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Abstract

Degreesof informationandof contradictionarein-
vestigatedwithin a uniform propositionalframe-
work, basedon testactions. We considerthat the
degreeof information of a propositionalformula
is basedon the cost of actionsneededto identify
the truth valuesof eachatomicproposition,while
the degreeof contradictionof a formula is based
on the costof actionsneededto make the formula
classicallyconsistent.Ourdefinitionsareto a large
extent independentof theunderlyingpropositional
logic; this flexibility is of prime importancesince
thereis no unique,fully acceptedlogic for reason-
ing underinconsistency.

1 Intr oduction
Information and contradictionare two fundamentalaspects
of knowledgeprocessing.Quantifyingthemis an important
issuewhenreasoningaboutbeliefs(or preferences)stemming
from oneor differentsources.Herearesomecontextswhere
quantifyinginformationandcontradictionis relevant:� diagnosisand testing. In model-baseddiagnosis,some
initial assumptionsthateachcomponentworkscorrectlyare
made;theseassumptionsmay conflict with actualobserva-
tions. Measuringthe conflict of the resultingbasemaybe a
goodhint abouthow hardit will beto identify thefaultycom-
ponents.� preferenceelicitation. In theinteractiveprocessof elicitat-
ing the preferenceprofile of an individual (user)abouta set
of possiblealternatives,it is notunfrequentthatcontradictory
preferencesarise.In thissituation,it is usefulto quantifyand
localize the contradictionsaswell as the informationabout
the user’s preferences,so asto be in position to choosethe
next questionsto ask.� beliefmerging. In this framework, degreesof information
andcontradictioncanbe the basison which onecandecide
whetherto take or not into accountthe dataconveyedby an
agent. If the degreeof contradictionof thedatagivenby an
agentis high, it may be relevant to reject the information,
sincethereis asignificantevidencethatthesourceis not reli-
able;however, thismustbebalancedby thequantityof infor-
mationfurnishedby theagent,especiallywhenshealsogives
someimportantanduncontroversialpiecesof information.� group decisionmaking. Contradictionsarise frequently

whentrying to reachacompromiseamongseveralagentswho
have possiblyconflictualpreferencesabouta commondeci-
sion(like voting, resourcesharing,public goodsbuying). In
thiscontext, notonly it is relevantto computeaglobaldegree
of conflict (amongthesetof agents)but alsodegreesof con-
flicts associatedwith smallgroupsof agents(coalitions) soas
to localizeaspreciselyaspossiblewheretheconflictsare.

Now, whatdo“degreeof information”and“degreeof con-
tradiction” mean?Thereis no consensusaboutit. Themain
featuressharedby existing definitions(andtherearenot nu-
merous,cf. Section7) is that (1) suchdegreesarenumerical
values,and(2) they varydependingontherepresentationlan-
guage.Thus,onemayconsider� asfully informative in the
casewhere � is thesingleatomicpropositionof thelanguage
butsurelynotfully informativewhenthevocabularyalsocon-
tains

�
(providedthat � and

�
areindependentpropositions).

In this paper, our point of view is that it is inadequate
to quantify the information/contradictionconveyedby some
datawithout consideringat the sametime a setof available
actionsanda goal to be reached.Accordingly, our degrees
of information and contradictionare definedin an “active”
way. Acting so asto reduceinconsistency or to gain infor-
mation often relies on performingknowledge-gatheringac-
tions (alsocalled tests). We considerthat the degreeof in-
formationof aninformationbaseis basedon thenumber(or
thecost)of actionsneededto identify thetruth valueof each
atomicproposition(the lower the cost the moreinformative
the base);and that the degreeof contradictionof an infor-
mationbaseis basedon the number(or the cost)of actions
neededto renderthe baseclassicallyconsistent.Thus,both
degreesaredependenton the languagebut alsoon thegiven
setof testsandthewayplanscostsarecomputed.

Therestof this paperis organizedasfollows. After some
formal preliminariesin Section2, we presentour framework
in Section3. In order to show the generalityof our frame-
work, we instantiateit to threedifferent propositionallog-
ics: classicallogic (Section4), theparaconsistentlogic �����
(Section5) and a syntax-basedapproachto inconsistency
handling(Section6). Relatedwork is givenin Section7, and
someconclusionsin Section8.

2 Formal preliminaries and notations
We considera propositionallanguage�
	�� basedon a finite
setof propositionalsymbols��
 andasetof connectivesthat
mayvarydependingonthelogic used.Well-formedformulas



aredenotedby � , � , etc. Theavailableinformationis repre-
sented� by a formula � of � 	�� (calledinformationbase).

