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t. This paper presents an algorithm, XLNH, to generate �nitemodels of �rst order equational theories. Unlike 
onventional methods,whi
h fo
us on using as few individual 
onstants as possible to preservesymmetries, XLNH heuristi
ally sele
ts then fully generates the fun
-tions that appear in the problem, using a weighted dire
ted graph offun
tional dependen
y. One key issue here is to 
onstru
tively generateisomorphi
 partial models then further exploit the resulting symmetries.This algorithm proves very eÆ
ient on problems involving a unary bi-je
tive fun
tion f (like the additive inverse in a group or ring theory).When su
h a bije
tion is fully instantiated, XLNH stati
ally exploits re-maining isomorphi
 subspa
es. These ideas are implemented using thepubli
 domain SEM software framework, and give order of magnitudeimprovements on many problems. These results are interesting on theirown but potentially generalize to many pra
ti
al CSP appli
ations.1 Introdu
tionEquational theories provide a great number of diÆ
ult problems. Zhang in [9℄de�nes a set of problems whi
h 
an form a 
hallenge of �nite model sear
h sys-tems. Several open mathemati
 problems were solved with di�erent approa
hes:FALCON [10℄, FINDER [6℄, MGTP-G [3℄, LDPP, SATO [8℄, FMC [5℄ and MACE[4℄. An equational theory is a set of axioms: �rst order logi
 formulas involvingequality (e.g. 8x;8y;8z : h(f(x; y)) = f(z; x)). We 
onsider here theories inwhi
h all the variables are universally quanti�ed. Finding a �nite model for su
ha theory amounts to �nding an interpretation of fun
tional symbols over a �nitedomain Dn whi
h satis�es all axioms. The existen
e of a model demonstratesthe 
onsisten
y of the theory. The existen
e of a 
ounter model may refute a
onje
ture.Finding a model of an equational theory 
an be viewed as a spe
ial kind of
onstraint program, where the 
onstraints are highly symmetri
al. Symmetriesarise be
ause all 
onstraints are universally quanti�ed. Known approa
hes to�nite model sear
h have explored ways to ta
kle those symmetries. MGTP-G[3℄ uses ad ho
 axioms to �lter out some symmetries stati
ally. FALCON [10℄,



and SEM [11℄ use a dynami
 
ut and heuristi
 pro
edure (LNH: Least NumberHeuristi
) to avoid exploring symmetri
al subspa
es during sear
h. On the otherhand, many 
onstraint programs of pra
ti
al or industrial interest exhibit asubproblem having fun
tional semanti
s.Our approa
h generalizes the LNH heuristi
 to avoid exploring isomorphi
subspa
es. The new heuristi
 
an be used with many diÆ
ult problems, andgives impressive performan
e improvements in all 
ases.The paper is organized as follows: se
tion 2 de�nes equational theories. Se
-tion 3 des
ribes the model equivalen
e proposition. The basi
 prin
iples of theenumeration pro
edure are dis
ussed in se
tion 4. In se
tion 5 we des
ribe thefun
tion sele
tion strategy. Experimental results are listed in se
tion 6. Se
tion7 gives a 
on
lusion.2 Equational theories2.1 SyntaxWe use a subset L of �rst order logi
, without existential quanti�ers, with equal-ity as the only predi
ate f=g. In L, all the variables are universally quanti�ed.The disequality symbol f6=g denotes the negation of equality. The set of variablenames is fx; y; z; x1; x2 : : :g. Constants are either integers from the set f0; 1; 2 : : :gor identi�ers (most often a letter from the set fa; b; 
; k; k1; k2 : : :g). A fun
tionalsymbol 
an be any identi�er not ambiguous with one of the previous 
ategories,most often a letter from the set ff; g; h; : : : r; sg. A term is re
ursively built uponfun
tional symbols, variable names and 
onstants.h(x; 0) = xh(0; x) = xh(x; g(x)) = 0h(g(x); x) = 0h(h(x; y); z) = h(x; h(y; z))h(x; y) = h(y; x)Fig. 1. Abelian Group AxiomsSin
e all variables are universally quanti�ed, universal quanti�ers are usuallyomitted in the axioms for simpli
ity. Figure 1 illustrates the possibilities o�eredby the language. L is ri
h enough to formulate the axioms of mathemati
alobje
ts like abelian groups or unit rings. Be
ause L has only one predi
ate,equality, sets of L axioms are 
ommonly 
alled "equational theories". It is of
onsiderable interest to mathemati
ians to prove or refute the existen
e of �nitestru
tures satisfying axioms in L. Hen
e L is at the same time an ex
ellentexperimentation basis and a �eld of appli
ation. The 
on
epts introdu
ed inthis paper 
an be extended to ri
her languages like the many sorted �rst orderlanguage used as input to the �rst order �nite model generator SEM [11℄.



