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AbstractIn this paper, is presented a new local search algorithm for SAT andcompared with Selman et al.'s GSAT algorithms. This new algorithm,called TWSAT, departs from GSAT by making a systematic use of ataboo list that forbids recurrent local reparations. TWSAT achieves sig-ni�cant performance improvements in the resolution of many problems,in particular hard random K-SAT instances. Moreover, we �nd peculiarexperimental properties are obtained about the optimal length of thetaboo list, which may lead to a better understanding of the nature ofreally hard random problems.KeywordsSAT, NP-completeness, local search methods� This work has been supported by the Ganym�ede II project of the Contrat de PlanEtat/Nord-Pas-de-Calais, by the PRC-GDR Intelligence Arti�elle, by the MESR (Minist�erede l'Enseignement Sup�erieur et de la Recherche and by the IUT de Lens.1



1 IntroductionSAT, i.e. checking the satis�ability of a boolean formula in conjunctive normalform, is a canonical NP-complete problem. Moreover, it is a really fundamentalproblem in mathematical logic, automated reasoning, arti�cial intelligence andvarious computer science domains like VLSI design.Recently, there has been a renewal of interest in understanding the natureof the di�culty of SAT (see e.g. [2, 6]). At the same time, several authorshave proposed new -but amazingly simple and e�cient- algorithms allowingfor a real breakthrough in the class of computer-solvable SAT instances (seee.g. [12, 13, 4]).More precisely, a class of very hard SAT instances has been characterized(see e.g. [2, 5, 11]). This class appears to be the set of random generatedK-SAT instances whose probability of being satis�able is close to 0.5 (i.e. thecritical point of \phase transition"). These problems are most often beyondthe reach of the most e�cient techniques derived from conventional algorithms,like Davis and Putnam's one [3]. In order to address them, two families ofalgorithms have been designed recently. The �rst one is made of logicallycomplete techniques that aim at proving the inconsistency of SAT instances(see e.g. [5]). The second one is formed of uncomplete techniques basedon local reparations that attempt to �nd a model for SAT instances. Mostnotably, Selman et al.'s have proposed a very simple local search algorithmthat appears to be surprisingly good in solving hard large satis�able problems[12, 13, 8].In this paper, is presented a new local search algorithm for SAT and com-pared with Selman et al.'s GSAT algorithms. This new algorithm, calledTWSAT (Taboo Walk Strategy for SAT), departs from GSAT by makinga systematic use of a taboo list that forbids recurrent local reparations. Itis shown that TWSAT achieves signi�cant performance improvements in theresolution of many problems, in particular random K-SAT instances chosenat the critical point of the phase transition. Moreover, peculiar properties areobtained about the optimal length of the (experimentally obtained) taboo list,which may lead to a better understanding of the nature of really hard randomproblems.In the next section, we recall the canonical K-SAT �xed-clause-length ran-dom generation model and focus on the critical point of phase transition. Then,2
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Figure 1: Phase transition phenomenawe present Selman et al.'s GSAT algorithm. Based on the systematic use ofa taboo list, TWSAT is then motivated and presented. We focus on the opti-mal lengths of the taboo list with respect to several criteria and obtain somewhat surprising �ndings. A comparison between the performance of GSAT(and, more precisely, the Random-Walk Strategy version [13]) and TWSAT isthen conducted. Before we conclude, we give some promising ideas for furtherresearch.2 Hard random SAT instancesSAT consists in checking the satis�ability of a boolean formula in conjunctivenormal form (CNF). Let us recall here that any propositional formula can betranslated thanks to a linear time algorithm in CNF, equivalent with respectto SAT. A CNF formula is a set (interpreted as a conjunction) of clauses,where a clause is a disjunction of literals. A literal is a positive or negatedpropositional variable.An interpretation of a boolean formula is an assignment of truth values to3
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Figure 2: 3-SATits variables. A model is an interpretation that satis�es the formula.SAT is one of the NP-complete problems of reference although theoreti-cal and experimental results show good average-case performance for severalclasses of SAT instances (see e.g. [7]).However, it has been observed that hard random instances of SAT arelocated at a \phase transition". Let us illustrate this \phase transition" inthe usual K-SAT �xed-clause-length model (see e.g. [2, 1, 5, 11]), a randomgeneration model where the number of literals per clause is a given value Kand the sign of each literal is also randomly generated (with a probability 0.5).In Figure 1 and 2, we see the phase transition observed by many authors.The probability of satis�ability decreases abruptly from 1 to converge towards0 in a transition phase as the c/n ratio increases (where c represents the numberof clauses and n the number of variables). The location of the transition phasedepends on the length of clauses and on the number of variables. In Figure 1,we see how the curves moves to the right as this length increases. In Figure 2,we see how the curves straightens when the number of variables increases. Ithas been shown experimentally that instances at these transition phases where4



