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Abstract

Degreesof informationandof contradictionarein-

vestigatedwithin a uniform propositionalframe-
work, basedon testactions. We considerthat the

degree of information of a propositionalformula
is basedon the costof actionsneededo identify

the truth valuesof eachatomic proposition,while

the degreeof contradictionof a formula is based
on the costof actionsneededo make the formula
classicallyconsistentOur definitionsareto alarge
extentindependenbf the underlyingpropositional
logic; this flexibility is of prime importancesince
thereis no unique,fully acceptedogic for reason-
ing underinconsisteny.

1 Intr oduction

Information and contradictionare two fundamentalaspects
of knowledgeprocessing.Quantifyingthemis animportant
issuewhenreasoningboutbeliefs(or preferencesstemming
from oneor differentsources Herearesomecontexts where
guantifyinginformationandcontradictionis relevant:

e diagnosisand testing In model-basedliagnosis,some
initial assumptionghat eachcomponentvorks correctlyare
made;theseassumptionsnay conflict with actualobsena-
tions. Measuringthe conflict of the resultingbasemay be a
goodhint abouthow hardit will beto identify thefaultycom-
ponents.

o prefeenceelicitation. In theinteractive procesof elicitat-
ing the preferenceprofile of anindividual (user)abouta set
of possiblealternatves,it is notunfrequenthatcontradictory
preferencearise.In this situation,it is usefulto quantifyand
localize the contradictionsas well asthe information about
the users preferencesso asto be in positionto choosethe
next questiongo ask.

e beliefmeging. In this framework, degreesof information
and contradictioncan be the basison which onecandecide
whetherto take or not into accountthe datacorveyedby an
agent. If the degreeof contradictionof the datagivenby an
agentis high, it may be relevant to reject the information,
sincethereis a significantevidencethatthe sourceis notreli-
able;however, this mustbe balancedy the quantityof infor-
mationfurnishedby theagentespeciallywhenshealsogives
someimportantanduncontraversialpiecesof information.

e group decisionmaking Contradictionsarise frequently

whentrying to reachacompromiseamongseveralagentsvho
have possiblyconflictual preferencesbouta commondeci-
sion (lik e voting, resourcesharing,public goodsbuying). In
this context, notonly it is relevantto computeaglobaldegree
of conflict (amongthe setof agents)ut alsodegreesof con-
flicts associateavith smallgroupsof agentgcoalitiong soas
to localizeaspreciselyaspossiblewherethe conflictsare.

Now, whatdo “degreeof information” and“degreeof con-
tradiction” mean?Thereis no consensugboutit. The main
featuressharedby existing definitions(andtherearenot nu-
merouscf. Section7) is that(1) suchdegreesarenumerical
valuesand(2) they vary dependingntherepresentatiotan-
guage.Thus,onemay considera asfully informativein the
casewhereq is thesingleatomicpropositionof thelanguage
but surelynotfully informativewhenthevocahularyalsocon-
tainsb (providedthata andb areindependenpropositions).

In this paper our point of view is that it is inadequate
to quantify the information/contradictiorcorveyed by some
datawithout consideringat the sametime a setof available
actionsand a goalto be reached.Accordingly, our degrees
of information and contradictionare definedin an “active”
way. Acting so asto reduceinconsisteng or to gain infor-
mation often relies on performingknowledg-gatheringac-
tions (also calledtesty. We considerthat the degreeof in-
formationof aninformationbaseis basedon the number(or
the cost)of actionsneededo identify the truth valueof each
atomic proposition(the lower the costthe more informative
the base);and that the degree of contradictionof an infor-
mationbaseis basedon the number(or the cost) of actions
neededo renderthe baseclassicallyconsistent.Thus, both
degreesaredependenbn the languagebut alsoon the given
setof testsandtheway planscostsarecomputed.

Therestof this paperis organizedasfollows. After some
formal preliminariesin Section2, we presenbur framework
in Section3. In orderto showv the generalityof our frame-
work, we instantiateit to three different propositionallog-
ics: classicalogic (Sectiond), the paraconsisterdbgic L P,
(Section5) and a syntax-basedipproachto inconsisteng
handling(Section6). Relatedwork is givenin Section7, and
someconclusionsn Section8.