2.2 Semanti
sWe use traditional naming 
onventions in the �eld of CSP-based �nite modelgeneration (FALCON [10℄, SEM [11℄). Without loss of generality, individualsare taken from the set N = f0; 1; 2; : : :g of natural numbers. Sin
e we are onlyinterested in �nite models, we interpret a theory T in L on a �nite set Dn =f0; 1; 2; : : : n � 1g. Constants (integers) are interpreted as themselves. We 
alla 
ell the ground term f(e1; : : : ek) where all ei belong to Dn. Cells map to
onstraint variables in the asso
iated 
onstraint problem.Dn is 
alled the domainof these variables. The members of Dn are 
alled individuals. An interpretationIn (or simply I) of a theory T maps ea
h 
ell to a value from Dn. The resultingstru
ture de�nes an operation table for every fun
tion that appears in T (forinstan
e the set: fh(0; 0) = 0; h(0; 1) = 2; h(0; 2) = 3 : : :g). A model I of order nof a theory T is an interpretation on Dn whi
h satis�es all the theory axioms.Let f be a fun
tion, and I an interpretation. We naturally de�ne the inter-pretation If of f as the restri
tion of I to f 
ells. We often use f(e1; : : : ek) todenote I(f(e1; : : : ek)) when not ambiguous. Let g be a unary fun
tion, we mayalso use gi(x) to denote I(g(I(g(:::(x)))))| {z }i2.3 A CSP approa
h to model generationAn equational theory 
an be viewed as a spe
ial kind of 
onstraint program,a triple (V;D;C) where V is the set of 
onstraint variables, D is the domain(or set of possible values) for these variables, and C is a set of 
onstraints, i.e.relations listing possible 
ombinations of variables values.Here, the set V of variables is the set of fun
tion 
ells and the domain Dis the set Dn. Di�erent approa
hes exist to implement the 
onstraints (moreeÆ
iently than as extensive lists of 
ompatible tuples). Enumerative model gen-erators usually rely upon 
onstraint propagation algorithms, with a tradeo� be-tween propagation eÆ
ien
y (i.e. the 
ompleteness of the de
isions made by thepropagation algorithm alone) and the 
ost of maintaining the asso
iated datastru
tures. FMSET [2℄ experimented using boolean propagation and a 
lause 
at-tening te
hnique (to a
hieve ultimate propagation eÆ
ien
y), at the expense ofadditional memory 
osts. SEM (the publi
 domain tool we based our experimentsupon) uses the terminal instan
es of the axioms and propagates newly knownvalues of fun
tion 
ells upwards in the stru
ture. SEM 
ompensates the loss ofmost downward propagations by more 
on
ise and eÆ
ient data stru
tures andindexing. A potentially useful sour
e of (non symmetry aware) improvement ofthe �nite model generation may be a
hieved using lookahead strategies as shownin [1℄.Before the sear
h starts, SEM generates all the terminal instan
es 
orre-sponding to every axiom in the theory. For instan
e, the axiom h(x; g(x)) = 0(group inverse) expands to h(0; g(0)) = 0; h(1; g(1)) = 0; h(2; g(2)) = 0 : : :. Theseterminal axioms are stored in memory using a pointer based representation thatallows for fast upward propagation. Whenever a leaf 
ell value be
omes known



