On Merging Strategy-Proofness

Patricia Everaere and SébastienK onieczny and Pierre Mar quis
Centrede Recherchen Informatiquede Lens(CRIL-CNRS)
Universié d’Artois - F-62307Lens- France
{everaerekonieczty, marquig @cril.univ-artois.fr

Abstract

Merging operatorsaim at defining the beliefs/goalsof
a group of agentsfrom the beliefs/goalsof eachmem-
ber of the group. Whene&er an agentof the grouphas
preferencesverthepossibleresultsof themeiging pro-
cess(i.e. the possiblemeigedbases)shecantry to rig
the memging processby lying on her true beliefs/goals
if this leadsto a better meged baseaccordingto her
point of view. Obviously, strategy-proof operatorsare
highly desirablein order to guaranteea fair meiging
processeven when someof them are not sincere. In
fact, whenstratgy-proofnesss not guaranteedt may
be questionedvhethertheresultof themeging process
actually representghe beliefs/goalsof the group. In
this paperthe strateyy-prooflandscapdor mary meig-
ing operatorgrom theliterature,includingmodel-based
onesandformula-basednes,is dravn. Both the gen-
eralcaseandseveralrestrictionsonthemeiging process
(amongothers,the numberof agentsandthe presence
of integrity constraints)areconsidered.

Intr oduction

Merging operatorsaim at defining the beliefs/goalsof a
group of agentsfrom the beliefs/goalsof eachmemberof
the group. Thoughbeliefs and goals are distinct notions,
melging operatorscantypically be usedfor merging either
beliefsor goals. Thus,mostof the logical propertieggiven
in (Konieczry & PinoPérez1998;1999)for characterizing
rationalbelief memging operatorscanbe usedfor character
izing aswell rationalgoal memging operators.

Whatever beliefsor goalsaremerged,therearenumerous
situationswhereagentshave preferencesn the possiblere-
sultsof the meming procesqi.e. the memgedbases) As far
asgoalsareconcernedanagentis surelysatisfiedwvhenher
individualgoalsarechoserasgoalsof thegroup.In thecase
of beliefmemging,anagentcanbeinterestedn imposingher
beliefsto the group(i.e. “convincing” the otheragents)es-
pecially becausehe resultof a further decisionstagemay
dependonthebeliefsof thegroup.

So,assoonasanagentparticipatego a merging process,
the stratgy-proofnesgproblemhasto be considered.The
guestionis: is it possiblefor a given agentto improve the
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resultof the memging processwith respecto herown point
of view by lying on her true beliefs/goalsgiven that she
knows the beliefs/goalf eachagentof the groupandthe
way beliefs/goalsare memged. When stratgyy-proofnesds
not guaranteedit may be questionedvhetherthe result of
the meming processactuallyrepresentshe beliefs/goalof
thegroup.
For an exampleof manipulation et us considerthe fol-

lowing illustratingscenario:

Example1 Marie, Alain and Pierre always spendtheir
eveningtogether They haveto plan whatthey will do this
evening Pierre wantsto go to a restauant for diner, but
not to the movie. Marie doesnot wantto go out for diner.
Alain doesnot wantto stayat home i.e. hewantsto goto
therestauant or to the movie. If oneusesa usualmeging
operator for definingthe goal of thegroup', thenthegoal of
the group will beto go out for diner and not to the movie.
Marie will notbe veryhappy .. Howerer, if Marie liesand
claimsthatshewantsto goto themovie but notto therestau-
rant, thentheresultof the meging processwill be different.
Indeedjn this case thegoal of thegroupwill beto goeither
to the restauant or to the movie: Marie maystill avoidto
gooutfor diner.

The aim of this work is to draw the strat@y-proofness
landscapdor mary meiging operatorsrom the literature,
including model-basednesand formula-basednes. For
eachoperatorunderconsiderationwe aim at determining
whetherit is stratgy-proof in the generalcase,and un-
dersomerestrictionson the meming procesgincluding the
numberof agentsandthe presencef integrity constraints)
andonthesetof availablestratgyiesfor the agents.

The rest of the paperis organizedasfollows. First we
give the neededbasicdefinitions. We thenrecall the def-
initions of the main propositionalbelief meiging operators
of theliterature. After what, we give several definitionsof
stratgyy-proofnesdasedon a generalnotion of satisfiction
index. Then,we reportour stratey-proofnesgesults. We
endby noticing relatedwork, just beforea concludingdis-
cussion.Dueto spacdimitations,only the mosttypical (and
short)proofsaregivenin the paper

'Formally, themodel-basedperatorA %>,



Preliminaries

We considera propositionalanguagel definedin the stan-
dardway from a finite setof propositionalvariablesP and
theusualconnectves,including T and L.

An interpretation(or world) is a total functionfrom P to
{0, 1}, denotedby a bit vectorwhenever a strict total order
on P is specified.The setof all interpretationss noted\\V.
An interpretationw is a modelof a formula¢ € £ if and
only if it makesit truein the usualtruth functionalway. [¢]
denotesthe setof modelsof formula ¢, i.e. [¢] = {w €
Ww = ¢}

A belief/goalbase K denoteghe setof beliefs/goalsof
anagentit is afinite andconsistensetof propositionafor-
mulas,interpretecconjunctively. A K denoteghesingleton
belief/goalbasecontainingthe conjunctionof everyformula
of K. We saythata baseK is completeif it hasa unique
model,suchabases notedK,,.

A belief/goalprofile £ denoteshe group of agentsthat
is involvedin the merging processlt is a multi-set(bag)of
belief/goalbasest = {K71,..., K, } (hencetwo agentsare
allowedto exhibit identicalbases).