2 Formal preliminaries and notations

We considera propositionallanguagel ps basedon a finite
setof propositionakymbolsP S anda setof connectvesthat
mayvary dependingnthelogic used.Well-formedformulas



aredenotedby ¢, v, etc. Theavailableinformationis repre-
sentedby aformula of Lpg (calledinformationbasg.

Sincewe wish to keepareasonabléevel of generalitywe
do notwantto commitright now to a particularpropositional
logic. Indeed flexibility is a majorfeatureof our framework,
andit is essentiaht leastfor two reasons.On the onehand,
classicalogic is inadequatéo handlecontradiction:ex falso
guodlibetsequitur(a single,local contradictionis sufficient
to pollute the whole information base). On the other hand,
thereis no unique,fully accepted|ogic for reasoningunder
inconsisteng. Thisis reflectedby thevariousapproachethat
canbefoundin theliteratureunderdifferentnamedik e belief
revision, meging, paraconsisterbgics, etc.

Lpg is requiredto possesshefollowing ingredients:

1. A consequenceelation=;, onLpgs x Lps.

2. An acceptancdunction A, C Lpgs X Lps: AL(Z, )
meanghat giventhe informationbase):, ¢ is accepted
asatrueinformation(we saythat acceptsy). By de-
fault, acceptanceés definedby: Ap (X, @) iff (C EL ¢
andX 41, —). We saythatX: is informativeaboutyp iff
exactly oneof AL (%, @) or AL (X, —¢) holds,andthat
3 is fully informativeiff for ary ¢ € Lpg, X is infor-
mative about.

3. A contradiction indicator Cr, C Lpg X Lpg: if
CL (%, ) holds, then we say that ¥ is contradictory
abouty. By default, we defineC (3, ¢) iff (X =1 ¢
andX =1 —). X is saidto be contradiction-freeiff for
every o € Lpg, wedonothave Cp (3, p).

4. A weakrevision operatorx : Lps X Lps — Lps:
Y+ representthenew informationbaseobtainedonce
taking accountof the obsenation ¢ into the informa-
tion base.. For the sale of generality we are not
very demandingaboutx. The only requiremenis that
Y x ¢ L ¢, whichexpresseshatour testsareassumed
reliable (eachtest outcomemust be true in the actual
world)®. In the following we will simply referto those
operatorsas revision operatorgomitting the weak. It
wouldbeinterestingo explorein moredetailswhathap-
penswhenoneputsmorerequirement®n x (thisis left
for furtherresearch).

3 Degreeof ignoranceand degreeof
contradiction

In this section we give generaldefinitionsof degreesof con-
tradictionandignorance|.e., of lack of information, which
areto alargeextentindependenof thelogic choserto repre-
sentinformation. Thesedefinitionswill be specifiedfurther
in Sections4 to 6 wherethelogic will befixed.

Definition 3.1 (testcontexts) A test context Cr., (Wr.t.
Lpg) is a pair (T, c) whee T is a finite setof testsand ¢
is a costfunctionfrom T to IN*. The outcometo any test
t, € T isoneof ¢, =p, where ¢ € Lpgs. We saythatt,
is the testabouty, andwe assumen.l.0.g. that at mostone
testt, of T" is abouty for ead ¢ € Lpg. A contetis stan-
dardiff vt, € T, wehavec(t,) = 1 (everytesthasa unit

IWhile this condition correspondso the “success’postulatein
the AGM framawork [Alchourron et al., 1984, we do not askour
operatorgo be AGM ones especiallypbecausehe AGM framework
is not suitedto characteriz¢herevision of aninconsistenformula.

cost). A contet is universaliff for everyp € Lpg, therisa
testt, € T'. A contextis atomiciff the testableformulasare
exactlytheatomicpropositiong(t, € T iff x € PS).