Sincewe wish to keepa reasonablelevel of generality, we
donotwantto commitright now to aparticularpropositional
logic. Indeed,flexibility is a majorfeatureof our framework,
andit is essentialat leastfor two reasons.On theonehand,
classicallogic is inadequateto handlecontradiction:ex falso
quodlibetsequitur(a single, local contradictionis sufficient
to pollute the whole informationbase). On the otherhand,
thereis no unique,fully accepted,logic for reasoningunder
inconsistency. Thisis reflectedby thevariousapproachesthat
canbefoundin theliteratureunderdifferentnameslikebelief
revision,merging,paraconsistentlogics,etc.� 	�� is requiredto possessthefollowing ingredients:

1. A consequencerelation � ��� on �
	������
	�� .
2. An acceptancefunction �
������	���� �
	�� : �
�"!#�%$&�"'

meansthatgiventhe informationbase� , � is accepted
asa trueinformation(we saythat � accepts� ). By de-
fault, acceptanceis definedby: �%�"!(�%$)�*' if f ( �+� ���,�
and ��-� � ��. � ). Wesaythat � is informativeabout � if f
exactly oneof � � !#�%$)�*' or � � !(�%$ . �*' holds,andthat� is fully informativeif f for any ��/��
	�� , � is infor-
mativeabout � .

3. A contradiction indicator 0 � � � 	�� �1� 	�� : if0*�"!#�%$&�*' holds, then we say that � is contradictory
about � . By default, we define 0*�"!#�%$&�"' if f ( �2� �
�3�
and ��� � �4. � ). � is saidto becontradiction-freeif f for
every ��/ �
	�� , wedo not have 0*�"!#�%$&�"' .

4. A weak revision operator5768�
	��9���
	��;:<�
	�� :�=5�� representsthenew informationbaseobtainedonce
taking accountof the observation � into the informa-
tion base � . For the sake of generality, we are not
very demandingabout 5 . The only requirementis that�>5?�@� � � � , whichexpressesthatour testsareassumed
reliable (eachtest outcomemust be true in the actual
world)1. In the following we will simply refer to those
operatorsas revision operators(omitting the weak). It
wouldbeinterestingto explorein moredetailswhathap-
penswhenoneputsmorerequirementson 5 (this is left
for furtherresearch).

3 Degreeof ignoranceand degreeof
contradiction

In this section,we givegeneraldefinitionsof degreesof con-
tradictionandignorance,i.e., of lack of information,which
areto a largeextentindependentof thelogic chosento repre-
sentinformation. Thesedefinitionswill be specifiedfurther
in Sections4 to 6 wherethelogic will befixed.

Definition 3.1(test contexts) A test context ACBEDGF (w.r.t.�
	�� ) is a pair HJI?$)K)L where I is a finite setof testsand K
is a cost function from I to IN M . The outcometo any testNPO /,I is oneof � , . � , where �Q/R�
	�� . We saythat

NPO
is the testabout � , andwe assumew.l.o.g. that at mostone
test
N O

of I is about � for each �S/T� 	�� . A context is stan-
dard iff U N O /VI , we have K&! N O 'W�YX (every testhasa unit

1While this conditioncorrespondsto the “success”postulatein
the AGM framework [Alchourrón et al., 1985], we do not askour
operatorsto beAGM ones,especiallybecausetheAGM framework
is not suitedto characterizetherevision of aninconsistentformula.

cost).A context is universaliff for every ��/Z��	�� , there is a
test
N O /ZI . A context is atomiciff the testableformulasare

exactlytheatomicpropositions(
NP[ /�I iff \�/���
 ).

Definition 3.2(test plans, trajectories) Givena testcontextACBEDGF , a testplan ] is a finite binary tree; each of its non-
terminal nodesis labelledwith a testaction

N O
; the left and

right arcs leavingevery non-terminalnodelabelledwith
N O

are respectivelylabelledwith the outcomes� and . � . An
(outcome)trajectory H_^a`)$)b&b)bc$&^)deL with respectto ] is these-
quenceof testoutcomesona branchof ] . Thecostof a trajec-
tory H_^a`)$)b)b&bc$)^)d�L with respectto ] is definedas � dfhg ` K&! NPOji ' ,
where each

NPOki
is thetestlabelling thenodeof ] reachedby

following thepath H_^ ` $)b&b)bc$&^ fml ` L fromtheroot of ] .