C will denotesetcontainmentand C strict setcontain-
ment,i,e. A C B if andonlyif A C B andA # B.
The multi-set union is noted LI and the multi-set contain-
mentrelationis notedC. The cardinalof a finite set A is
noted#(A). The samenotationis usedfor a multi-set(the
cardinalof a finite multi-setis the sum of the numbersof
occurrence®f eachof its elements).We noteby A E the
conjunctionof baseof E,i.e. AE=AK; A... AN\K,,
where A K; denotesthe conjunctionof all formulasfrom
K; (i € 1...n). A profile E is saidto be consistenif and
onlyif A E is consistent.

A pre-order< is areflexive andtransitive relation. A pre-
orderis total if Vw,w’ w < o' orw’ < w. Let< bea
pre-order we definethe correspondingstrict ordering< as
w < ' if andonly if w < w’ andw’ £ w, andtheinduced
equialencerelation (indifference)~ is givenby w ~ ' if
andonly if w < o’ andw’ < w. Wewrite w € min(4, <)
if andonlyif w € Aandfw’ € As.t.w’ < w.

Theresultof the merging of the basewf a profile E, un-
derthe integrity constraintsy is the basedenotedA ,(E).
Theintegrity constraintonsistof a consistenformulathe
mergedbasehasto satisfy (it may represensomephysical
laws, somenorms,etc.).

Merging operators

We recallin this sectionthe two main families of meging
operatordrom the literature. The first family is definedby
a selectionof someinterpretationsusually using a notion
of distance. The secondfamily is definedby a selection

of someformulasin the set-theoreticunion of the bases.

For more details on thosetwo families, seefor example
(Konieczry, Lang,& Marquis2002;2004).

Model-basedoperators

Thefirst family is basedn the selectionof someinterpreta-
tions, the “closest” onesto the given profile (Revesz1997;

Konieczry & Pino Pérez 1998; 1999; Lin & Mendelzon
1999;Liberatore& Schaerfl998).

Definition 1 A pseudo-distandeetweerinterpretationsis a
total functiond : W x W — IR" sud that for any w, «’,
W eW:

e dw,w') =dw w),and

e d(w,w') =0if andonlyif w = w'.

A distancebetweeninterpretationsis a pseudo-distance
that satisfiedriangular inequality:

e dw,w) <d(w,w”)+ dw",w").

Two widely useddistancesbetweeninterpretationsare
DalaldistancgDalal 1988),denotediy , whichis the Ham-
ming distancebetweeninterpretationgi.e. the numberof
propositionalariableson which thetwo interpretationglif-
fer); andthedrasticdistancedenotedip, whichis the sim-
plestpseudo-distancene candefine: it givesO if the two
interpretation@rethe sameone,and1 otherwise.

Definition 2 An aggreyation function f is a total func-
tion associatinga nonngative real numberto every fi-
nite tuple of nonngative real numbes and s.t. for any
Ty, Tn, 2,y € IR

e if x <y, then

f(xla"'axa"'axn) < f(xla"'aya"'axn)‘
(non-decreasingness)
e f(x1,...,2,) =0ifandonlyifz; = ... =x, = 0.
(minimality)
o f(z)=mu. (identity)

Widely used functions are the max (Revesz 1997;
Konieczry & PinoPérez2002b),thesum? (Revesz1997;
Lin & Mendelzon1999; Konieczry & Pino Pérez 1999),
or the leximax GMax (Konieczty & Pino Pérez 1999;
2002b).

The chosendistancebetweeninterpretationsinducesa
“distance” betweenan interpretationand a base,which in
turn givesa “distance”betweeraninterpretatioranda pro-
file, using the aggreation function. This latter distance
gives the needednotion of closeness<g (a pre-orderin-
ducedby E).

Definition 3 Letd beapseudo-distanceetweernnterpreta-
tionsand f bean aggregationfunction. Theresult A%/ (E)
of the (model-basedjneging of £ giventhe integrity con-
straints  is definedby:

o d(w, K) = min,—gd(w,w’).
o d(w, F) = fix,ep(d(w, K;)).
e w<gw ifandonlyif d(w, F) < d(u', F).
o [0S (B)] = min(ju), <p).
Let us stepbackto the examplegivenin introductionin

orderto illustrate the way model-basedneming operators
work:

Example 2 Considerthe setP with two propositionalvari-
ablesm(ovie) and r(estauant), taken in this order The
goals of the three agentsare then given by the following
bases:K; whosesetof modelds {00, 10} (Marie’swishes),
K, whosesetof modelss {01, 10,11} (Alain’swishes)and



W du(w, K1) dg(w, Kz) dg(w,K3) Al>({Ky, Ky, K3}
00 0 1 1 2
01 1 0 0 1
10 0 0 2 2
11 1 0 1 2

. i i dy,
Tablel: Mergingwith A%#->,

K3 whosesetof modelsis {01} (Pierre’'swishes).Theris
no integrity constaint (i = T).

Table 1 sumsup the computationsof the result of the
mewing for the opemtor A?#>_ |t statesfor ead model
of the integrity constaints (first column)the distanceshe-
tweenthis modeland the basesandin the last columnthe
aggregate distancebetweerthe modeland the profile. Ac-
cordingto thisoperator, [A%# > ({ K1, Ky, K3}] = {01}, S0
thegoal of thegroupis to goto therestauantandnotto the
movie.

Formula-basedmerging

The other main family of merging operatorsis composed
of operatorsusually called “formula-basedoperators”or
“syntax-basedoperators”,since the syntacticform of the
basesat play may easily influencethe result of the mem-
ing processreplacingabase{1, . .., ¢, } by the(logically
equialent)base{y1 A. .. Ap, } mayleadto changehecor-
respondingnergedbase(while it is not the casefor model-
basedoperators) Formula-basedperatorsarebasedon the
selectionof consistensubsetf formulasin the union of
the basesof the profile E. Several operatorsare obtained
by letting vary the selectioncriterion. The result of the
melging processs the setof consequencethat canbe in-
ferred from all selectedsubsets. See(Baral et al. 1992;
Baral, Kraus, & Minker 1991; Rescher& Manor 1970;
Konieczry 2000)for moredetails.