Definition 3.2 (test plans,trajectories) Givenatestcontet
Crrs, atestplan is a finite binary tree; ead of its non-
terminal nodesis labelledwith a testactiont,; theleft and
right arcs leavingevery non-terminalnodelabelledwith ¢,
are respectivelyabelled with the outcomesy and —p. An
(outcomeltrajectory(os, . .., 0, ) with respecto = is the se-
quenceoftestoutcomesnabranch of 7. Thecostof atrajec-
tory (o1,...,0,) With respecto = is definedas X, c(t,,),
whee ead t,,, is thetestlabelling the nodeof = reacedby
followingthepath (o, ..., 0;_1) fromtherootof .

Definition 3.3 (disambiguation, purification) Let = be a
testplanand X theinitial informationbase

e Theapplicationof = on X is thetree apply(m, ), iso-
morphicto =, whosenodesare labelledwith informa-
tion basedefinednductivelyasfollows:

— theroote of apply (7, X) is labelledwith X(¢) = 33;

— letn beanodeof apply(w, X), labelledwith thein-
formationbaseX(n), whosecorrespondingiodein
7 is non-terminaland labelledwith ¢ ,; thenn has
two childrenin apply(m, ¥), labelled respectively
with 3(n) x p andX(n) x —.

e 7 disambiguates givenX iff for everyterminalnoden
of apply(m, X), X(n) is informativeabouty (i.e., either
Ap (X, ) or Ap (3, —p)). « (fully) disambiguateX iff
it disambiguateall formulasof Lpg, i.e., iff for anyter-
minal noden of apply(w, X), X(n) is fully informative

e 1 purifies ¢ given X iff for every terminal noden of
apply(m, %), ¥(n) is notcontradictoryabouty (i.e., not
CrL(X(n),p)). = (fully) purifiesX iff it eliminatesall
contradictionsin ¥, i.e., iff for any terminal noden of
apply(m, ), X(n) is contradiction-free

Clearly enoughi,it canbe the casethatthereis no planto
purify or disambiguate formula; especiallythereis no plan
for purifying the constantl (false)in ary of the threelogics
consideredn thefollowing.

In our framework, degreesof ignoranceand contradiction
aredefinedin a uniform way: the degreeof ignorance(resp.
of contradiction)of ¥ measurethe minimal effort necessary
to disambiguatéresp.to purify) 3.

Definition 3.4 (degreeof contradiction, of ignorance)
Letusdefinethecostc() of a testplan 7 asthe maximunof
thecostsof its trajectories. Then

e Thedegreeof contradictionof ¥ is definedby
do(X) = min({c(r) | = purifiesX}).
Whenno plan purifiesY:, welet do (X)) = +oo.
e Thedegreeof ignoranceof X is definedby
d;(2) = min({c(7) | = disambiguate¥.}).
Whenno plan disambiguate&, welet d;(X) = +oc.

Clearly, both degreesdependon the testcontext; by default,
we considerthe standardatomiccontext.

In the previous definition, we actually define pessimistic
degreesof contradictionand ignorance(becausehe cost of



a planis definedas the maximumcost amongits trajecto-
ries); this principle, consistingin assumingthe worst out-
come,is known in decisiontheoryasWald criterion. Other
criteria could be usedinstead,suchas the optimistic crite-
rion obtainedby replacingmaz by min. More interesting,
the criterion obtainedby first using max andthenmin for
tie-breakingor theleximax criterion,allow for a betterdis-
crimination than the pure pessimisticcriterion. The choice
of a criterionis fairly independenfrom the otherissuedis-
cussedn this paperwhich givesour framewnork a goodlevel
of flexibility andgenerality Dueto spacelimitations, how-
ever, we consideronly the pessimisticcriterionin therestof
thepaper

The definitionsbelon concernthe costof beinginforma-
tive abouta formula ¢ (resp. of gettingrid of contradictions
aboutyp) givenaninitial informationbase>..

Definition 3.5 (disambiguation cost, purification cost)
e The disambiguationcost of ¢ given ¥, denotedby
Cp(%, ), is the minimumcost of a test plan applied
to ¥ anddisambiguatingp.

e Thepurificationcostof ¢ given3, denotedy Cp (3, ¢),
is the minimumcostof a testplan appliedto X~ and pu-

rifying ¢.

The disambiguatiorcostof ¢ given: canbe seenasthe
priceoneis readyto payfor beinginformedabouty. Thepu-
rification costof p given is abit lessintuitive: in adatabase
context, for instance,t representshe costthatthe database
holderis readyto pay to ensurethat the databaseloesnot
containary contradictoryinformationabouta givenformula.