Definition 3.3(disambiguation,purification) Let ] be a
testplanand � theinitial informationbase.� Theapplicationof ] on � is the tree �)nonqphr�!s]t$u��' , iso-

morphicto ] , whosenodesare labelledwith informa-
tion basesdefinedinductivelyasfollows:

– theroot v of �&nan�pwrE!x]t$y��' is labelledwith ��!zvc'*�9� ;
– let { bea nodeof �)nonqphr�!s]t$u��' , labelledwith thein-

formationbase��!s{%' , whosecorrespondingnodein] is non-terminaland labelledwith
NPO

; then{ has
two children in �&nan�pwrE!x]t$y��' , labelled respectively
with ��!s{%'o5>� and ��!x{%'o5 . � .� ] disambiguates� given � iff for everyterminalnode{

of �&nan�pwrE!x]t$y��' , ��!s{%' is informativeabout � (i.e., either� � !#�%$)�*' or � � !#�%$ . �*' ). ] (fully) disambiguates� iff
it disambiguatesall formulasof ��	�� , i.e., iff for anyter-
minal node{ of �&nanqphrE!x]t$u��' , ��!x{%' is fully informative.� ] purifies � given � iff for every terminal node { of�&nan�pwrE!x]t$y��' , ��!x{%' is notcontradictoryabout � (i.e., not0 � !#��!s{%'z$&�"' ). ] (fully) purifies � iff it eliminatesall
contradictionsin � , i.e., iff for any terminal node { of�&nan�pwrE!x]t$y��' , ��!s{%' is contradiction-free.

Clearly enough,it canbe the casethat thereis no plan to
purify or disambiguatea formula;especially, thereis no plan
for purifying theconstant| (false)in any of thethreelogics
consideredin thefollowing.

In our framework, degreesof ignoranceandcontradiction
aredefinedin a uniform way: thedegreeof ignorance(resp.
of contradiction)of � measurestheminimal effort necessary
to disambiguate(resp.to purify) � .

Definition 3.4(degreeof contradiction, of ignorance)
Letusdefinethecost K&!x]%' of a testplan ] asthemaximumof
thecostsof its trajectories.Then� Thedegreeof contradictionof � is definedby}�~ !#��'t������{%!#��K&!s]%'��u] purifies �
�G' .

Whenno planpurifies � , welet
}�~ !#��'t�9�8� .� Thedegreeof ignoranceof � is definedby}�� !(��'*��� ��{%!_�aK&!x]%'��y] disambiguates�
�o' .

Whenno plandisambiguates� , welet
}�� !#��'*�1�8� .

Clearly, bothdegreesdependon the testcontext; by default,
we considerthestandardatomiccontext.

In the previous definition, we actually definepessimistic
degreesof contradictionandignorance(becausethe costof



a plan is definedas the maximumcost amongits trajecto-
ries); this principle, consistingin assumingthe worst out-
come,is known in decisiontheoryasWald criterion. Other
criteria could be usedinstead,suchas the optimistic crite-
rion obtainedby replacing�@�&\ by ����{ . More interesting,
the criterion obtainedby first using �@�&\ and then � ��{ for
tie-breaking,or the p��(\j�����)\ criterion,allow for a betterdis-
crimination than the pure pessimisticcriterion. The choice
of a criterion is fairly independentfrom theotherissuesdis-
cussedin this paper, whichgivesour framework a goodlevel
of flexibility andgenerality. Due to spacelimitations, how-
ever, we consideronly thepessimisticcriterionin therestof
thepaper.

The definitionsbelow concernthe costof beinginforma-
tive abouta formula � (resp.of gettingrid of contradictions
about � ) givenaninitial informationbase� .

Definition 3.5(disambiguationcost,purification cost)� The disambiguationcost of � given � , denotedby0*�W!(�%$)�*' , is the minimumcost of a test plan applied
to � anddisambiguating� .� Thepurificationcostof � given � , denotedby 0*	=!#�%$&�"' ,
is theminimumcostof a testplan appliedto � andpu-
rifying � .

The disambiguationcostof � given � canbe seenasthe
priceoneis readyto payfor beinginformedabout� . Thepu-
rificationcostof � given � is abit lessintuitive: in adatabase
context, for instance,it representsthe costthat the database
holder is readyto pay to ensurethat the databasedoesnot
containany contradictoryinformationaboutagivenformula.

Proposition3.1 The degreesdefinedabove are related as
follows:� }y� !#��'�� } ~ !#��' ;� 0"�>!#�%$)�*'*�R0*�W!#�%$ . �"' ;� 0"	�!#�%$)�*'*�R0*	=!#�%$ . �"' ;

� 0 � !(�%$)�*'"�R0 	 !(�%$)�*' ;� } � !(��'"�10"��!(�%$)�*' ;� }�~ !#��'*�R0*	=!#�%$&�*' .
4 Casestudy 1: classicallogic
In this section,we fix ��	�� to classicalpropositionallogic0�� , which meansthatwe fix thefollowing:� Thelanguageof 0�� is built up from theconnectives � , � ,. , : andtheconstants� , | ;� Interpretationsaremappingsfrom ��
 to � T $ F � and the

consequencerelationis definedasusualby �+� � ~ ��� if f� ^ } ~ � !#��'4� � ^ } ~ � !s��' , where
� ^ } ~ � !#��' denotes

thesetof classicalmodelsof � .
Clearly enough,� ~ �"!#�%$&�"' holdsif f ��� � ~ �R� and � is

consistent;and 0 ~ � !#�%$&�*' holds if f � is inconsistent. Fi-
nally, let ��5����+�@��� (i.e., therevision operatoris simple
expansion).