Definition 4 MAXCONS(K, 11) is the setof all M that sat-
isfy:
e M C KU{u},and
e 1€ M,and
o If M C M’ C K U{u}, thenM’is notconsistent.
When maximality must be taken w.r.t. cardinality, we
usethe notationMAXCONSq-¢( K, 11). To be more precise
MAXCONS..q4(K, 1) is thesetof all M thatsatisfy:
e M C KU{u},and
e 11 € M,and
o If #(M) < #(M')with{u} C M’ C KU{u},thenM’
is not consistent.
LetMAxcc?Ns(E,u) = MAXCONS(UKiGEKi,u).
The following operatorshave beendefinedsofar (Baral,
Kraus,& Minker1991;Baraletal. 1992;Konieczry 2000):

Definition 5 Let E be a profile and let 1 be an integrity
constaint;

ATHE) = \/{M € MAXCONS(E, 11)}.

AT3(E) = \{M | M € MAXCONS(E, T) and M U {y}
consistent.

ASHE) = \V{M € MAXCONS.qra(E. 1)}

AT(E)=V{M U {u} | M € maxcoNs(E, T) and
M U {u} consistent
if this setis notemptyand . otherwise

ACHE), AJ*(E) and AJ*(E) correspondespectiely
to Combl(E, u), Comb3(E, 1) and Combd(E, ;1) asde-
fined in (Baral et al. 1992). Thereis no A®? operator
since the correspondingComb2 operatoris equivalent to
Combl (Baraletal. 1992). The A®5 operatoris a slight
modificationof A3 in orderto get more logical proper
ties(Konieczry 2000). Notethatunlike the otheroperators,
Af3 may generatenconsistentmemgedbases.

Let usstepbackto the examplegivenin introduction:

Example 3 Marie, Alain and Pierre wishescan berespec-
tively encodedby the following basesk; = {-r}, Ky =
{mvVvr}andKs = {-m,r}, soF = {K;, K2, K3}. The
maximal(w.r.t. setinclusion)consistensubsetsn theunion
of thosebasesare (there is no integrity constaint 4 = T):
{-r,mVr}, {-r,—-m},and{mVr, —m,r}. Sofor this ex-
ampleweget A (E) = AT3(E) = AT (E) = —rV-m,
thatmeanshatthegoalof thegroupis notto gotothemovie
or notto goto therestauant. Andwith AS*(E) = -m A,
thatmeanghatthegrouphasto goto therestauant but not
to themovie.

Note also that if we encodePierre’s wishesas K} =
{-m A r}, sowith E' = {K3, K5, K4}, thenthe maximal
(w.r.t. setinclusion)consistensubsetsn the union of those
basesre{-r,mVvr} and{mVvr,—-mAr}. So,in thiscase
weget ATH(E') = AT3(E') = AGHE) = ATY(E) =
(m A =r)V (—=m A r). Accodingly, thegoal of thegroupis
to goeitherto themovie or to therestauant, but notto both.

This lastexampleshaws that syntax-sensitiity canbe an
additionalmeanof manipulation.For example,if oneuses
the A“4 meming operator thenit is more interestingfor
Pierreto expresshis wishestrough K3 ratherthanwith K7,
(althoughthosetwo basesarelogically equialent). In the
first casetheresultof the meming is logically equivalentto
K3, it is no more the casewith K (see(Lafage& Lang
2000)for asimilarexampleof syntax-sensitiity in aprefer
enceaggreationcontext).

Othervaluableformula-basedperatorscan be defined,
for instanceby replacingeachbaseK by the singletoncon-
taining the conjunctionof its elementsbhefore making the



W] du(w, K1) du(w,K{) du(w.Ks) du(w Ks) OGP ({Ki Ky Ks}) Ajm ({K], Ka, Ks})
00 0 1 1 1 2 3
01 1 2 0 0 1 2
10 0 0 0 2 2 2
11 1 1 0 1 2 2

Table2: AﬁHﬁZ is not strategy-prooffor iy, .

union. As thecomma- which is a specificconnectve, even
if it is nottruth-functional is usuallynot equivalentto stan-
dardconjunctionin the formula-basedramework, suchop-
eratorsmay easily give memgedbaseghat differ from their
original counterpart,as illustrated in the above example.
Clearly enough,the resultingoperatorsare not ary longer
sensitve to the syntacticpresentatiorf thebasegreplacing
every baseby a logically equivalentoneleadsto the same
mergedbase).Formally, we have:

Definition 6 LetF = {Ky,...,K,} beaprofileandlet x
bean integrity constaint:

o ACUE) = AT({AKL ... NEn}).
o AC3(E) = AS3({AKL,..., NKo)).
o AOYE) = AGHAKL, ..., NKn}).

o AP(E) = AS(NKL, ..., NKa)).

Seg(Konieczry 2000;Konieczry, Lang,& Marquis2002;
2004)for otherrefinement®f formula-basedperatorsthat
allow afiner useof thedistribution of theinformation.

Strategy-proofness

The stratgyy-proofnessssuefor a memging operatorcanbe
statedasfollows: is it possiblefor a givenagentto improve
the resultof the memging processwith respectto her own
point of view by lying on hertrue beliefs/goalsgiven that
sheknows the beliefs/goalsof eachagentof the groupand
the way beliefs/goalsare meiged? If this questioncanbe
answeredositively, thenthe operatoris not strateyy-proof
(theagentmaybenefitfrom beinguntruthful). Thus,amenmg-
ing operatoris not stratgy-proof if one canfind a profile
E ={K,,...,K,} whichrepresentshe baseof theother
agentsan integrity constraintu, andtwo basesk” and K’
suchthattheresultof thememging of £ and K’ is betterfor
the agentthanthe resultof the meming of E with hertrue
basekK.