Proposition 3.1 The deggreesdefinedabove are related as
follows:

o d(X) > de(X); e Cp(Z, ) > Cp(Z, ¢);
e Cp(X, ) =Cp(X, ~p); e d;(X) > Cp(%,¢);
° Cp(E,gO):CP(Z,_'(,D), L dC(E) ZCP(E,SO)

4 Casestudy 1: classicallogic

In this section,we fix Lpg to classicalpropositionallogic

C'L, which meanghatwe fix thefollowing:

e Thelanguageof C'L is built up from theconnectvesA, v,
-, — andtheconstantsT, 1;

e Interpretationsare mappingsfrom PS to {T,F} andthe
consequenceelationis definedasusualby ¥ =cp, ¢ iff
Modep(X) € Moder(v), where Moder (3) denotes
thesetof classicaimodelsof 3.

Clearly enough,Acr.(Z, ¢) holdsiff ¥ =cr, ¢ andX is
consistent;and C (3, ) holdsiff ¥ is inconsistent. Fi-
nally, let > x ¢ = X A ¢ (i.e.,therevision operatoris simple
expansion).

Example 4.1 Figure1reportsatestplanof minimalcostthat
fully disambiguate¥: = (aVVb)A(a — ¢) (w.r.t. thestandad
atomictestcontext).

Accordingly, the degreeof ignoranceof ¥ is 2 giventhe
standardatomic context; asFigure 1 alsoshaws, sucha de-
greecanbe strictly lower thanthe numberof literals built up
from PS thatare not acceptedby . (here,the information
givenby thetestoutcomeswithin thetestplanarecrucial).

u (aVb)A (a— c) a

A c A b e

aANbAc aAN-bAc —aAbAc —a AbA-c

Figurel: Degreeof ignoranceof (a VV b) A (a — ¢)

Proposition4.1 Givenanytestcontext:

Cp(X, ) = 0iff X is consistenand (X = ¢ or ¥ E —¢);
if ¥ isinconsistentthenCp (X, ¢) = +o0;

dr(¥) <3 peps Cn (X5, 2).

Degreesof conflict and purificationare not relevantwhen
Lpg is classicallogic, just becausanconsisteng is an ex-
tremelyroughnotionin classicalogic. Indeed we have:

do (%) = 0 if X is consistent

© +oo if Yis inconsistent

andCp(X, ¢) = de(X) for all ¢.

Example 4.2 Leta, b betwo (independentatomicproposi-
tions we focuson. Starting from an information baserep-
resentedby T (no contradiction, no information), stepwise
expansionsprogressivelylead to a baseX havinga single
modelover {a, b} like (a = T,b = T). In this situation,the
degreesof ignoranceandof contradiction(giventhestandad
atomic context) are minimal (no contradiction, full informa-
tion). But eadh additional expansionthat doesnot lead to
an equivalentinformationbaseleadsto aninconsistenbne;
for instance theresultingbaseY. x —a hasa maximaldegree
of contradiction. Thisis counterintuitivesinceit seemshat
a N b A —a is both more informativeand lesscontradictory
thana A b A =a A —b. Thisis not reflectedby our degrees
whenclassicallogic is consideed.

° dr({T}) =2,dc({T}) =0

dr(fa}) = 1,do({a}) =0

di({aAb}) =0,dc({aAb}) =0

di({a ANbA—a}) = +oo,dc({a NbA—a}) =+
dr({aNbA-aA—b}) = +00, dc({a ANOA-aA—b}) = +0o0

This examplealsoshavs thatmereexpansionis notavery
satisfyingrevision operator Indeed,sinceit doesnot enable
to purify ary inconsistentbase(whatever the test context),
expansiondoesnotenableaswell to disambiguat@ry incon-
sistentbase. Furthermorejt may leadto degreesof contra-
diction (or purificationcosts)thatare not intuitively correct.
Thus,on the example,we have d;({a A b A —a}) = +oo ,
while given the standardatomic context, two testsare suffi-
cientto determinethe actualworld (over {a,b}). Therea-
sonof this discrepang betweenwhatis expectedandwhatis
achieved s that expandingan inconsisteninformationbase
alwaysleadsto aninconsistenbasewhile it would beneces-
saryto restoreconsisteny? for achieving purificationanddis-
ambiguatiorin classicalogic. NotethatusingAGM revision
insteadof expansiorwould not helpalot sinceAGM opera-
torsdo notbehae well whenappliedto inconsistenbases.