Procedure GSATInput : a set of clauses S, MAX-FLIPS, and MAX-TRIESOutput : a satisfying truth assignment of S, if foundBeginfor i := 1 to MAX-TRIESI := a randomly generated truth assignmentfor j := 1 to MAX-FLIPSif I satis�es S then return Ix := a propositional variable such that a changein its truth assignment gives the largestincrease in the number of clauses1of S that are satis�ed by II := I with the truth assignment of x reversedend forend forreturn \no satisfying assignment found"EndFigure 3: GSAT Algorithm: basic versionthe probability of being satis�able is 0.5 are really hard problems (actually, ithas been proved by [2] that these problems are exponential for resolution).3 Selman et al.'s local search algorithmLet us now brie
y recall Selman et al.'s GSAT algorithm [12, 13]. This al-gorithm performs a greedy local search for a satisfying assignment of a set ofpropositional clauses. The algorithm starts with a randomly generated truthassignment. It then changes (\
ips") the assignment of the variable that leadsto the largest increase in the total number of satis�ed clauses. Such 
ips arerepeated until either a model is found or a preset maximum number of 
ips(MAX-FLIPS) is reached. This process is repeated as needed up to a maximumof MAX-TRIES times (see Figure 3).1this number can be negative 5



In the sequel, we shall consider a more recent version of GSAT [13], i.e.the Random Walk Strategy, which outperforms basic GSAT procedures. Thisvariant of GSAT selects the variable to be 
ipped in the following way : iteither picks with probability p a variable occurring in some unsatis�ed clauseor follows, with probability 1-p, the standard GSAT scheme, i.e. makes thebest possible local move.Clearly, this very simple algorithm is logically uncomplete and belongsto the local search procedures family. However, it is surprisingly e�cientin demonstrating that CNF formulas are satis�able, in particular K-SAT in-stances at the transition phase.4 TWSAT: an improved local search algo-rithmLet us note that Random Walk Strategy introduces an additional level of ran-domness in basic GSAT and thus makes an analytical study of GSAT moredi�cult to conduct. Another randomness property of GSAT lies in the selec-tion of the variable to be 
ipped. Indeed, as Selman et al.'s stress it: \Anotherfeature of GSAT is that the variable whose assignment is to be changed is cho-sen at random from those that would give an equally good improvement. Suchnon-determinism makes it very unlikely that the algorithm makes the samesequence of changes over and over [12]".Moving further towards the goal of avoiding recurrent 
ips, we propose anew version of GSAT, called TWSAT. TWSAT departs from basic GSAT bymaking a systematic use of a taboo list of variables in order to avoid recurrent
ips and thus escape from local minima. This should also allow a better andmore uniform coverage of the search space. More precisely, TWSAT keeps a�xed length -chronologically-ordered FIFO- list of 
ipped variables and pre-vents any of the variables in the list from being 
ipped again during a givenamount of time.Let us stress that this use of a taboo list is systematic during the searchprocess, i.e. the taboo list is updated each time a 
ip is made. This di�ers fromthe usual ways of dealing with taboo lists that restrict their use to situationswhere local minima are reached (see e.g. [10]).The e�ciency of most local search procedures depends heavily on a good6
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number of variablesFigure 4: Optimal length of taboo list for 3-SAT problems (c/n=4.3)setting of their parameters. For instance, Selman et al.'s [13] suggest spe-ci�c values for GSAT parameters like MAX-TRIES, MAX-FLIPS and, veryimportantly, the probability p presented above.In the next section, we show how to �ne-tune the essential parameter ofTWSAT, i.e. the length of the taboo list, with respect to properties of theproblem like the number of clauses, the number of variables and the length ofthe clauses.5 Experimental �ne-tuning of TWSAT: pecu-liar resultsIn order to �nd optimal lengths of the taboo lists, we have conducted the fol-lowing extensive experimentations. First, we focused on 3-SAT. According tothe standard �xed-length-clause model, we randomly generated 500 instancesat the phase transition (i.e. when c/n = 4.3) for every number of variablesranging from 50 to 1000 (by steps of 50). The number of instances has beenlimited to 100 for every number of variables between 1000 and 1500 (also bysteps of 50). For each such instance, we have run TWSAT with a length of7