Definition 7 (strategy-proofness)

Leti be a satisfactionindex, i.e. a total functionfrom £ x
L to IR. A meging operator A is stratey-proof for i if
and only if there is no integrity constrint p, profile £ =
{Ki,...,K,}, baseK andbaseK’s.t.

i(K. 0, (BU{K"})) > i(K, Au(E U {K})).
A profile £ is saidto be manipulableby a baseK for index

i givena meiging operator A andan integrity constaint p
if andonlyif there existsa baseK’ s.t.

i(K, Ap(EU{K'})) > (K, Ay (B U{K})).

Clearly, thereare numeroudifferentwaysto definethe
satishctionof anagentgivena memgedbase.Marny ad hoc
definitionscanbe considered.This is closelyrelatedto the
problemof measuringhow similar two logical basesare,
henceit is closeto verrisimilitudeissuegseee.g. (Kuipers
1987)).

Thefollowing threeindexesaremeaningfulwhenno ad-
ditionalinformationareavailable.

The first two indexes are drastic ones: they rangeto
{0,1}, sothe agentis eitherfully satisfiedor not satisfied
atall.

Definition 8 (weak drastic index)

. | 1 if AK A \Ka isconsistent,
(K, Ka) = { 0 otherwise

Thisindex takesvaluel if theresultof themeiging (noted
K a in thedefinition)is consistentvith the agents basek,
andO otherwise.lt meanghatthe agentis consideredully
satisfiedassoonasits beliefs/goalsare consistenwith the
meimgedbase.

Definition 9 (strongdrastic index)

. (1 ifKaEK,
ia, (K, Ka) = { 0 otherwise

This index takesvalue 1 if the agents baseis a logical
consequencef the resultof the meming, and0 otherwise.
In orderto befully satisfiedthe agentmustimposeherbe-
liefs/goalsto thewholegroup.

The last index is not a booleanone, leadingto a more
gradualnotion of satishction. The more compatiblethe
merged basewith the agents basethe more satisfiedthe
agent. The compatibility degreeof K with KA is the (nor
malized)numberof modelsof K thataremodelsof Ka as
well:

Definition 10 (probabilistic index)

K] [Ks])
#([Kal)
When#([Kal) = 0, weseti, (K, Ka) = 0.

ip(K, Ka) is the probabilityto geta modelof K from a
uniform samplingin themodelsof KA. Thisindex takesits
minimal valuewhenno modelof K is in the modelsof the
memgedbaseK A, andits maximalvaluewheneachmodel
of thememgedbaseis amodelof K. Stratgyy-proofnessor
thesethreeindexesarenotindependenhotions:

IP(K* KA) =



] du(w K1) du(w K7) du(w.Ka) AJ*({K Ke})  AjP({K] Ko})
01 0 0 2 2 2
10 1 2 0 1 2
11 1 1 1 2 2

Table3: Manipulability of A#>>

Proposition 1

¢ If a meging opemtor is strategy-proof for i,, thenit is
strategy-prooffor i, .

e Considera meging operator that genematesonly consis-
tentbasesl|f it is strategy-prooffor i, thenit is strategy-
prooffor iy, .

Onthe otherhand,onecanprove thatstratey-proofness
for iq4,, andstratgy-proofnesdor iy, arelogically indepen-
dentin the generalcase(an operatorcan be strateyy-proof
for oneof themwithout beingstrateyy-proof for the other,
andit canbe stratgy-prooffor bothof themor for neither).

Let us concludethis sectionwith our running example,
and give formal agumentsexplaining how Marie can ma-
nipulatethe memging process:

Example4 We consider three bases,[K;] = {00,10}
(Marie’s wishes), [K;] = {01,10,11} (Alain’s wishes)
and [K3] = {01} (Pierre’s wishes). Ther is no con-
straint (1 = T). [A%T2({K,, K>, K3})] = {01} and
iq, (K1, A% =({Ky, K, K3})) = 0, which meansthat
Marie is not satisfied. If Marie reports K; whoseset of
modelsis {10} insteadof K1, then[A” ({K{, K3, K3})] =
{01,10,11} andig,, (K1, A >({K{, K5, K3})) = 1, that
is more satisfactoryfromher pointof view. Table2 givesthe
detailsof the computationgor this example

Strategy-proofnessresults

In the generalcase,both the family of model-basedp-
eratorsand the family of formula-basedperatorsare not
stratgyy-prooffor thethreeindexeswe consider Thismeans
that thereare operatorsfrom thosefamilies which are not
strateyy-proof.

However, imposing further restrictions may lead to
stratgy-proofness.Consideringthemin a systematiovay
allows usto draw the stratgyy-proofnesdandscapdor both
families.

A first restriction concernsthe numberof basesto be
memged. Theinterestingcaseis when#(F) = 2, wherewe
cansometimegeachstratgy-proofnesswvhereador larger
profiles the operatoris manipulable. Since {T} typically
plays the role of a neutral elementfor all the operators
we consider in the sensethat for every F, u, we have
AL (E) = A, (B U {T}), manipulationis monotonicwith
respecto the numberof basedor thoseoperatorsif anop-
eratoris manipulablefor #(E) = n, thenit is manipulable
for #(E) > n.

A second parameteris the completenessof the be-
liefs/goalsof the agentwho aimsat manipulating.In some

for i4,, andi, for two bases.

w

caseshaving suchstrongbeliefs/goalgendersary stratgy
impossible.

A third significantparameteis the presencef integrity
constraints. On the one hand, adding nontrivial integrity
constraints(u £ T) canrendera manipulationpossible,
while it is not when no integrity constraintsare consid-
ered. The otherway, addingintegrity constraintamay pre-
ventfrom ary manipulationsimplyby choosingaconstraint
1 thatis not consistentwith the baseK of the untruthful
agent)whichwould be possibleotherwise.