Example4.1 Figure1 reportsa testplanof minimalcostthat
fully disambiguates�S��!z��� � '&��!_��:�K&' (w.r.t. thestandard
atomictestcontext).

Accordingly, the degreeof ignoranceof � is � given the
standardatomiccontext; asFigure1 alsoshows, sucha de-
greecanbestrictly lower thanthenumberof literalsbuilt up
from ��
 that arenot acceptedby � (here,the information
givenby thetestoutcomeswithin thetestplanarecrucial).

�h�����m�� >�¡�£¢9¤��
�� �¤ ¥j�� ��

�� ��o �¤ �� �¥j�o =¤ ¥j�� =�G �¤ ¥j�e ��G %¥j¤

� ¥j�
� ¥j� ¤ ¥j¤

Figure1: Degreeof ignoranceof !z�¦� � '��Z!_�§:¨Ku'
Proposition4.1 Givenanytestcontext:� 0*��!#�%$&�"'t�V© iff � is consistentand( �ª� �9� or �ª� � . � );� if � is inconsistent,then 0 � !#�%$&�*'*�9�8� ;� 0*��!#�%$&���>��'�«10*��!#�%$&�"'E�V0*��!(�%$z��' ;� 0*��!#�%$&���>��'�«10*��!#�%$&�"'E�V0*��!(�%$z��' ;� }�� !(��'�« [o¬ 	�� 0 � !#�%$_\"' .

Degreesof conflict andpurificationarenot relevantwhen�
	�� is classicallogic, just becauseinconsistency is an ex-
tremelyroughnotionin classicallogic. Indeed,we have:}y~ !(��'*� © if � is consistent�8� if � is inconsistent

and 0 	 !#�%$)�*'*� } ~ !#��' for all � .

Example4.2 Let � , � be two (independent)atomicproposi-
tions we focuson. Starting from an information baserep-
resentedby � (no contradiction, no information), stepwise
expansionsprogressivelylead to a base � having a single
modelover ���­$ � � like !z�T� T $ � � T ' . In this situation,the
degreesof ignoranceandof contradiction(giventhestandard
atomiccontext) are minimal (no contradiction, full informa-
tion). But each additional expansionthat doesnot lead to
an equivalentinformationbaseleadsto an inconsistentone;
for instance, theresultingbase��5 . � hasa maximaldegree
of contradiction. This is counterintuitivesinceit seemsthat�§� � � . � is both more informativeand lesscontradictory
than ��� � � . ��� . � . This is not reflectedby our degrees
whenclassicallogic is considered.� } � !#�a���o'��ª� , }�~ !#�a���o'��ª©� }�� !#���C�o'���X , } ~ !_�a�C�o'"��©� } � !#���?� � �G'��V© , }y~ !_���¦� � �o'��ª©� } � !#���?� � � . �C�o'"�9�8� ,

}�~ !#���?� � � . �­�G'"�1�8�� } � !#����� � � . ��� . � �G'��1�8� ,
}y~ !#����� � � . ��� . � �o'��1�8�

Thisexamplealsoshows thatmereexpansionis nota very
satisfyingrevision operator. Indeed,sinceit doesnot enable
to purify any inconsistentbase(whatever the test context),
expansiondoesnotenableaswell to disambiguateany incon-
sistentbase.Furthermore,it may leadto degreesof contra-
diction (or purificationcosts)thatarenot intuitively correct.
Thus,on the example,we have

} � !_����� � � . �C�o'W�Y�8� ,
while given the standardatomiccontext, two testsaresuffi-
cient to determinethe actualworld (over ���­$ � � ). The rea-
sonof thisdiscrepancy betweenwhatis expectedandwhatis
achieved is that expandingan inconsistentinformationbase
alwaysleadsto aninconsistentbase,while it wouldbeneces-
saryto restoreconsistency2 for achievingpurificationanddis-
ambiguationin classicallogic. NotethatusingAGM revision
insteadof expansionwould not helpa lot sinceAGM opera-
torsdo not behavewell whenappliedto inconsistentbases.

2A wayto doit consistsin forgettinginformation[LangandMar-
quis,2002] (possiblyeverything)in ®#¯8°�±t°§²C¯k³ .