2A wayto doit consistsn forgettinginformation[LangandMar-
quis, 2007 (possiblyeverything)in {a A b A —a}.



5 Casestudy 2: the paraconsistentlogic LP,,

Paraconsistenibgics have beenintroducedto avoid ex falso
quodlibetsequiturof classicallogic, hencehandlingincon-
sistentbasesin a much more satisfyingway. While mary
paraconsisteribgics have beendefinedso far and could be
usedin our frameawork, we focushereon the L. P,, logic as
definedin [Priest,1991]. This choiceis mainly motivatedby
thefactthatthislogic is simpleenoughandhasaninference
relationthatcoincideswith classicakentailmentwhenererthe
information baseis classicallyconsisten{this featureis not
sharedby mary paraconsisteribgics).

e Thelanguageof L P, is built up from the connectvesA,
V, =, — andtheconstantsT, L.

e An interpretationw for LP,, mapseach propositional
atomto one of the three“truth values”F, B, T, the third
truth value B meaningintuitively “both true and false”.
379 is the setof all interpretationdor LP,,. “Truth val-
ues”areorderedasfollows: F <; B <; T.

—w(M=Tw(ll)=F
— w(-a) =B iff w(a)=
w-a) =T iff w(a)= F

w(a A B) = mine, (w(a),w(B))

wla Vv ) = max<, (w(a), w(5))

_w(a_)ﬁ):{T if wia)=F

w(p) otherwise

¢ Thesetof modelsof aformulay is Modrp(p) = {w €
3P% | w(p) € {T,B}}. Definew! = {z € PS |w(z) =
B} Thenmm(]Wode( )) = {w S ]\JOde | ﬂw S
Modrp(p) stw'! C w!}. The consequenceelatlon
is defined by b)) ':me (%2 iff min(Mode(Z)) -
AIOCZLP(QO).

e Thedefinitionsof Arp, (X, ¢) andCrp, (2, ¢) arethose
by default; Cr.p,, (X, ¢) holdsonly if 3 hasno classical
model.

Now, whatabouttherevision operator?Actually, theissue
of revisionin paraconsisteribgic hasnever beenconsidered
sofar. Expansioris not satishctoryasa revision operatoifor
LP,, becauset enablemeitherthe purificationtasknor the
disambiguatiorone when X hasno classicalmodelw (i.e.,
suchthatw(z) # B for eachw € PS), whateverthetestcon-
text. Amongthe mary possiblechoiceswe have considered
the following revision operator definedmodel-theoretically
(for the sale of brevity, we characterizenly its restrictionto
thecasetherevisionformula is aliteral ).

Let force(w, 1) betheinterpretatiorof 3% definedby (for
everyliteral [ = z or —z):

force(w,z)(z) =T
Vy € PS,y # =, force(w, z)(y)

force(w,—x)(z) =F

Wy € PS.y # x, force(w, z)(y) = w(y)
Thentherevision operatoris definedby:
{w E ¥ |w(l) = T} if this setis non-
empty otherwise
{force(w,l) | w = ¥ andw(l) = B}.

Example 5.1 Steppingbad to Example4.2, we can chedk
that L P,,, leadsto mote intuitive valuesfor the degreesof ig-
noranceandcontradictionof thebasesve consideed. Given
the standad atomictestcontet, we nowhave:

o d;({T}H =2,dc({T}) =0

IS

=w(y)

]V[Ode(E*l) = {

aAN-aAN((bAc)V

/\

a/\((b/\ c)Vd) ﬁa/\((b/\c V d)

~

a aANbANcA—d
b

aA a A —b
c \ /\

aNbANcNd aANbA-cAd aN—-bAcANd aN-bANcAd

/

Figure2: Degreesof ignoranceandcontradictionn L P,

di({a}) = 1,dc({a}) =
2o A 0}) 0. de(lanb)) — 0
{aNbA—a})=1,dc({a AbA—a}) =1
di{aNbA—aA=b})=2,dc({aNbA—-aN-b})=2
Thus,startingfrom T, expansion(i.e. thelogical strength-
eningof an informationbase)leadsto mote informationup
to a point whee full informationis readed, then progres-
sivelyto more contradiction and lessinformation, up to an
informationbasewith full contradictionandno information.