Anotherrestrictionbearson the possibleavailable strate-
gies. In the generalcasethe untruthful agentis free from
reportingary base,evenif it is “quite far” from her true
base.However, therearenumeroussituationsfor which the
otheragentgarticipatingto the merging proceshave some
informationabouther true base. In the following, we con-
sidertwo restrictionson available stratgjies (andthe corre-
spondingnotionsof strategy-proofness)the erosion(resp.
dilatation)manipulationis whenthereportedbasek” is nec-
essarilylogically stronger(resp. wealer) thanthe true one
K. Theerosion(resp. dilatation) manipulationis safefor
the untruthful agentwhen the otheragentsmay only have
accesdo a subsetof the countermodelgresp. models)of
hertrue beliefs/goals.

Model-basedoperators

Themainstratey-proofnessesultfor model-basederging
operatorsn thegenerakaseholdswhenthedrasticdistance
dp is considered:

Proposition2 Let f beanyaggregationfunction. A¢»:f is
strategy-prooffor iy, i, andiq,.

As shawvn on the running example, the family obtained
by consideringhe Hammingdistances not strateyy-proof.
Let us now focuson this family, and considersuccessiely
thetwo operatorobtainedoy considering: andGMaz as
aggreationfunctions.

Asto A?#* thenumberof basesandthe presencef in-
tegrity constraintsaresignificant. Let’s seefirst that A= >
is not stratgy-proofin thegenerakase.

Proposition3 A?#-* s not strategy-proof for any of iy,
iq, andiy, evenif there are only two basesinvolvedin the
meiging process.

Proof : The following exampleshaws the manipulabil-
ity of Ad#-% for iy, (andthenfor i,). Let usconsiderthe
constraintu = a Vv b andthetwo basesk; and K5 defined
by their respectie setsof models: [K;] = {00,01} and
[K2] = {10}. We have [ALm->({K,, K5})] = {10} and



] dp(w K1) du(w,Kj) du(w,K>) A ({Ky, Kp})  Ajn>({K7, Kb}
100 1 2 1 2 3
110 1 1 2 3 3
111 0 0 2 2 2

Table4: Manipulability of Ad#-* for i, for two bases.

ia, (K1, A% >({K1, K»})) = 0. Ontheotherhand,if the
agentwhosebases K givesK, with [K{] = {01} instead
of K1, we obtain [A%"*({K], K5})] = {01,10,11} and
iq, (K1, A% >({K{, K,}) = 1. This exampleshaws the
manipulabilityof A%#+* evenif thereareonly two basesn
theprofile. The computationsaredetailedin Table3.

The following example shovs the manipulabil-
ity of A#® for i, . Let us consider the con-

straint 4y = (a A D) V (@ A =b A —¢) and the two
bases K; and K, defined by their sets of mod-
els: [K;] = {000,111} and [K2] = {000,001}.

We have [Adm*({Ky,K,})] = {111,100} and
ig, (K1, A2 ({Ky, Ky})) = 0. On the other hand,
if theagentwhosebases K givesK, with [K{] = {111}
insteadof K, we obtain[Ad7-=({K], K,})] = {111} and
iq, (K1, Am>({ K], K3})) = 1. This exampleshaws the
manipulability of Ad#-> for i, evenif thereareonly two
belief basesn the profile. The computationsaredetailedin

Table4.
O

When no integrity constraintsare consideredi.e. p =
T), ary operatorAi’Z (whered is a distance)is stratgy-
proof for the indexesi,,, andi,, whenonly two basesare
considered:

Proposition4 Let d be any distance Provided that only

two basesare to be meiged, A‘#E is strategy-proof for the
indexesiq,, andig,.

But thisresultholdsonly for two basesincewe have the
following:

Proposition5 A‘-irH’E is not strategy-proof for indexesi,,,
andig, if at leastthree basesare involvedin the memging
process.

Imposingfurtherconstraintsnayprotectfrom any manip-
ulation:

Proposition6 For any distanced, A%* is strategy-proof
for the indexesiy, iq4, andig, whenthe initial base K is
complete

Proof:

e iy, andiy,. The propertyis a direct consequencef
Proposition12, shaving thatif A%> is manipulablefor
iq, andig, by abeliefbaseK, thenit is manipulableby
erosion.But thisis impossiblewheneer K is complete.

e i,. Reductioad absudun let ussupposehatthereis an

operatorA%> whered is any distancewhich is manip-
ulablefor i, givena completebase[K,,,] = {w1}. So,
thereexists an integrity constraintu, a profile £, anda
baseK’ s.t.

(Ko A (Ko, UE)) < ip(Koy, APZ({K'} U E)).
If we have i, (K., , AL¥(K,, U E)) = 0, thenwe have
iq, (K, , AR¥(K,, U E)) = 0too. In thatcasemanip-
ulationfor i, impliesmanipulationfor i4,, butwe proved
that no manipulationis possiblefor iy, . As a conse-
quenceyve cansupposehati, (K., , AL (K, L E)) #
0. Consequently:
#(Ku, N[E AL Ko,])
#([E AL Ko
(whereE AY K., is alight notationfor A%> (K, L E)).
This equationallows us to infer that w; is a model of
E N K,,.Inordertoincrease, (K., , A%”(K' L E)),
we haveto reducethenumberof modelsof EAEK’ com-
paredo EAY K, , withoutremavingw; from [EAY K.
Sowe haveto find ws # wy S.t.:
wy E EAY K, andw, - E A K.

