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Merging

> Contradictory beliefs/goals coming from different sources

> Propositional Logic
> no priority (same reliability, hierarchical importance, ...)

©1 Y2 3
ab—c a, b —a

A(p1UpaUps) =b—c,b,a
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Plan

> Propositional Base Merging
> Logical Properties
> Model-Based Operators
> Formula-Based Operators

> DA? Operators

> Merging and ...
> ... Belief Revision
> ...Judgment Aggregation
> ... Social Choice

> More on Merging
> Strategy-Proofness
> Negotiation/Conciliation
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Definitions

> A © Is a finite set of propositional formulae.
> A U is a multi-set of belief bases: ¥ = {p1,...,¢n}.
> A\ ¥ denotes the conjunction of the belief bases of U.
>

A belief profile ¥ is if and only if A\ ¥ is consistent. We will
note Mod(V) instead of Mod(/\ V).

Equivalence between belief profiles :

> Let U, W, be two belief profiles. ¥, and ¥, are , hoted
U, « W,, iff there exists a bijection f from ¥, = {x1,..., ¢} t0

Uy = {¢1,..., pn} suchthat - f(p) « ¢.
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Logical Characterization

Alsa (IC merging operator)
If and only if it satisfies the following properties :

(IC0) Ap(W) - p

(Ic1) If u is consistent, then A, () is consistent

(c2) If A\ ¥ is consistent with u, then A, (V) = AV A p

(IC3) If Uy «» Wy and p1 < pe, then A, (¥1) «— A, (V)

(ca) If o pand @' F p,then A (U YA ¥ L= A (o)A ¥ L

(IC5) AL(V1) AAL(Vo) EAL(T L W,)

(ce) If A, (P1) A AL(P2) is consistent, then A, (U L Wo) H AL (T1) AAL(P2)
(IC7) Dpy (V) A p2 B Dy aps (P)

(cs) If A, (W) A ue is consistent, then A ap, (V) AL (D)
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Majority vs Arbitration

Ally, Brian and Charles have to decide what they will do this night. Brian and
Ally want to go to the restaurant and to the cinema. Charles does not want to
go out this night and so he does not want to go nor to the restaurant nor to
the cinema.

Ally ) Ally -)
Brian ) Brian =)
Charles :-(( Charles :-)
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Majority - Arbitration

(Maj) dn A,u (\Ifl LI \Ifgn) = AM(\I/2>

> An IC merging operator is a

Am (901) A Am (902) )
(ArD) Apy s (01 U 02) < (u1 < p2)

p1 ¥

p2 ¥ )

> An IC merging operator is an

If it satisfies (Maj).

> = Ay (01 U @2) < Ay, (1)

if it satifies (Arb).

Around Propositional Base Merging — p.7/25



Syncretic Assignment

A IS a function mapping each belief profile ¥ to a total
pre-order <y over interpretations such that:

NDIfwEYandw E ¥, then w ~¢ W’
2) If w =¥ and W’ £ ¥, then w <g W'
3) If Uy = Wy, then <y, =<y,
HVw E o1 ' E o2 W' <pplp, w
5) If w <y, W and w <y, W', then w <g, v, W’
6) If w <g, w and w <y, ', then w <g,Lw, W’
A IS a syncretic assignment which satisfies:

N Ifw <w, W', then In w <w,Uwyn W’

A IS a syncretic assignment which satisfies:
w <y W )
8) w <y, w’ b = W <oy lipy W
W' L, W )
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Representation Theorem

An operator is an IC merging operator (respectively IC majority
merging operator or IC arbitration operator) if and only if there exists a
syncretic assignment (respectively majority syncretic assignment or fair
syncretic assignment) that maps each belief profile ¥ to a total pre-order <y
such that
Mod(A,(V))) = min(Mod(u), <w).
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Model-Based Merging

ldea: Select the interpretations that are the most plausible for a given profile.

w <% W iff dp(w, V) < dp (W, D)

d, can be computed using: e a distance between interpretations d
e an aggregation function f

> Distance between interpretations
> d(w,w’) = dWw',w)
> dw,w') =0iffw=0ud

> Distance between an interpretation and a belief base
> d(w, ) = ming/—, d(w,w’)

> Distance between an interpretation and a belief profile
> da,j(w,¥) = fld(w,¢1),...dw,en))
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Model-Based Merging