Example 5.2 LetusnowconsiderthebaseX = {a A —a A
((bAc)Vd)}. Figure 2 reportsa plan of minimalcost(given
thestandad atomiccontext) which disambiguate (thesub-
treerootedbelowthe —a outcomeis similar to the oneof a
andis not represented).Here, the degree of ignoranceof X
is 4 andthe degreeof contradictionof 3. is 1 (after testinga
thereis no contradictionanymore).

Contrariwiseto expansion,this revision operatoris ade-
quateto our objective:

Proposition5.1 Everyinformationbasethat hasa modele
3P5 hasa finite degree of ignoranceand a finite degree of
contradictiongivenanyatomicor universal testcontext.

6 Casestudy 3: “syntax-based” information
bases

Marny approacheto reasoninginderinconsisteng make use
of theselectiorof maximalconsistensubset®f abeliefbase.
Thisprinciplecomesdown to [RescheandManor, 1970 and
is known underdifferentnamessuchas the possible-vorld
approacHGinsbeg andSmith,198¢, assumption-basetie-
ories [Poole, 1984, supernormabefault theories[Brewka,
1989, syntax-basedpproachefNebel,1991] etc. We retain
thelastnameandcall thelogic SBL3.

The languageof SBL is definedas the set of all pairs
Y = (a,A), whereA = {6y,...,0,}; «, 41, ..., 5, are
propositionaformulasfrom thelanguagef C'L. « represent
the setof hardfactsandéds, . . ., §, thedefaults. Formulasof
theform («, @) arecalledsimpleformulasand,slightly akus-
ing notations,are abbreviatedinto o — thusthe languageof
S BL canbeseenasanextensionof thatof classicalogic. A

3Sayingthatthe approachis “syntax-basedactuallymeanshat
{¢1,...,9n} shouldnot beidentifiedwith ¢1 A ... A @n, Or, in
otherwords, that the commais viewed as a (non truth-functional)
connectve.



maximalscenarioof X is a subsetA’ of A suchthata A A’
is consistenandthereis no A” > A’ suchthata A A” is
consistent\We denoteby M .S(X) the setof all maximalsce-
nariosof 3.

The semanticsof SBL is definedby a preferencerela-
tion over classicalinterpretations. Let ¥ = (o, A). |f
w € 2P3 we define Sat(w,X) = {i | w Ecr 0}
For w,w’ € Modcp(a), we say that w >y o' iff
Sat(w,X) D Sat(w', %). Now, Modspr(YX) = {w|w EcL
« andthereisno w’ ¢ « suchthatw’ >yx w}. Conse-
quencen SBL is definedby X =spr, X/ iff Modsprn(X) C
Modspr(X') — especially if ¢ is a simple formula, then
Y EsgrL ¢ iff p is askepticalconsequencef X in thesense
of defaultlogic.

Let ¢ be a simpleformula. Acceptanceas definedby the
defaultformulation.Equivalently Aspr, ({o, A), ) holdsiff
(a, AY Espr ¢ and« is consistent. Contradictionrefers
to maximalscenariosCgspr (X, ) iff M.S(X) = () or there
exists A’, A” € MS(X) suchthata A A’ = ¢ anda A
A" Ecr, —. Lastly, (o, A) xp isdefinedas(anp, A), i.e.,
thehardfactsareexpandedwith therevision formula.