5 Casestudy 2: the paraconsistentlogic ´>µ�¶
Paraconsistentlogics have beenintroducedto avoid ex falso
quodlibetsequiturof classicallogic, hencehandlingincon-
sistentbasesin a much more satisfyingway. While many
paraconsistentlogics have beendefinedso far andcould be
usedin our framework, we focushereon the ����� logic as
definedin [Priest,1991]. This choiceis mainly motivatedby
thefact that this logic is simpleenoughandhasaninference
relationthatcoincideswith classicalentailmentwheneverthe
informationbaseis classicallyconsistent(this featureis not
sharedby many paraconsistentlogics).� The languageof �t� � is built up from theconnectives � ,� , . , : andtheconstants� , | .� An interpretation · for �t� � maps each propositional

atomto oneof the three“truth values”F $ B $ T, the third
truth value B meaningintuitively “both true and false”.¸ 	�� is thesetof all interpretationsfor ����� . “Truth val-
ues”areorderedasfollows: F ¹�º B ¹�º T.» ·¦!_�W'"� T, ·¦!_|W'"� F» ·¦! .�¼ '*� B if f ·¦! ¼ 't� B·¦! .�¼ '*� T if f ·¦! ¼ 't� F» ·¦! ¼ ��½
't�V¾�¿xÀEÁeÂÃ!x·¦! ¼ 'z$_·¦!x½
'('» ·¦! ¼ ��½
't�V¾�ÄaÅ Á ÂÃ!x·¦! ¼ '_$z·¦!x½�'#'

» ·¦! ¼ :Y½
'*� T if ·¦! ¼ '*� F·¦!x½
' otherwise� Thesetof modelsof a formula � is
� ^ } �Æ	�!_�"'¦�Ç�Ã·�/¸ 	�� �y·¦!_�*'=/,� T $ B �a� . Define ·¦È��Ç�Ã\,/,��
@��·¦!x\*'��

B � . Then� ��{%! � ^ } �Æ	�!_�"'('t�+�É·R/ � ^ } �Æ	�!_�"'£�oÊ�·tË�/� ^ } �Æ	�!z�*' s.t. ·tËzÈ�ÌÍ·¦ÈÎ� . The consequencerelation
is defined by � � � �Æ	ÆÏ � if f � ��{%! � ^ } �Æ	 !(��'#'Ð�� ^ } �Æ	 !z�*' .� Thedefinitionsof �%�j	 Ï !#�%$&�*' and 0"�j	 Ï !#�%$&�*' arethose
by default; 0*�Æ	 Ï !(�%$)�*' holdsonly if � hasno classical
model.
Now, whatabouttherevisionoperator?Actually, theissue

of revision in paraconsistentlogic hasnever beenconsidered
sofar. Expansionis not satisfactoryasa revisionoperatorfor�t�e� becauseit enablesneitherthe purificationtasknor the
disambiguationonewhen � hasno classicalmodel · (i.e.,
suchthat ·¦!s\"'�-� B for each\�/���
 ), whatever thetestcon-
text. Amongthemany possiblechoices,we have considered
the following revision operator, definedmodel-theoretically
(for thesakeof brevity, we characterizeonly its restrictionto
thecasetherevision formula � is a literal p ).

Let Ñe^PÒÆKc��!x·�$&p�' betheinterpretationof
¸ 	�� definedby (for

every literal p��@\ or . \ ):Ñe^PÒÆKc��!s·�$z\"'(!x\*'t� TUÆrZ/���
�$zrª-��\£$&Ñe^PÒÆKc��!x·�$z\*'#!sr�'���·¦!sr�'
Ñe^PÒÆKc��!s·�$ . \"'(!x\*'t� FUÆrZ/���
�$zrª-��\£$&Ñe^PÒÆKc��!x·�$z\*'#!sr�'���·¦!sr�'

Thentherevisionoperatoris definedby:

� ^ } �Æ	�!(��5qp�'£� �É·,� �����É·¦!_p�'"� T � if this setis non-
empty, otherwise�aÑe^PÒÆKc��!x·�$)p�'��)·,� ��� and·¦!_p�'�� B �ab

Example5.1 Steppingback to Example4.2, we can check
that �t� � leadsto more intuitivevaluesfor thedegreesof ig-
noranceandcontradictionof thebasesweconsidered.Given
thestandard atomictestcontext, wenowhave:� } � !#�a���G'"��� , }y~ !#�a���G'"��©

�� �¥j�� W�Ó�h�G =¤�����ÔP�

�� >�Ó�h�o �¤����=ÔP� ¥j�� >�Ó�h�o �¤����=ÔP�
.
.
.�� �Ô �e ��a �¤G 
¥jÔ

�e ��a �Ô �� �¥j�o �Ô

�� ��o �¤G �Ô �� ��G 
¥j¤G �Ô �e �¥j�a =¤G �Ô �� �¥j�o �¤G �Ô

� ¥j�
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� ¥j�

¤ ¥j¤
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Figure2: Degreesof ignoranceandcontradictionin ��� �
� } � !#���C�o'"��X , }y~ !#���C�o'��ª©� }�� !#���8� � �o'"��© , } ~ !_�a�?� � �o'"�ª©� }�� !#���8� � � . �C�o'"��X , } ~ !#���?� � � . �C�o'"��X� } � !#���=� � � . �=� . � �o'"��� , }�~ !_�a�
� � � . �=� . � �o'"�V�
Thus,startingfrom � , expansion(i.e. thelogical strength-

eningof an informationbase)leadsto more informationup
to a point where full information is reached, then progres-
sively to more contradiction and lessinformation,up to an
informationbasewith full contradictionandno information.