Examples of aggregation function: ¥, max, leximax

> Let d be a distance between interpretations.
> AD™ma gperators satisfy (IC1-1C5), (IC7), (IC8) and (Arb).
> ALCMaX gnerators are arbitration operators.
> A%> operators are majority operators.
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Example

p=((SAT)V(SAP)V(TAP)) —I

o1 =2 =SATAP Mod(p1) = {(1,1,1,1), (1,1,1,0)}

w3 = SA-T NP AT Mod(es) = {(0,0,0,0)}

ps =T APA-T Mod(ps) = {(1,1,1,0), (0,1,1,0)}

Y1 2 w3 pa ddy,Max ddyg,= ddH,z2 ddy;,GMax

(0,0,0,0) 3 3 0 2 3 8 22 (3,3,2,0)
(0,0,0,1) 3 3 1 3 3 10 28 (3,3,3,1)
(0,0,1,0) 2 2 1 1 6
0,0,1,1) 2 2 2 2 8 16 (2,2,2,2)
(0,1,0,00 2 2 1 1 6
0,1,0,1) 2 2 2 2 8 16 (2,2,2,2)
(0,1,1,1) 1 1 3 1 3 6 12 (3,1,1,1)
(1,0,0,00 2 2 1 2 7 13 2,2,.2,1)
(1,0,0,1) 2 2 2 3 3 9 21 (3,2,2,2)
(1,0,1,1) 1 1 3 2 7 15 (3,2,1,1)
(1,1,0,1) 1 1 3 2 3 7 15 (3,2,1,1)
(1,1,1,1) 0 0 4 1 4 17 (4,1,0,0)
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Formula-Based Merging [BKM91,BKMS92]

ldea: Select some formulae from the union of the bases of the profile
MAXCONS (W, u) ={M C YUY Upust. — M¥F L

- pC M

-~ VMcM CUvuu M1}

AClu(\P) MAXCONS (W, 1)
A (¥) ={M : M € maxcons(¥, T) and M A p consistent}
AC‘LM(\P) MAXCONS card (W, 14)
A (U)={M Ap : M € maxcons(¥, T) and M A p consistent}
iIf this set is nonempty and . otherwise.
ICO | IC1 | IC2 | IC3 |IC4 | IC5 |IC6 | IC7 | IC8 | MI | Maj
AN v v v v v v
AN v v Vv v |V
AN v v v v | v
AN I v v v v Vol vV
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Formula-Based Merging: Selection Functions

ldea: Use a selection function to choose only the best maxcons.

> Partial-meet contraction/revision operators
> Take into account the distribution of the information among the sources

Example : Consider a belief profile ¥ and a maxcons M
> distn(M, ) = | N M|

> distas(M,0) =3 _ distn(M, o)

pew

ICO | IC1 | IC2 | IC3 | IC4 | IC5 | IC6 | IC7 | IC8 | MI | Maj
ACL v v | v v v
ALy v v | v v v
A VA VA IV v v | v v
AE Ly |y vl v v | v v
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Merging

> Formula-based Merging

— Selection of maximal consistent
subsets of formulas in the union of
belief bases.

— Distribution of information
— Bad logical properties
+ Inconsistent belief bases

> Model-based Merging

— Selection of preferred models for the
belief bases.

+ Distribution of information
+ Good logical properties
— Inconsistent belief bases

> DA? Operators

+ Distribution of information
+ Good logical properties
+ Inconsistent belief bases
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DA’ Operators

Let d be a distance between interpretations and f and ¢ be two aggregation
functions. The NG9 (W) is defined by :
For each ¢; = {ai1,...,Qin,}

d(w, i) = f(dw,ai1),...,d(w,d;n,;))
Let ¥ ={p1,...,0n}

d(w, V) =g(dlw,e1),...,dw, pm))

mod(AZ’f’g(\If))) = {w € mod(p) | d(w, ¥) is minimal}
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Example

P1 P2 3 P4
a, b, ¢, a N\ —b a, b —a, —b a,a—b
MAXCONS = c N = aAlb
MAXCONScgrd = € ACME = (g A=)V (ma A D)

AIDZE = g ABhAc

Around Propositional Base Merging — p.17/25



Merging and Belief Revision

The operator * is an if and only if it satisfies the
following properties:

(R1) ¢ x pimplies

(R2) If o A pis consistentthen o x u =@ A p

(R3) If nis consistent then ¢ * 1 is consistent

(R4) If o1 = 2 and p1 = 2 then 1 x w1 = 2 * s

(R5) (¢ * p) A1 implies ¢ x (1 A1)

(R6) If (¢ * 1) A is consistent then o x (u A ) implies (¢ x p) A Y

> If A Is an IC merging operator (it satisfies (IC0-1C8)), then the operator
x, defined as o xaA = AL (@), iIs an AGM revision operator (it satisfies
(R1-R6)).