So,ws = p, andwe have:

d(we, EUK,,) =d(w,EUK,,) 1)

£0

and:

d(w27Eu{K/}) > d(wlvEU{K/}) (2)
(becausey; isamodelof both E AE K,, andE AE K').
With theaggreyationfunction Y2, we getfrom equationt.:

d(wa,w1) + d(wz, E) = d(w, E)

andfrom equation2:
d(ws, K'") + d(w2, E) > d(w1, K') + d(w1, E).

Replacingl(w1, F) by d(wz, w1) + d(w2, F), we obtain:
d(u)z, KI)+d(w2, E) > d(wl, KI)—I—d(u)z, u)l)+d((U27 E),
s0:

d(wa, K') > d(wy, K') + d(wa, w).
If wj isamodelof K’ s.t. d(wy, K') = d(w1,w}), then
we have:

d(wae, K") > d(wy,w]) + d(wa,wn).
Furthermoreby definition of min, we have d(w2, w}) >
d(wa, K'), so:

d(wa, W) > d(w1,w)) + d(wa,wr)
which contradictghetriangularinequality



W dr(w K1) dp(w,K}) dp(w Ky AjmcMor({Ky, Ky} AgoMor({KY K}
000 1 0 3 (3,1) (3,0)
001 0 1 2 (2,0) (2,1)
010 2 1 2 (2,2) (2,1)
011 1 2 1 (1,1) (2,1)
100 2 1 2 (2,2) (2,1)
101 1 2 1 (1,1) (2,1)
110 3 2 1 (3,1) (2,1)
111 2 3 0 (2,0) (3,0)

Table5: Manipulability of Ad#-GMaz for i, ~with two completebases.

O

In contrastto Adu>>  Adm.GMaz jg not stratey-proof
evenin veryrestrictedsituations:

Proposition7

o Adu,GMaz s not strategy-proof for the satisfactionin-
dexesiq, andi,, evenif there is no constaint (1 = T),
the initial base K is completeand only two agentsare
involvedin the meging process.

o Adn.GMaz jg strategy-prooffor iy, when:

— two basesare consideed,and

- u=T,and

— theinitial baseis complete

If oneof theseconditionsis notsatisfiedthenAd# G Maz
is no mote strategy-prooffor id,.

Proof : We just give the proof for iy, andi,. Table
5 shavs the manipulability of Ad#:.GMaz for the weak
satishctionindex i4,, andtwo completebasesWe consider
K, s.t. [K;] = {001} and K, with [K3] = {111}, and
p = T. We have [Adm-GMar({ | [b})] = {011,101},
so no model of K, belongsto Adm-GMar({[, [Ko})
and igq, (K1, AfCMer({K), Ky}) = 0. If agent1

gives K] with [K{] = {000} instead of K, then
[Adu.GMaz{ | K1) = {001,010,011,100,101,110}
andiq, (K1, Adn-GMar ({1 K,}) = 1. Sincemanipula-
bility for i4,, holds,manipulabilityfor i, holdsaswell.

(I

Formula-basedoperators

For the probabilistic index, almost none of the formula-
basedperatorainderconsiderations stratey-proof:

Proposition 8

¢ No opemtor amongA©!, AC3 ACY ACS s strategy-
prooffor i, evenif there are only two agentsinvolvedin
the meging processthere is no constaint (1 = T) and
theinitial baseK is complete

o ACT and AC5 are strategy-proof for i, if there are only
two agentsinvolvedin the meging processbut noneof

themis strategy-proof for i, if three agentsor more are
involvedin the meiging processgvenif 4 = T andif the
initial baseis complete

e A3 is strategy-proof for i,, if there are only two agents
involvedin the meging processandif © = T, but it is
not strategy-proof for two agentsif y £ T, or if three
agentsor more are involvedin the meging processgven
if theinitial baseis complete

o A% s strategy-prooffor i,,.

Proof : We only give herean exampleof manipulation
of AY for i,, with #(E) = 2, a completebaseK, and
u = T. ConsiderE = {K, K2}, with K; = {a A b}
and Ky = {=(a A b)}. Then A¥Y(E) = T, and
ip(K1, AYY(E)) = 1. Butif agentl givesK| = {a,b}
instead of Kj, then AY*({K|,K2}) = a V b, and
ip(K1, ATY({K1, K2})) = . SOFE is manipulableby K1
for i,,. The sameexampleholdsfor A“4. It remaingto note
now that A§T = AY3 = ASS to concludethefirst point of

theproof.
O

For thetwo drasticindexes,theresultsaremorenuanced:
Proposition9

o ACTandACl are strategy-proof for bothi,,, andi,,.

o AC% and AC3 arenot strategy-prooffor anyof iy, , 4.,
evenif there are only two basesinvolvedin the meging
processand the initial baseK is complete but they are
strategy-prooffor bothindexesif = T.

o A% isnotstrategy-prooffor anyofiy, , i4,, evenif there
are only two basesinvolvedin the meiging processthe
initial baseK is completeandu = T.

o A% s strategy-prooffor iy, andig, .

e A% and A®® are not strategy-proof for both iy, and
iq, in the geneml case But strategy-proofnesscan be
achievedin thefollowing restrictedcases:A“® and A¢®
are strategy-proof for bothiy, andiy, if p = T. A®
and A“® are strategy-proof for iy, if theinitial baseis
complete A% is strategy-proof for bothi,, andi,, if
there are only two basesnvolvedin the meging process.



Ensuring strategy-proofness:the caseof complete
bases

Letusnow focusonavery specificcasethesituationwhere
every baseis complete.While this situationis ratherunfre-
guentwhendealingwith belief baseso be memed,it can
beimposedn agoalmemgingsetting,especiallyif it guaran-
teesstrat@y-proofnessThis explainswhy we consideisuch
acasen this paper

Proposition 10 The strategy-proofnessandscapefor sev-
eral meging operators under the restriction eac baseis
completds givenin Table 6. f is anyaggregationfunction,
d is anydistance/ means'str ategy-proof”’, — meansnon
strategy-proof” evenif #(E) = 2andu = T, —* means
“non strategy-proof” evenif either#(E) = 2oru = T,
but “strategy-proof” if both#(F) = 2andu = T. Fi-
nally, — " means'non strategy-proof’ evenif #(E) = 2,
but “str ategy-proof” wheneerp = T.