(e.g. g(0)), its a
tual value is substituted in all the 
onstraints where it appears(whi
h may generate a new 
ell value: here h(0; 0) = 0), and the pro
ess repeatsto �x point or failure as long as new 
ell values are introdu
ed.3 Model isomorphismWhen building an equational theory model, some isomorphi
 bran
hes in thesear
h tree 
an be 
ut by observing that all individuals i from Dn that were notused as a 
ell index or as a 
ell value in previous 
hoi
e points are inter
hange-able. This intuition led to the implementation of the Least Number Heuristi
 inFALCON ([10℄), a program that solved several open problems for the �rst time.Be
ause equational theories are highly symmetri
al, the LNH alone does not
ut all unwanted sear
h bran
hes. This resear
h fo
uses on that issue, exploringways to retrieve part of the original symmetries, even after all individuals havebeen used. Most equational theories involve a unary bije
tion (as in group or ringaxioms), or 
an be adapted to involve one (like in quasi groups). This se
tionproves a proposition that leads to an improved model generation pro
edure:the sear
h starts by generating a model of a unary fun
tion if it exists. Afterthis model was 
omputed, the sear
h 
an pro
eed from a state where remainingsymmetries 
an be deterministi
ally suppressed and thus require no dynami
tests.De�nition 1. Let T be a theory, I an interpretation, E a subset of Dn, andf a (unary) fun
tional symbol. We de�ne f(E) as the set fI(f(e))je 2 Eg. Asusual, we also de�ne f�1(E) as the set fe 2 DnjI(f(e)) 2 Eg.De�nition 2. Let T be a theory, g a unary fun
tion and Ig an interpretation ofg on Dn = f0; : : : n�1g. An in
lusion minimal subset 
 of Dn su
h that g(
) = 
is 
alled a 
y
le. An element i 2 Dn appears in at most one 
y
le, 
alled 
i. Wede�ne the size size(
) of a 
y
le 
 as j
j � 1.De�nition 3. Let g be a unary fun
tion and Ig an interpretation of g on Dn.The in
lusion maximal subset DIg of Dn su
h that g(DIg ) = DIg = g�1(DIg ) isthe bije
tive restri
tion of g.Note that su
h a bije
tive restri
tion is not the union of all the 
y
les, ex
eptwhen Ig interprets g as a bije
tion. In that 
ase, we even have DIg = Dn.Example 1. Let g be a unary fun
tion under the following interpretation Ig .g 0 1 2 3 4 5 6 7 8 9 10 111 2 2 3 4 6 5 8 7 9 9 1Under the interpretation Ig , the elements of DIg (here the set f3; :::8g) belongingto 
y
les of equal sizes remain inter
hangeable (e.g. 5 and 7). Obviously however,the individual 2 is not inter
hangeable with 3.These intuitions lead to the proposition 1 below.



Proposition 1. Let T be an axiom system with a unary fun
tion g, and In amodel of T . Let h be a fun
tion in T (h 6= g), h(i1; : : : ik) a 
ell, and v 2 DIgsu
h that In(h(i1; : : : ik)) = v and v =2 
ij for all ij. Then for every w 6= vs.t. j
wj = j
vj and w belongs to none of all 
ij there exists an isomorphismtransforming In to a model I 0n of T in whi
h I 0n(h(i1; : : : ik)) = w.Proof. Let 
v and 
w be the (non empty) 
y
les of v and w. There are two 
ases:{ 
v 6= 
w: let � : D 7! D be the isomorphism equal to the identity everywherebut on 
v and 
w whi
h maps gi(v) to gi(w) and gi(w) to gi(v) for all i in[0::j
vj).{ 
v = 
w = 
: let k be the isomorphism equal to the identity everywhere buton 
 whi
h maps gi(v) to gi(w) for all i in [0::j
j[.By de�nition, � is su
h that �(g(i)) = g(�(i)). � naturally extends to a modelisomorphism by mapping any ground assignment h(i1; : : : in) = v (where h 6=g) to h(�(i1); : : : �(in)) = �(v) so that �(h(i1; : : : in)) = h(�(i1); : : : �(in)) forall i1; : : : in in Dn. These 
onditions, together with the fa
t that � is bije
tiveand that all universally quanti�ed axioms are valid under In, ensure that everyterminal instan
e of any axiom t1 = t2 of the theory T is valid under �(In). utExample 2. Assume we want to generate abelian groups (
f. �gure 1 axioms) oforder 5. Let In be a model of AG that interprets g as Ig below:g 0 1 2 3 40 1 2 4 3If In interprets h(1; 2) as 3, we know that there exists an isomorphi
 modelI 0n where h(1; 2) = 4. This property 
an be used in the enumeration pro
edureto avoid exploring symmetri
al sear
h spa
es.4 Enumeration pro
edureProposition 1 shows that some model isomorphisms remain when a partial inter-pretation for a unary fun
tion g has been 
omputed. The best situation o