Example6.1 ¥ = (0, {a, ~a A b,a — ¢, —¢,c — a}). Here

is a purification plan of minimal costfor X with respectto

the standad atomiccontect. We startby testinga; > x —a =

(—a, A) is contradiction-freebecauset hasa singlemaximal
scenario{—a A b,a — ¢,—c,c — a}; X xa = (a,A) is

not contradiction-freebecauset hastwo maximalscenarios
{a,a — ¢,c — a} and{a,—c,c — a}; thentestingc leads
to X x (a A ¢) and X x (a A —c¢), both being contradiction-
free Hence giventhe standad atomic contet, do(X) =

2 andd;(X) = 3 (sincedisambiguatingd will require one
additionaltest).

Proposition 6.1

e Y is contradiction-freeiff M/ .S(X) is a singleton.
e ¥ = (o, A) isfully informativeiff M S(X) is a singleton
{A’} andModcr (o A A') is asingleton.

Despiteit mainly amountsto expansionof the hardfacts,
if the hard constrainta. of X is true for surein the actual
world (i.e., it is consistentand consisteng cannotbe ques-
tionedby expansionwith testoutcomes)then: hasa finite
degreeof contradictiorandafinite degreeof ignorancegiven
ary atomicor universalcontext.

7 Relatedwork

To thebestof our knowledge only few proposaldor anotion
of degreeof informationcanbe found in the literature,and
thingsare evenworseto what concernghe notion of degree
of contradiction All existing approachearestuckto specific
propositionallogics with the correspondingonsequencee-
lations, which addressonly someaspectof the paraconsis-
teng issue|f ary (asevokedpreviously, thereis no undebat-
ableparaconsisterihferencerelation).

Shannors information theory [Shannon,1948 provides
the most famousapproachon which notionsof quantity of
information can be defined,but it relies on the assumption
that the available informationis given underthe form of a
probability distribution; furthermore,it cannotdirectly ad-
dressnconsistentata.Interestingly our definitionof degree

of informationis generakenoughto recover classicakntropy,
appliedto classicalogic®.

Lozinskii [19944 givesa setof propertiesthata measure
of quantity of informationshouldsatisfy Our degreeof ig-
norances fully compatiblewith Lozinskii's requirementsn
several cases.The degreeof informationdefinedby Lozin-
skii correspondso thenotionin Shannors theory assuming
a uniform distribution over the setof propositionalinterpre-
tations. It is thus requiredthat the input information base
¥ hasa classicalmodel. [Lozinskii, 19944 extends[Lozin-
skii, 19944 by consideringas well someinconsistentiogi-
cal systemsthrougha more generalnotion of model. It is
specificallyfocusedon so-calledquasi-modelsf the infor-
mation set X, which are the modelsof the maximal (w.r.t.
Q) consistentsubsetsof 3. This is sufficient to avoid the
notion of degreeof informationto trivialize whenappliedto
aninconsisten® (unlessit is a singleton).However, no no-
tion of degreeof contradictionis specificallyintroducedin
Lozinskii's approach.He claimsthat “an inconsisteninfor-
mation basealways containslesssemantianformationthan
ary of its maximalconsistensubsets”.In our point of view,
this may leadto counterintuitve results. For instance given
PS = {a,b,c}, accordingto Lozinskii, {a} containsmore
informationthan{a A —a A b A c¢}. Thatis notalwaysthecase
in our framework: it depend®on the context underconsider
ation. Thus,while the degreeof contradictionof the former
is lower thanthe degreeof contradictionof the latter, the de-
greeof informationof thelatteris greatethanthe oneof the
former (w.r.t. the standarcatomictestcontext).

WongandBesnard 2001]] criticize thesyntax-sensitiity of
Lozinskii's approach.In particulay the presencef tautolo-
giesin X may unexpectedlychangethe quantity of informa-
tion. As they notethis canbe easilyrepairedoy considering
themodelsof 3> overthesetof variableson which 3> depends
[LangandMarquis, 1999, insteadof the setof variablesoc-
curringin . Wong and Besnardalsoadhereto Lozinskii's
definition of degreeof information; what changess the un-
derlyingnotionof quasi-modelsincetheparaconsistenbgic
they considereds quasi-classicdbgic [BesnardandHunter,
1995;Hunter 200d.