A iy id,  ld,

Adp,f

Ad,E
AdH,GJWa:E

AC’l _
ACS -
AC4 _
AC’S
ACi
A3
e
A3

< U<
W ERN

Table6: Strateyy-proofnes®f memgingoperatorsvheneach
baseis complete.

As Proposition10 shavs, no operatoramongAd# -G Maz
andthe A¢ onesensuredull stratgy-proofnessn the re-
stricted casewheretwo completebasesare to be memged
andno integrity constraintis considered.Contrastinglyall
the otheroperatorffer strateyy-proofnesgor thethreein-
dexeswheneerevery baseis complete.

Restricted strategies

Wewill now focusontwo restrictionsontheavailablestrate-
giesfor the untruthfulagents.The erosion(resp. dilatation)

manipulationis when the reportedbase K’ is necessarily
logically stronger(resp.wealer) thanthetrueone K.

Definition 11 Let: bea satisfactionindex.

e A meging opemator is erosionstratgy-prooffor ¢ if and
only if there is there is no integrity constaint ., profile
E ={K,,...,K,}, baseK andbaseK’ s.t. K’ = K
andi(K,A,(EU{K'})) > i(K, A (EU{K})).

¢ Amemgingopemtor is dilatationstratey-prooffor ¢ if and
only if there is there is no integrity constaint ., profile

E ={Ki,...,K,}, baseK andbaseK’ s.t. K E K’
andi(K, AL (EU{K'})) > (K, AL (EU{K})).

Theerosion(resp.dilatation)manipulationis safefor the
untruthfulagenwhentheotheragentanayonly have access
to a subsetof the countermodelgresp. models)of hertrue
beliefs/goals.

The first resultgivesthe dilatation stratgy-proofnesof
model-basedperators:

Proposition11 Letd bea pseudo-distancandlet f bean
aggregation function. A% is dilatation strategy-proof for
theindexesiy, iq, andigq,.

This resulthasto be comparedwith the onesin the unre-
strictedcasg(previoussections)wheremostof theoperators
arenot stratgy-proof. It is not the samestory for erosion.
We canfind profilesthat canbe manipulatedisingthe ero-
sionstratgy (seetherunningexample).

Neverthelesswhen d is a distance,X is the aggreja-
tion function and drasticindexes are considered A%* is
stratgyy-proofif andonly if it is erosionstrateyy-proof:

Proposition12 Let d be any distance If A%> is not
strategy-proof for ig, (resp. iq,), thenit is not erosion
strategy-prooffor indexiq,, (resp.iq,).

Furthermoe, a beliefprofile £ is manipulableby K for
ia, (resp.iq,) givenA%* and g if and only if the manip-
ulation is possibleusinga completebase K, = K, i.e.
there exists K., |= K s.t. iq, (K, ALY(E U {K,})) >
ia, (K, Af;z(Eu{K})) (resp.iq, (K, AﬁyE(Eu{Kw})) >
ia, (K, A (E U{K}))).

This resultshows thatit it enoughto focuson eachcom-
pletebasethatimplies K to determinewhethera profile £
is manipulableby abaseK for i, .

Relatedwork

In the propositionalmemging frameavork consideredn the
paperthebeliefs/goalsk” of eachagentinduceatwo strata
partitionof theworlds: the modelsof K arepreferredto its
countermodelswWhenagentgeportfull preferenceelations
(thatcanbeencodedn variousways,e.g.,explicitly, or by a
prioritized belief base an ordinal conditionalfunction, etc),
the aggregationproblemconsistsin defininga global pref-
erencerelation from individual preferencerelations. This
problemhasbeenaddressedbr alongtimein socialchoice
theory (it canbe tracedback at leastto Condorcet(1785)
andBorda(1781)).

In socialchoicetheory (Arrow, Sen,& Suzumura2002),
the strat@y-proofnesgproblemhasrecevedgreatattention.
Oneof themorefamougesultof socialchoicetheoryis that
thereis no stratey-proofpreferenceaggreyationprocedure.
This resultis known asGibbard-Satterthaiteimpossibility
theorem(Gibbard1973;Satterthvaite 1975;Moulin 1988).

Sincethis resulthasbeenstated therehasbeena lot of
work for deriving strateyy-proofnessesultsundersomere-
strictions(see(Kelly 1988;Arrow, Sen,& Suzumurg2002)
for example). In somesensepur work is relevantto such
approaches.Nonethelesspur work is original - asfar as
we know - from two pointsof view: on the onehand,the
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Y - - v - - - v - v v
i TV - v v - v v v v v
fo - v - - - 7 - v -
-2 TV - - Y N L VA,
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Table7: Thestratgy-proofnesgandscape.

v/ meanghatin the correspondingase(givenby theline), the operator(givenby the column)is stratey-proof.

— meanghatin the correspondingasethe operatoris not strateyy-proof.

Thefirst columndenoteghesatishctionindex underconsideration.
The seconccolumnstateghatthe resultshold for two baseg= 2) or more(> 2).

Thethird columnstateghattheresultshold for completebaseq K ) or not (K).

Thefourth columnstateghattheresultshold whenthereareintegrity constraintgx) or not(T).



preferenceelationsconsideredherearetwo-stratatotal pre-
ordars,andnot strict total orderings;on the otherhand,the
resultof a meming processs usuallynot a singleworld but
still a two-stratatotal pre-ordey andthe numberof models
of thememedbaseis not constrained priori. Thatleadsto
amorecomplex notion of stratey-proofnessin particular
we mustcommitto the choiceof a satishctionindex, which
is not neededvhenworking with preferenceelations.