the taboo list varying from 1 to 50. In Figure 4, we show the (experimentallyobtained) optimal length of the taboo list with respect to the number of vari-ables. In the considered range of number of variables, this curve appears to belinear in the number of variables.Experimental result : l = 0:01875� n+ 2:8125where l is the optimal length of taboo listand n is the number of variables.Moreover, we have also noted :� that a slight departure from the optimal length leads to a correspondinggraceful degradation of the performance of TWSAT.� that these lengths remain optimal for random-generated instances out-side the transition phase.We have reconducted the above tests for 4-SAT (100 instances for eachnumber of variables ranging from 50 to 600 (by steps of 50)) and have obtainedthe same values for the optimal lengths.6 TWSAT vs. GSATWe have made extensive experimental comparisons between (RandomWalk) GSAT and TWSAT for 3-SAT instances at the phase transition. Bothalgorithms have been implemented in a common platform written in C underLinux 1.1.59 for PC, available from the authors2.Both algorithms are best compared with respect to the percentage of solvedproblems and with respect to the number of performed 
ips (let us stress thatour taboo list is implemented as a circular list whose FIFO access is made inconstant time). The percentage of solved problems is actually relative to the 50% of tested instances that are expected to be satis�able since they are selectedat the transition phase. We have also indicated the (average cumulated 
ipsfor solved instances)/(percentage of solved problems) ratio in order to conduct2platform available by ftp anonymous: ftp.li
.fr, directory pub/projects/SAT8



problems Nb. GSATn c inst. time (sc.) 
ips solved ratio100 430 500 .18 2803 88% 31.85200 860 500 1.99 18626 73% 255.85400 1700 500 15.03 204670 100% 2046.70600 2550 500 19.59 250464 62% 4013.85800 3400 500 140.61 1809986 67% 26854.391000 4250 500 369.88 4633763 57% 81009.842000 8240 50 3147.26 26542387 16% 1658899.19problems Nb. TWSATn c inst. time (sc.) 
ips solved ratio100 430 500 .11 1633 93% 17.60200 860 500 .73 9678 74% 130.78400 1700 500 11.51 145710 100% 1457.10600 2550 500 13.92 167236 65% 2580.80800 3400 500 99.45 1143444 71% 16150.341000 4250 500 292.10 3232463 62% 51802.292000 8240 50 3269.15 29415465 40% 735386.63Table 1: GSAT vs. TWSAT
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Figure 5: Results for 3-SAT instances obtained by GSAT and TWSATa fair comparison when one of the algorithms solves more instances than theother one. Parameters for GSAT and TWSAT are those proposed by Selmanet al.'s in [13].The following table (Table 1) summarizes the results and shows thatTWSAT is more e�cient than GSAT. Let us stress that the given numberof 
ips corresponds to the cumulated number of performed 
ips during thedi�erent tries. However, most of the time, TWSAT just needed one try.Let us note that the positive di�erence in favour of TWSAT increases withthe number of variables. This is illustrated in the following diagram (seeFigure 5).Results obtained by TWSAT for 2000 variables are the most signi�cantones (see the above Table 1) but could not have been inserted in the Figure 5because of the huge di�erence with GSAT performance.7 Further workClearly, the linearity of the curve of the (experimental) optimal lengths of thetaboo list was quite unexpected, as well as the fact that this curve does only10



depend on the number of variables. We think that this �nding should be theobject of further research. We feel that the length of the taboo list is relatedto some extent to the height of local extrema. We are currently working onthat, trying to relate this feature to the nature of really hard random SATproblems.We are also testing TWSAT with respect to other random generation mod-els and real-life examples (as those suggested in the DIMACS challenge [4]).For instance, we have obtained promising preliminary results for the randomgenerator by [9], which gives rise to instances of clauses with mixed lengths.8 ConclusionIn this paper, TWSAT, a new local search algorithm for SAT, has been pro-posed and compared with Selman et al.'s GSAT algorithms. TWSAT makes asystematic use of a taboo list and suppresses one of the randomness propertiesof Random Walk Strategy GSAT. TWSAT achieves signi�cant and surprisingperformance improvements in the resolution of many problems, in particu-lar hard random K-SAT instances. This improvement increases with the sizeof the problem. Moreover, have been obtained peculiar properties about the(experimental) optimal length of the taboo list, which may lead to a betterunderstanding of the nature of really hard random problems.References[1] P. Cheeseman, B. Kanefsky, W.M. Taylor (1991). Where the Really HardProblems are. Proc. IJCAI-91, pp. 163-169.[2] V. Chv�atal, E. Szemer�edi (1988). Many Hard Examples for Resolution.Journ. of the ACM, vol. 33, no. 4, pp. 759-768.[3] M. Davis, H. Putnam (1960). A Computing Procedure for Quanti�cationTheory. Journ. of the ACM, vol. 7, pp. 201-215.[4] DIMACS (1993). Second challenge organized by the Center for DiscreteMathematics and Computer Science of Rutgers University.11
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