Example5.2 Let usnowconsiderthebase ���Õ�a��� . �>�!#! � ��K&'k� } '#� . Figure2 reportsa planof minimalcost(given
thestandardatomiccontext)whichdisambiguates� (thesub-
treerootedbelowthe . � outcomeis similar to the oneof �
and is not represented).Here, the degreeof ignoranceof �
is Ö andthedegreeof contradictionof � is X (after testing �
there is no contradictionanymore).

Contrariwiseto expansion,this revision operatoris ade-
quateto ourobjective:

Proposition5.1 Everyinformationbasethat hasa model /¸ 	�� hasa finite degreeof ignoranceand a finite degreeof
contradictiongivenanyatomicor universal testcontext.

6 Casestudy 3: “syntax-based” information
bases

Many approachesto reasoningunderinconsistency makeuse
of theselectionof maximalconsistentsubsetsof abeliefbase.
Thisprinciplecomesdownto [RescherandManor, 1970] and
is known underdifferent namessuchas the possible-world
approach[Ginsberg andSmith,1988], assumption-basedthe-
ories [Poole,1988], supernormaldefault theories[Brewka,
1989], syntax-basedapproaches[Nebel,1991] etc.We retain
thelastnameandcall thelogic 
*×>� 3.

The languageof 
t×>� is definedas the set of all pairs���ØH ¼ $(ÙTL , where ÙÚ�Ø�aÛ ` $&b)b)b&$)Û d � ; ¼ , Û ` , ..., Û d are
propositionalformulasfrom thelanguageof 0�� . ¼ represent
thesetof hardfactsand Ûy`É$)b&b)bc$&ÛPd thedefaults.Formulasof
theform H ¼ $&ÜoL arecalledsimpleformulasand,slightly abus-
ing notations,areabbreviatedinto ¼ – thusthe languageof
*×§� canbeseenasanextensionof thatof classicallogic. A

3Sayingthattheapproachis “syntax-based”actuallymeansthat®#Ý%ÞPßPàÃàÉàÃßmÝ"áG³ shouldnot be identifiedwith Ý%Þ"°�àPàÃà­°>Ý"á , or, in
otherwords, that the commais viewed asa (non truth-functional)
connective.



maximalscenarioof � is a subsetÙ�Ë of Ù suchthat ¼ �âÙ�Ë
is consistentã andthereis no Ù Ë Ë�ä Ù Ë suchthat ¼ ��Ù Ë Ë is
consistent.We denoteby

� 
%!#��' thesetof all maximalsce-
nariosof � .

The semanticsof 
*×>� is definedby a preferencerela-
tion over classicalinterpretations. Let �å�æH ¼ $#ÙTL . If· /ç� 	�� , we define 
*� N !x·�$y��'è� �Ã���
·é� � ~ �êÛ f � .
For ·�$z·tË�/ � ^ } ~ � ! ¼ ' , we say that · �
ë ·tË if f
*� N !x·�$y��'�ìR
*� N !s·tËm$y��' . Now,

� ^ } �­í£�"!#��'*�9�Ã·@�(·R� � ~ �¼ andthereis no ·tËâ� � ~ � ¼ suchthat ·tË�î ë ·?� . Conse-
quencein SBL is definedby �S� ���­íE��� Ë if f � ^ } �­íE�"!(��'"�� ^ } �Gí£� !#�£Ëz' – especially, if � is a simple formula, then��� ���­í£�ï� if f � is askepticalconsequenceof � in thesense
of default logic.

Let � be a simpleformula. Acceptanceis definedby the
default formulation.Equivalently, �
�­íE�"!#H ¼ $#ÙTL_$&�"' holdsif fH ¼ $#ÙTLï� �
�­íE�7� and ¼ is consistent. Contradictionrefers
to maximalscenarios:0 �­íE� !(�%$)�*' if f

� 
�!(��'��2Ü or there
exists Ù�Ë�$#Ù�Ë Ë�/ � 
�!(��' suchthat ¼ ��Ù�Ë�� � ~ �S� and ¼ �Ù�Ë ËE� � ~ � . � . Lastly, H ¼ $#ÙTLP5%� is definedas H ¼ �¦��$#ÙTL , i.e.,
thehardfactsareexpandedwith therevision formula.