[Knight, 2003 reportssomeother postulatesfor a mea-
sureof quantity of information. Our measured; doesnot
satisfyall of them, evenin simple caseqfor spacereasons,
we cannotdetail it here). This contrastswith the two mea-
suresintroducedby Knight, which generalizein an elegant
way Shannors entrofpy-basedmeasureo the casethe infor-
mationbaseis aninconsistensetof formulas.However, both
measuredrivialize whenthe information setis aninconsis-
tentsingleton.

The only two approachesve are aware of, which con-
sider (non-trivial) degreesof inconsisteng definedfor clas-

4Let prs; bethe probabilitydistribution statingthatall modelsof
3 over PS areequiprobablg¢andtheotheronesmpossible)j.e.,for
ay w = 3, prs(w) = mrszeryy- Theentrogy of prs is defined
asH(prs) = X_, s —pr(w).logaprs(w) = loga| Modor (Z)].
Therefore theintegerupperpartof H(prs) is nothingbut the min-
imal numberof teststhathave to be performedo identify theactual
world giventhe standardiniversaltestcontext.

5Sucha degreewasalreadyknown by Kemery [1953 andHin-
tikka [1970.



sical formulas (i.e., without additionalinformation, like a
preferencepreorder) are[Knight, 2004 and[Hunteg 2007.
Knight finds a set > of classicalformulas maximally a-
consistentwhenever « is the greatesnumberfor which a
probability measureP exists, satisfying P(¢) > « for ev-
ery ¢ € Y. Accordingly, his measuremakes sensewhen
thelogic SBL is consideredbut trivializeswhenerer X is a
singleton.Hunterappealgo quasi-classicdbgic asa frame-
work for dealingwith inconsisteninformation. Considering
theminimal quasi-classicainodelsof theinformationbase>:
(roughly, the “most classical”’ones),Hunter definesthe de-
greeof coherenceof X asthe ratio betweenthe amountof
contradiction(conflict) andthe amountof information(opin-
ion) of the formula. Sucha degreeof coherencedoesnot
always give what is expected. Considerfor instancethe
two informationsets® = {e A —e,a V (b A c A d)} and
¥ = {e A =e,(aAb)V (cAd)}. [Hunter 2003 shavs
thatCoheencel) > Coheencel’). We feel it counterintu-
itive sincethetwo basesharegshe samecontradictiore A —e,
which is notrelatedto the otherformulasof bothbase8.
Finally, Hunter[200d definesa degreeof significanceof
the contradictionswhich makes sensewvhen someinforma-
tion abouttheimportanceof potentialconflictsis available.

8 Conclusion

Themaincontribution of the paperis a uniform action-based
frameawork for quantifyingbothdegree<of informationandof
contradiction.Theframawork is parameterizetly a proposi-
tional logic (togethemwith the correspondingnotionsof con-
sequenceacceptance;ontradictionanda revision operator),
atestcontext andanaggreationcriterionfor computingplan
costs.Theseparametergnablea greatflexibility .

Thereare mary interestingnotionsthat canbe easily de-
finedin our framework but thatwe cannotmentionherefor
spacereasons.Let us notethatthroughthe notion of purifi-
cationplan, our approachfor quantifying contradictionalso
allowsto localizeconflicts. Notealsothatnotionsof joint de-
greesand conditionaldegreesof information/ contradiction
canbe easilydefined. Anothersimple extensionwould con-
sistin taking advantageof additionalknowledge aboutthe
sourcesof informationandthe origin of conflicts (e.g.,in a
diagnosissetting,it canbe the casethatthefailure of acom-
ponentphysicallycauseshefailure of othercomponents).

Many otherextensionsf our approactcanbe ervisioned.
For instance copingwith preferencesverthe goalvariables
(determiningwhethera holdsis moreimportantthan deter
mining whetherd holds). Another possibleextensioncon-
cernsthecasewhereontic actionsareavailableandtheobjec-
tive is to let the actualworld asunchangedspossible(i.e.,
we canexecuteinvasie actionsbut we prefernotto doit).
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bIf we instantiateour framework with L P,,, logic (understandard
atomiccontet), we getdc(X) = de(X') = 1, di(X) = 5, and
d1(X") = 4, shawing thatthereis the sameamountof contradiction
in thetwo basesandthatthereis lessinformationin 3 thanin 3'.
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