ursif the theory axioms ensure that g is bije
tive, sin
e in that 
ase DIg = Dnand is maximal in size. This suggests to try starting the model generation by
ompletely produ
ing a model for a bije
tive fun
tion g, if it exists, to exploitthe remaining symmetries further. In the ri
h domain of group and ring theories,the group inverse fun
tion g is not only bije
tive, but satisties g2(i) = i for alli 2 Dn. Cy
les in that 
ase are of size 0 or 1, whi
h even further redu
es thenumber of di�erent g interpretations.It is easy to generate only non isomorphi
 (
anoni
) interpretations of abije
tive unary fun
tion. The idea simply is to generate the fun
tion so that its
y
les are in
reasing, or de
reasing in sizes, as suggests the following proposition:Proposition 2. Let g be a unary fun
tion and Ig an interpretation of g on Dn.There exists an integer l in Dn and a permutation � on Dn mapping Ig to aninterpretation �(Ig) su
h that in �(Ig):



{ DIg = f0; : : : lg{ for every 
y
le 
, 
 elements are 
onse
utive integers and only the highestelement e in 
 is su
h that g(e) � e.{ for every two 
onse
utive 
y
les 
1 and 
2, j
1j � j
2jThis proposition is easily proved by iteratively building � as the appropriaterenaming onD. Be
ause an equational theory involves 
onstants (like the neutralelement in group axioms), for 
ompleteness reasons, proposition 2 
annot be usedas su
h in an enumeration pro
edure. Constants appearing in equalities must beinterpreted �rst by the algorithm. The 
hosen values are not inter
hangeablewith any other. In addition, these individuals may belong to a 
y
le of g, or not(in that 
ase, the fun
tion g is not bije
tive). Te
hni
ally, the individuals sele
tedto interpret p 
onstants kp may without loss of generality satisfy I(kj) < j � 1for j 2 f0::p� 1g. This leads to the following proposition:Proposition 3. Let k1; : : : ; kp be p 
onstants, Iki their interpretation, and g aunary fun
tion. Let Ig interpret g on Dn. There exist two integers m and l inDn (m � l) and a permutation � on Dn mapping Ig to an interpretation �(Ig)su
h that in �(Ig):{ gn(fIkig) = f0; : : :m� 1g{ DIg � gn(fIkig) = fm; : : : ; lg{ for every 
y
le 
 � fm; : : : ; lg, 
 elements are 
onse
utive integers and onlythe highest element e in 
 is su
h that g(e) � e.{ for every two 
onse
utive 
y
les 
1 � fm; : : : ; lg and 
2 � DIg , j
1j � j
2jDe�nition 4. An interpretation Ig satisfying proposition 3 requirements is 
alled
anoni
. Let 
 be a 
y
le in Ig. The smallest element s in 
 is 
alled start(
),and the highest element e in 
 is 
alled end(
).A

ording to the above statements, given g a unary fun
tion and Ig a 
anoni
interpretation, it is 
lear that size(
) = end(
) � start(
) for every 
y
le 
. Inthe example 1, if we have one 
onstant interpreted as 0, we have m = 3, l = 8,f3; : : : ; 8g 
ontains 4 
y
les of respe
tive lengths 0, 0, 1, 1. Note that two 
y
lesare not in f3; : : : ; 8g: g(2) = 2 and g(9) = 9.Model generation uses the two propositions 1 and 3 to ex
lude isomorphi
subspa
es when building models of a theory T involving a unary fun
tion g. Itoperates in three steps.4.1 step 0The algorithm interprets the p 
onstants appearing in equalities so that I(k0) = 0and I(kj) � I(kj�1) + 1: This 
onstru
ts a set f0; : : : ; qg of integers (q � p).