Example6.1 �,��H#Ü�$u���­$ . �¦� � $)��:ðK)$ . Kc$&K=:ð�C�aL . Here
is a purification plan of minimal cost for � with respectto
thestandard atomiccontext. We start by testing � ; ��5 . ���H . �­$(ÙZL is contradiction-freebecauseit hasa singlemaximal
scenario � . ��� � $)�,:ñKc$ . Kc$)K4:æ�C� ; �45Z�,�ÐH_�­$(ÙZL is
not contradiction-freebecauseit hastwo maximalscenarios���­$&� :òK)$)K�:ò�C� and ���­$ . Kc$&K�:ò�C� ; thentesting K leads
to �T5�!z����K&' and �T5�!z��� . K&' , both beingcontradiction-
free. Hence, given the standard atomic context,

}y~ !(��'ï�� and
}�� !(��'ó� ¸ (sincedisambiguating

�
will require one

additionaltest).

Proposition6.1� � is contradiction-freeiff
� 
%!#��' is a singleton.� �S�9H ¼ $(ÙTL is fully informativeiff

� 
%!#��' is a singleton�cÙ�Ë�� and
� ^ } ~ � ! ¼ ��Ù�Ë�' is a singleton.

Despiteit mainly amountsto expansionof the hardfacts,
if the hard constraint ¼ of � is true for sure in the actual
world (i.e., it is consistentandconsistency cannotbe ques-
tionedby expansionwith testoutcomes),then � hasa finite
degreeof contradictionandafinite degreeof ignorancegiven
any atomicor universalcontext.

7 Relatedwork
To thebestof ourknowledge,only few proposalsfor anotion
of degreeof informationcanbe found in the literature,and
thingsareevenworseto whatconcernsthenotionof degree
of contradiction.All existingapproachesarestuckto specific
propositionallogicswith thecorrespondingconsequencere-
lations,which addressonly someaspectsof the paraconsis-
tency issue,if any (asevokedpreviously, thereis noundebat-
ableparaconsistentinferencerelation).

Shannon’s information theory [Shannon,1948] provides
the most famousapproachon which notionsof quantity of
information can be defined,but it relies on the assumption
that the available information is given underthe form of a
probability distribution; furthermore,it cannotdirectly ad-
dressinconsistentdata.Interestingly, ourdefinitionof degree

of informationis generalenoughto recoverclassicalentropy,
appliedto classicallogic4.

Lozinskii [1994a] givesa setof propertiesthata measure
of quantityof informationshouldsatisfy. Our degreeof ig-
noranceis fully compatiblewith Lozinskii’s requirementsin
several cases.The degreeof informationdefinedby Lozin-
skii correspondsto thenotionin Shannon’s theory, assuming
a uniform distribution over the setof propositionalinterpre-
tations5. It is thus requiredthat the input informationbase� hasa classicalmodel. [Lozinskii, 1994b] extends[Lozin-
skii, 1994a] by consideringaswell someinconsistentlogi-
cal systems,througha moregeneralnotion of model. It is
specificallyfocusedon so-calledquasi-modelsof the infor-
mation set � , which are the modelsof the maximal (w.r.t.� ) consistentsubsetsof � . This is sufficient to avoid the
notionof degreeof informationto trivialize whenappliedto
an inconsistent� (unlessit is a singleton).However, no no-
tion of degreeof contradictionis specificallyintroducedin
Lozinskii’s approach.He claimsthat “an inconsistentinfor-
mationbasealwayscontainslesssemanticinformationthan
any of its maximalconsistentsubsets”.In our point of view,
this may leadto counterintuitive results.For instance,given��
Ç�ô���­$ � $)K)� , accordingto Lozinskii, ���C� containsmore
informationthan �a�*� . �*� � ��K)� . Thatis notalwaysthecase
in our framework: it dependson thecontext underconsider-
ation. Thus,while thedegreeof contradictionof the former
is lower thanthedegreeof contradictionof thelatter, thede-
greeof informationof thelatteris greaterthantheoneof the
former(w.r.t. thestandardatomictestcontext).

WongandBesnard[2001] criticizethesyntax-sensitivity of
Lozinskii’s approach.In particular, the presenceof tautolo-
giesin � mayunexpectedlychangethequantityof informa-
tion. As they notethis canbeeasilyrepairedby considering
themodelsof � over thesetof variablesonwhich � depends
[LangandMarquis,1998], insteadof thesetof variablesoc-
curring in � . Wong andBesnardalsoadhereto Lozinskii’s
definition of degreeof information;what changesis the un-
derlyingnotionof quasi-model,sincetheparaconsistentlogic
they consideredis quasi-classicallogic [BesnardandHunter,
1995;Hunter, 2000].