A studyof strategyy-proofnes®f somemermging operators
hasbeencarriedoutin (Meyer, Ghose& Chopra2001).The
frameawork consideredn this paperis clearly distinct from
the one usedin our work. Agentsmay reportfull prefer
encerelations,encodedas stratifiedbelief basesor equiv-
alently by ordinal conditionalfunctionsor x-functions(one
canalsolook to (Lafage& Lang 2000)for an interesting
characterizationf weightedpreferencesaggreationmeth-
ods). The meming operatorsunder considerationescape
Gibbard-Satterthwaite theorem(aswell as Arrow theorem)
sincea commensurabilityassumptiorbetweenthe agents’
preferenceelationsis made(the sameremarkappliesalso
to possibilisticbasemeging asdefinedin (Benferhatet al.
2002)). Roughly commensurabilitymeansthat we allow
to comparethe satishction degreesof differentagents. It
meanghatwe do notwork with pre-ordershut with amore
guantitatve framework, where one usesa common(or at
leastcomparable}calefor all agents.lt is well-known that
the commensurabilittassumptions sensibldn mary situa-
tions,but whendealingwith agentpreferencessommensu-
rability mustbe usedcarefully (for humanagentsit is com-
monly acceptedn socialchoicetheorythatthis assumption
is very strong).

Conclusionand further work

Investigatingthe strateyy-proofnes®f meiging operatorss
important from a multi-agentperspectie wheneer some
agentscan get (part of) the beliefs/goalsof the other
agentgarticipatingto the merging processWhenstrateyy-
proofnesss not guaranteedit may be questionedvhether
theresultof the meming processactuallyrepresentshe be-
liefs/goalsof thegroup.

In this paper we have drawn the stratgy-proofnesdand-
scapefor mary meiging operators,ncluding model-based
onesandformula-basenes. While both familiesare not
stratgy-proofin the generalcase we have shavn thatsev-
eral restrictionson the meging frameawork or on the avail-
ablestratggiesmayleadto stratgy-proofnessAs to model-
basedoperators,the choice of a distanceappearscrucial.
Thus,model-basedperatorsarestratgy-proofwhenbased
onthedrasticdistancewhile they aretypically not strateyy-
proof when basedon Dalal distance. Among formula-
basedmeming operatorsA“! achievesthe highestdegree
of stratgy-proofnessn thesensehatit is strateyy-prooffor
thedrasticindexes.Resultsaresummarizedn Table7.

In light of our study strateyy-proofnesappearsasaprop-
erty independenfrom rationality, at leastwhenrationality
is capturedby the postulateggivenin (Konieczty & Pino
Pérez1998;1999). It meansthat satisfyingthoserational-
ity postulatesieitherpreventsfrom manipulability nor im-
pliesit. Neverthelesswe can note that arbitrationopera-

tors (Konieczty & Pino Pérez2002a),like A“GMaz - gre
moresensitve to manipulationthanmajority operatorslik e
A%, This is easily explainedby the fact that arbitration
operatorsare egalitarist: they aim at giving a resultthatis
closeto eachbaseof the profile. So a changein a sin-
gle basecan have a real impacton the whole result. Con-
trastingly majority operatorsthatlistento majority wishes
to definethe resultingbase,often do not take into account
baseghatarenot in the majority (this is sometime<alled
the “majority dictatorship”),henceit is morelikely thata
changein a single basehasno impacton the result of the
merging. Strat@y-proofnessalso appearsas independent
fromthecomputationatomplexity of queryansweringrom
a memed base(see (Konieczty, Lang, & Marquis 2002;
2004)). Hence,stratgy-proofnesds actually a further di-
mensionthatcanbe usedto evaluateandcomparememing
operators.

This work calls for several perspecties. One of them
consistsin defining other non-drasticsatishction indexes.
In particularin caseghe agentknows that the resultof the
merging processcould not fit her beliefs/goalg(for exam-
ple if herbeliefs/goalsare not consistentwith the integrity
constraints)shestill canbe interestedn achieving a result
thatis ascloseaspossibleto her beliefs/goals. Closeness
canbe capturedby a notion of distance anda possiblesat-
isfactionindex would be “Dalal index”, which couldbede-
fined asfollows (by homogeneitywith the otherindexes):
j’Da,[al([(a KA) =1- dH([#K(};D[{(AD .

Another interesting issue is to study the stratey-
proofnesgroblemwhencoalitionsareallowed. The ques-
tion is to know if a group of agentscan coordinatefor
achieving a betterresultof thememgingfor all of them.This
interestingissue requiresmore hypotheseson the agents
abilities, sinceit requirescommunicatiorabilities, in order
to allow agentsto proposeo othersto form a coalition,and
to coordinateon thebaseeachmembeiof the coalitionmust
give for achierzing the wantedresult. For thiswork, it seems
thatgamesn coalitionalform, studiedin gametheory(We-
ber 1994; Greenbeg 1994), can provide someinteresting
notionsandresults.

A third perspectie is to identify the complexity of de-
termining whethera profile can be manipulatecby a base
givenanoperator Indeed,usinga merging operatorthatis
not stratgy-proofis not necessarilyharmful if finding out
a strat@y is hard. Sucha compleity issuehasbeenin-
vestigatedor voting schemegConitzer& Sandholnm2003;
Conitzer Lang, & Sandholm2003; Conitzer& Sandholm
2002a;2002b) when individual preferencesare given ex-
plicitly (which is not the casein our framework). A first
resultfollows easilyfrom Proposition12: if the distanced
betweerninterpretationganbecomputedn polynomialtime
in the input size (which is not a strongassumption)deter
miningwhetheragivenprofile canbe manipulatedy abase
givenA’%-* andy is in 2.
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