4.2 step 1It then sele
ts a fun
tion g from the problem statement and iteratively generatesall its 
anoni
al models, as des
ribed in proposition 3. The idea simply is to
onstru
t Ig so that{ gn(f0; : : : ; qg) = f0; : : : ;m� 1g{ DIg � gn(f0; : : : ; qg) = fm; : : : ; lg for some m; l (note that there may exist
y
les in f0; : : : ;m� 1g).{ fm; : : : ; lg 
y
les only 
ontain 
onse
utive elements (note that this property
annot be ensured for the 
y
les that appear over f0; : : : ;m� 1g){ for all i in fm; : : : ; lg, either g(i) = i+ 1 or i is the end of a 
y
le and thusg(i) = i� size(
i){ the 
y
les in fm; : : : ; lg are in
reasing in size (note again that this property
annot be ensured for the 
y
les that appear over f0; : : : ;m� 1g)This pro
edure allows to generate only a limited number of interpretations hav-ing isomorphi
 bije
tive restri
tion. In the 
ase of a bije
tion, only non isomor-phi
 models are generated. For example, using this strategy, the generation ofbije
tive fun
tions of order 6 only produ
es the eleven non isomorphi
 modelswhereas using the LNH heuristi
 produ
es 32 models.4.3 step 2For every su
h generated Ig , the algorithm enumerates possible models for thetheory using an almost standard CSP enumeration pro
edure, des
ribed as al-gorithm 1. We say that an index i has been hit by the algorithm when either{ the value i has been assigned to a 
ell{ the value of a 
ell h(i1; : : : in) has been 
hosen, or is 
urrently under 
onsid-eration, and i = ij for some j in f1; : : : ng.We say that a 
y
le has been hit when one of its members has been hit. Thealgorithm keeps tra
k of a high water mark 
alled mdns for every 
y
le size s.The value mdns represents the end index of the highest 
y
le of size s that hasbeen hit. Remember that 
y
les with equal sizes are 
onse
utive. Let v 2 DIg ,we note mdn(v) the value mdnj
vj. By the proposition 1, when sele
ting a valuev for a 
ell h(i1; : : : ik), only values smaller than mdn(v) + 1 need to be tried.After an interpretation of g has been 
omputed, the index m identifying thestart of the bije
tive restri
tion se
tion is known, and thus all mdn values areset equal to max(0;m� 1).Traditional implementations of the LNH heuristi
 (as in [10℄) use only onemdn value. They attempt to favor the heuristi
 appli
ation by sele
ting new
ells so that the mdn does not 
hange, as long as possible. To a
hieve this, it isenough to sele
t 
ells h(i1; : : : ik) with indexes smaller than mdn. If impossible,a new 
ell is sele
ted that yields the smallest possible 
hange to mdn values. Inpra
ti
e, it suÆ
es to 
hoose h(i1; : : : ik) so that max(i1; : : : ik) is the smallest.



Algorithm 1 The enumeration pro
edurefun
tion XLNH(S: set of assign., F : set of terminal axiom):boolean;begin forall non propagated assignments a in S, Propagate(a; F; S)if S 
ontains in
ompatible assignments then return(false)if F is empty then return(true)sele
t unbound 
ell b(i1; : : : in)(so that max(i1; : : : in) is the smallest)update mdn(ij) for all ijforall v 2 D s.t. v � mdn(v) + 1if XLNH(S [ b = v,F ) then return(true)return falseendThis strategy however pi
ks 
andidate 
ells in all existing fun
tions (in
ludingfun
tions that depend upon the value of others, whi
h thus should not be takenin 
onsideration here).Our approa
h fo
uses on the generation of an interpretation for all fun
tions,one after another. The algorithm thus valuates all of a fun
tion 
ells before 
hang-ing the fun
tion. This prevents spreading the model generation over all fun
tionsymbols. During the generation of a fun
tion, we use an extended version of theLNH, that treats as equivalent the individuals belonging to the same 
y
le, orto 
y
les of equal sizes, as long as these individuals have not been "hit".
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Fig. 2. LNH versus XLNHThe �gure 2 illustrates the di�eren
e between the LNH and the XLNH heuris-ti
s. By using LNH, after a 
ertain sear
h tree depth is rea
hed, all Dn valuesare used, and yet are no more inter
hangeable (as illustrated in the leftmostdiagram in �gure 2). By using XLNH, after a 
anoni
al interpretation of theunary fun
tion g was 
omputed, existing 
y
les in the bije
tive restri
tion letsome individuals be
ome inter
hangeable again (as in the rightmost diagram in�gure 2). Hen
e the XLNH heuristi
 allows to �rst 
ompute in a deterministi
way the 
anoni
al models of a unary fun
tion, then stati
ally exploit remainingisomorphisms to prune the sear
h. The implementation of the heuristi
 is thus