> Links between prioritized merging and iterated revision:
[J. Delgrande, D. Dubois, J. Lang. Iterated Revision as Prioritized Merging. KR'06.]
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Merging and Judgment Aggregation

Input

Computation

Consequences

Merging

A profile of belief bases
Fully informed process
Global

— computational complexity
+ logical properties

Ideal Process

Judgment Aggregation

A profile of individual judgments
Partially informed process
Local

+ computational complexity
— logical properties

Practical Process
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Merging and Social Cholice

> Merging as social choice function
> Social choice function (<1,...,<p) —<
> Belief Merging (Q1,--y0n) — @

VA

> Arrow’s impossibility theorem

> There is no social choice function that satisfies all of:
> Universality
> Pareto Efficiency
> Independence of Irrelevant Alternatives
> Non-dictatorship

> Gibbard-Satterthwaite theorem

> There is no social choice function that satisfies all of:
> Surjectivity
> Strategy-proofness
> Non-Dictatorship
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Strategy-Proof Merging

Intuitively, a merging operator is strategy-proof if and only if, given the
beliefs/goals of the other agents, reporting untruthful beliefs/goals does not
enable an agent to improve her satisfaction.

> A merging operator A is ¢ If and
only if there is no integrity constraint u, no profile ¥ = {¢1,..., ¢}, NO
base ¢ and no base ¢’ such that

(0, A (W L {0'}) > i(p, Au(¥ U {p}))

Clearly, there are numerous different ways to define the satisfaction of an
agent given a merged base.
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Strategy-Proof Merging: Satisfaction Indexes

> Weak drastic index: the agent is considered satisfied if her beliefs/goals
are consistent with the merged base.

1 if o A pa IS CcONsistent
0 otherwise.

idy, (P, 0A) = {

> Strong drastic index: in order to be satisfied, the agent must impose her
beliefs/goals to the whole group.

| ] lifpa o
i, (0, pa) = { 0 otherwise.

> Probabilistic index: the more compatible the merged base with the
agent’s base the more satisfied the agent.

#(Mod(p) N Mod(pa))
#(Mod(pa))

in(p, pa) =
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Strategy-Proof Merging: Some Results for ¢,

#(\If) © L AdH,E AdH,Gmch ACl ACB ACAL AC5
T SD Sp
Puw _ _ _
5 v Sp Sp Sp
T sp Sp
¥ — — — — —
] Sp Sp Sp S Sp
Yo | T Sp Sp
p 5D Sp | Sp
> 2
T Sp Sp Sp
¥ — — — — —
v Sp Sp Sp Sp Sp
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Negotiation - Conciliation

> Iterated Merging Operators

Merging
(@3, ..., 0n) >0
Revision
(03 % @20, ..., 0 % p=0)
(o, 0h) -
|
ags . I
ConC|I|at|on_ \/
lterated Merging (F, ..., o8)
Ak
> Merging i’

(P15 3Pn) — @A
> Conciliation
(9017---79%) - (901790:;)
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Thanks to...

Works related to this talk were joint works with:

> Patricia Everaere
> Jérdome Lang

> Pierre Marquis

> Ramodn Pino Pérez

Around Propositional Base Merging — p.25/25



	Merging
	Plan
	Definitions
	Logical Characterization
	Majority vs Arbitration
	Majority - Arbitration
	Syncretic Assignment
	Representation Theorem
	Model-Based Merging
	Model-Based Merging
	Example
	Formula-Based Merging [BKM91,BKMS92]
	Formula-Based Merging: Selection Functions
	Merging
	DA$^2$ Operators
	Example
	Merging and Belief Revision
	Merging and Judgment Aggregation
	Merging and Social Choice
	Strategy-Proof Merging
	Strategy-Proof Merging: Satisfaction Indexes
	Strategy-Proof Merging: Some Results for $i_{d_w}$ 
	Negotiation - Conciliation
	Thanks to...

