory since the number
of compatible bases may be exponential.

Our aim is then to equivalently compute SK′ without
exploiting the set of all compatible possibilistic knowledge
bases.

It is easy to show that ∀ω∈Ω, πK′(ω)=πK(ω|φ). Now,
in the set-valued setting, conditioning SK comes down first
to apply standard conditioning on each compatible base then
gathering all certainty degrees. Clearly, SK′ is obtained from
SK by ignoring some weight. The conditions under which a
weight should be ignored is given by the following proposi-
tion:

Proposition 4. Let SK be a set-valued knowledge base, φ
be a propositional formula. Let (γ, S) ∈ SK and a ∈ S. Let
S′ be the new set associated with γ in SK′. Then:

a ∈ S′ iff φ ∧ {ϕ : (ϕ, S) ∈ SK,S ≥ a} ∧ γ is consistent.

Proof. The proof is as follows. Assume that a ∈ S′. This
means that there exists a compatible base K such that
(γ, a) ∈ K′. Since {ϕ : (ϕ, α) ∈ K′} is consistent, and
(γ, a) ∈ K′ and (φ, 1) ∈ K′ then trivially φ ∧ γ ∧ {ϕ :
(ϕ, b) ∈ K′} is consistent. Hence, φ ∧ γ ∧ {ϕ : (ϕ, b) ∈
K′, b ≥ a} is consistent and φ∧γ∧{ϕ : (ϕ, S) ∈ SK, S ≥
a} is consistent.

Now, assume that φ ∧ γ ∧ {ϕ : (ϕ, S) ∈ SK, S ≥ a} is
consistent. Let K be a compatible base, where each (ϕ, S)
such that ϕ 6= γ is replaced by (ϕ, S) and (γ, S) is replaced
by (γ, a). Clearly, K is a compatible. Besides, (γ, a) ∈ K′
since K≥a ∧ φ is consistent. Hence, a ∈ S′.

Based on the above propositions, we propose an algorithm
(Algorithm 2) to compute the result of conditioning SK with
φ. It consists in browsing all the degrees of SK and checking
whether each degree should be replaced by 0 or not.

In Algorithm 2, the costly task is checking consistency of
the statement marked by (#). Hence, the complexity of com-
puting SK′ is O(|SK| ∗ n ∗ SAT ) where n is the number
of different certainty levels in SK (namely, n = |

⋃
{S :

(ϕ, S) ∈ SK}|). This is stated in the following proposition.

Proposition 5. Let SK be a set-valued possibilistic knowl-
edge base and φ be the new evidence. Let SK′ be a set-
valued possibilistic knowledge base computed using Algo-
rithm 2. Then computing SKφ is inO(|SK|∗n∗SAT ) where
SAT is a satisfiability test of a set propositional clauses and
n is the number of different weights in SK.



Algorithm 2 Syntactic set-valued conditioning
Input: SK: a set-valued knowledge base

φ: a propositional formula
Output: SK′: the result of conditioning SK with φ

SK′ ←− {(φ, 1)}
foreach (γ, S) ∈ SK do
S′ ←− ∅
foreach a ∈ S do

if (#) φ∧ γ ∧{ϕ : (ϕ, S) ∈ SK,S ≥ a} is consis-
tent then
S′ ←− S′ ∪ {a}

else
S′ ←− S′ ∪ {0}

end if
SK′ ←− SK′ ∪ {(γ, S′)}

end foreach
end foreach
return SK′

Example 8. Let us illustrate Algorithm 2. To do
so, we continue Example 4 where SK = {(¬c ∨
r, {.4, .7, .8}), (r, {.6})} and with the new information φ =
¬r. For each pair (ϕ, S),

• First let us take (¬c ∨ r, {.4, .7, .8}) then:

– For a = .4, {r,¬c ∨ r} ∧ {¬r} ∧ {¬c ∨ r} is not
consistent then, 0∈S′;

– For a = .7, ∅ ∧ {¬r} ∧ {¬c ∨ r} is consistent then,
.7∈S′;

– We use the same reasoning for a=.8, then, .8∈S′.
• Now for the second pair (r, {.6})} we have:

– For a=.6, {r}∧ {¬r}∧ {r} is not consistent so 0∈S′;

The new base is SK′={(¬r, {1}), (¬c∨r, {0, .7, .8}),
(r, {0})}. Thanks to Lemma 2, we can exclude the pair
(r, {0}), this is our new base: SK′={(¬r, {1}), (¬c ∨
r, {0, .7, .8})}. The corresponding set-valued possibility dis-
tribution according Definition 8 is given in Table 5.

Table 5. Set-valued distribution corresponding to set-valued
knowledge base SK′.

SπSK′

cr {0}
¬cr {0}
c¬r {.2, .3, 1}
¬c¬r {1}

6 RELATED WORKS AND DISCUSSIONS
This paper dealt with representing and reasoning with qual-
itative information in a possibilistic setting and it provided
three main contributions:

• The first one is a new extension of possibilistic logic called
set-valued possibilistic logic particularly suited for rea-
soning with qualitative and multiple source information.
We provided a natural semantics in terms of compati-
ble possibilistic bases and compatible possibility distribu-
tions.

• The second main contribution deals with a generalization
of the well-known min-based or qualitative conditioning
to the new set-valued setting. The paper proposes three
natural postulates ensuring that any set-valued condition-
ing satisfying these three postulates is necessarily based
on the set of compatible standard possibility distributions.

• The third main contribution concerns the syntactic charac-
terization of set-valued conditioning. Efficient procedures
are proposed to compute the exact set-valued possibility
distributions and their syntactic counterparts. Interestingly
enough, the proposed setting generalizes standard possi-
bilistic and conditioning does not require extra computa-
tional cost with respect to the standard single valued pos-
sibilistic setting. We provide an algorithm which does not
generate explicitly the set of all compatible possibilistic
knowledge bases.