[Knight, 2003] reportssomeother postulatesfor a mea-
sureof quantity of information. Our measure

} �
doesnot

satisfyall of them,even in simplecases(for spacereasons,
we cannotdetail it here). This contrastswith the two mea-
suresintroducedby Knight, which generalizein an elegant
way Shannon’s entropy-basedmeasureto thecasethe infor-
mationbaseis aninconsistentsetof formulas.However, both
measurestrivialize whenthe informationset is an inconsis-
tentsingleton.

The only two approacheswe are aware of, which con-
sider(non-trivial) degreesof inconsistency definedfor clas-

4Let õyö�÷ betheprobabilitydistributionstatingthatall modelsofø
over ù>ú areequiprobable(andtheotheronesimpossible),i.e.,for

any ûVü ý ø , õyö�÷Æþsûtÿ£ý Þ� �������	��
 ÷
� � . Theentropy of õyö�÷ is defined
as �ïþsõuö ÷ ÿ£ý � � � ÷�� õuö ÷ þsûtÿ_à �����	�mõuö ÷ þsûtÿ�ý������
�Ãü ����� � !kþ ø ÿ_ü .
Therefore,theintegerupperpartof �ïþsõyö ÷ ÿ is nothingbut themin-
imal numberof teststhathave to beperformedto identify theactual
world giventhestandarduniversaltestcontext.

5Sucha degreewasalreadyknown by Kemeny [1953] andHin-
tikka [1970].



sical formulas (i.e., without additional information, like a
preference� preorder),are[Knight, 2002] and[Hunter, 2002].
Knight finds a set � of classicalformulas maximally ¼ -
consistentwhenever ¼ is the greatestnumberfor which a
probability measure� exists, satisfying �>!_�"'ó� ¼ for ev-
ery �;/ô� . Accordingly, his measuremakes sensewhen
the logic 
*×§� is considered,but trivializeswhenever � is a
singleton.Hunterappealsto quasi-classicallogic asa frame-
work for dealingwith inconsistentinformation. Considering
theminimalquasi-classicalmodelsof theinformationbase�
(roughly, the “most classical”ones),Hunterdefinesthe de-
greeof coherenceof � as the ratio betweenthe amountof
contradiction(conflict) andtheamountof information(opin-
ion) of the formula. Sucha degreeof coherencedoesnot
always give what is expected. Considerfor instancethe
two information sets ��� ���§� . �y$)� �S! � ��K¦� } '_� and�£Ë �ð���W� . �y$y!z�â� � 't�S!zK?� } '#� . [Hunter, 2002] shows
thatCoherence(� ) î Coherence(�£Ë ). We feel it counterintu-
itivesincethetwo basessharesthesamecontradiction�k� . � ,
which is not relatedto theotherformulasof bothbases6.

Finally, Hunter[2003] definesa degreeof significanceof
the contradictions,which makessensewhensomeinforma-
tion abouttheimportanceof potentialconflictsis available.

8 Conclusion
Themaincontributionof thepaperis a uniformaction-based
framework for quantifyingbothdegreesof informationandof
contradiction.Theframework is parameterizedby a proposi-
tional logic (togetherwith thecorrespondingnotionsof con-
sequence,acceptance,contradictionanda revision operator),
atestcontext andanaggregationcriterionfor computingplan
costs.Theseparametersenablea greatflexibility .

Therearemany interestingnotionsthat canbe easilyde-
fined in our framework but that we cannotmentionherefor
spacereasons.Let usnotethat throughthe notion of purifi-
cationplan, our approachfor quantifyingcontradictionalso
allowsto localizeconflicts.Notealsothatnotionsof joint de-
greesandconditionaldegreesof information/ contradiction
canbeeasilydefined.Anothersimpleextensionwould con-
sist in taking advantageof additionalknowledgeabout the
sourcesof informationandthe origin of conflicts(e.g., in a
diagnosissetting,it canbethecasethatthefailureof a com-
ponentphysicallycausesthefailureof othercomponents).

Many otherextensionsof our approachcanbeenvisioned.
For instance,copingwith preferencesover thegoalvariables
(determiningwhether � holds is moreimportantthandeter-
mining whether

�
holds). Another possibleextensioncon-

cernsthecasewhereonticactionsareavailableandtheobjec-
tive is to let the actualworld asunchangedaspossible(i.e.,
we canexecuteinvasiveactionsbut we prefernot to do it).
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6If weinstantiateourframeworkwith "�ù$# logic (understandard
atomiccontext), we get � �eþ ø ÿ¦ý%� ��þ ø'& ÿ8ý)( , � *Ãþ ø ÿ8ý,+ , and
� *Ãþ ø & ÿ�ý.- , showing thatthereis thesameamountof contradiction
in thetwo basesandthatthereis lessinformationin

ø
thanin

ø &
.
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