Many extensions have been proposed to generalize possi-
bilistic logic. The closest one to set-valued possibilistic logic,
proposed in this paper, is interval-based possibilistic logic
[4, 11, 5]. The two settings view a knowledge base (resp.
possibility distribution) as a family of compatible bases bases
(resp. distributions). Of course, intervals are particular sets.
However, in [5] conditioning operator deals only with quanti-
tative interpretation of possibility theory [5] while set-valued
possibilistic logic deals with qualitative possibility theory.
Besides, the rational postulates given in [5] does not charac-
terise the uniqueness of conditioning operator while in this
paper, this three postulates S1, S2, and S3 guarantee the
uniqueness of the conditioning operation.

Among the other extensions, symbolic possibilistic logic
[6, 7] deals with a special type of uncertainty where the
available uncertain information is in the form of partial
knowledge on the relative certainty degrees (symbolic
weights) associated with formulas. In [2], a multiple agent
extension of possibilistic logic is proposed. This extension
associates sets of agents to sets of possibilistic logic formu-
las and aims to reason on the individual and mutual beliefs
of the agents. Note that no form of conditioning the whole
knowledge is proposed for this setting.

Note that the idea of compatible-based conditioning in
the interval-based possibilistic setting is somehow similar
to conditioning in credal sets [1, 26] and credal networks
[12] where the concept of convex set refers to the set of
compatible probability distributions composing the credal
set. Regarding the computational cost, conditioning in
credal sets is done on the set of extreme points (edges of
the polytope representing the credal set) but their number
can reach N ! where N is the number of interpretations
[28]. In this paper, our set-valued conditioning operator
has a complexity close to the one of standard possibilistic
knowledge base.

Clearly, many of the qualitative extensions of possibilis-
tic logic mentioned in this section could benefit from our
conditioning operators as far as they can be encoded as set-
valued possibilistic bases. This will be our main track for
future works.
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logic over gödel logic’, Int. J. Approx. Reasoning, 52(1), 63–
75, (2011).

[14] D Dubois, ‘On various ways of tackling incomplete informa-
tion in statistics’, Int. J. Approx. Reasoning, 55(7), 1570–1574,
(October 2014).

[15] D Dubois, J Lang, and H Prade, ‘Timed possibilistic logic’,
Fundam. Inform., 15(3-4), 211–234, (1991).

[16] D Dubois and H Prade, ‘The logical view of conditioning and
its application to possibility and evidence theories’, Int. J. Ap-
prox. Reasoning, 4(1), 23–46, (1990).

[17] D. Dubois and H. Prade, ‘Bayesian conditioning in possibil-
ity theory’, Fuzzy Sets and Systems, 92(2), 223 – 240, (1997).
Fuzzy Measures and Integrals.

[18] D. Dubois and H. Prade, ‘Possibility theory and its applica-
tions: a retrospective and prospective view’, in Decision The-
ory and Multi-Agent Planning, volume 482, 89–109, Springer
Vienna, (2006).

[19] D Dubois and H Prade, ‘Generalized possibilistic logic’, in
Scalable Uncertainty Management, eds., S Benferhat and

J Grant, volume 6929 of Lecture Notes in Computer Science,
428–432, Springer Berlin Heidelberg, (2011).

[20] D Dubois and H Prade, ‘Possibility theory and its applications:
Where do we stand?’, in Springer Handbook of Computational
Intelligence, eds., Janusz Kacprzyk and Witold Pedrycz, 31–
60, Springer Berlin Heidelberg, (2015).

[21] D Dubois, H Prade, and S Schockaert, ‘Stable models in gen-
eralized possibilistic logic’, in Principles of Knowledge Repre-
sentation and Reasoning: Proceedings of the Thirteenth Inter-
national Conference, KR 2012, Rome, Italy, June 10-14, 2012,
(2012).

[22] T-F Fan and C-J Liau, ‘A logic for reasoning about justified
uncertain beliefs’, in Proceedings of the Twenty-Fourth In-
ternational Joint Conference on Artificial Intelligence, IJCAI
2015, Buenos Aires, Argentina, July 25-31, 2015, pp. 2948–
2954, (2015).

[23] P. Fonck, ‘A comparative study of possibilistic conditional in-
dependence and lack of interaction’, International Journal of
Approximate Reasoning, 16(2), 149–171, (1997).

[24] E. Hisdal, ‘Conditional possibilities independence and non in-
teraction’, Fuzzy Sets and Systems, 283–297, (1978).

[25] J Lang, ‘Possibilistic logic: complexity and algorithms ’, in Al-
gorithms for Uncertainty and Defeasible Reasoning, eds., Jrg
Kohlas and Serafin Moral, volume 5, 179–220, Kluwer Aca-
demic Publishers, (2001).

[26] I Levi, The Enterprise of Knowledge: An Essay on Knowledge,
Credal Probability, and Chance, volume 92, The Mit Press,
1980.

[27] J.F. Huete L.M. De Campos and S. Moral, ‘Possibilistic inde-
pendence’, Proceedings of EUFIT 95, 1, 69–73, (1995).

[28] A Wallner, ‘Extreme points of coherent probabilities in fi-
nite spaces’, International Journal of Approximate Reasoning,
44(3), 339 – 357, (2007). Reasoning with Imprecise Probabil-
ities.

[29] L. A. Zadeh, ‘Fuzzy sets as a basis for a theory of possibility’,
Fuzzy Sets Syst., 100, 9–34, (April 1999).