entirely stati
, and requires no 
omplex run time tests. The only tests performedare integer 
omparisons, at a null 
ost.Example 3. Figure 3 illustrates the generation of all models of order 5 abeliangroups (
f. �gure 1). Only three 
anoni
 interpretations of g are generated. In�gure 3, bra
ket surrounded values are the ones suppressed from the sear
h treeby the XLNH heuristi
 (by proposition 1). Missing bran
hes are suppressed by
onstraint propagation. The 2 symbol represents in
onsisten
y. The symbol Mrepresents the obtention of a model.g1 0 1 2 3 40 1 2 3 4h(1; 2)3;(4)
��h(1; 4)2

||xx
xx

xx
xx 3

""FFF
FF

FFF2 2
g2 0 1 2 3 40 1 2 4 3h(1; 2)3;(4)

��2
g3 0 1 2 3 40 2 1 4 3h(1; 1)2

zzuuu
uuu

uu
u 3;(4)

""EE
EE

EE
EE

Eh(1; 3)2
||xxx

xx
xxx 4

%%JJ
JJ

JJ
JJ

JJ
M2 2Fig. 3. The sear
h tree for order 5 abelian groupsBy looking at this diagram, we 
an observe that the �rst generated interpre-tation of g is the identity, all 
y
les having the same size zero. In that 
ase, therest of the sear
h pro
eeds as with a LNH heuristi
 starting with mdn = 0. Thisresults in suppressing many isomorphi
 interpretations.5 Fun
tion Sele
tion StrategyExperimental results show that the sequen
e of sele
ted fun
tional symbols im-pa
ts on 
omputation times. It 
an be 
learly understood why when we observe



that some fun
tional symbols never appear as top-level term labels in the ax-ioms (these fun
tions are 
alled "pure output") while others never appear assub-terms (they are "pure input" fun
tions). It is obvious that pure input fun
-tions are uniquely determined when all other fun
tions are known, and thusshould not be expli
itly enumerated. On the other hand, pure output fun
tionsshould be generated in priority, be
ause SEM's propagation is essentially of abottom up kind.The other fun
tions appearing both as top-level terms and as sub-terms inthe problem axioms are generated in a stati
ally 
omputed intuitive order, basedon the number of times a fun
tion has a previously generated fun
tion as itsinput. This heuristi
 is 
omputed stati
ally (before sear
h starts) by buildinga weighted dire
ted graph from the problem axioms where nodes are labelledwith fun
tional symbols, and weighted arrows represent the number of re
ursivefun
tion invo
ation in axioms (f(g(:::):::) eventually introdu
es the arrow fromg to f or in
rements its weight by one). The existen
e of a stati
 heuristi
 
learlyimproves program performan
e.Constants deserve a distin
t treatment depending whether they appear inequations or disequations. In the former 
ase (like of the additive inverse "zero"),the 
onstants are valuated before program starts, and result in introdu
ing noninter
hangeable individuals (step zero of the algorithm). In the latter 
ase, how-ever, (like in an axiom introdu
ing a 
ounter example for asso
iativity), the
onstants are better valuated on
e the fun
tions where they appear are entirelygenerated.De�nition 5. Let T be an equational theory, F its set of fun
tional symbols(without 
onstants) and C its set of axioms. Let G = (X;W ) be the weightedand oriented dependen
y graph de�ned as follows:{ the set of verti
es is isomorphi
 to F .{ the edge (fi ! fj) belongs to W if there exists an axiom in C where fiappears as a sub-term of fj.{ the weight of the edge (fi ! fj) equals the number of times there exists anaxiom in C where fi appears as a sub-term of fj.Example 4. The following theory de�nes the axioms of an unit ring: g; a is thegroup and m is the multipli
ative law.a(0; x) = x a(x; 0) = xa(g(x); x) = 0 a(x; g(x)) = 0m(x; 1) = x m(1; x) = xa(x; a(y; z)) = a(a(x; y); z) m(x;m(y; z)) = m(m(x; y); z)a(m(x; y);m(x; z)) = m(x; a(y; z)) a(m(x; z);m(y; z)) = m(a(x; y); z)This set of axioms yields the following dependen
y graph:g2
����
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��

�aEDGF2@A
//

2
++ m4kk

GFED

2
BC

oo



Note: the weighted graph 
onstru
tion is not semanti
al, and depends uponthe theory syntax. Hen
e, two di�erent formulations of the same problem 
ouldhave di�erent graphs. This issue is �eld of future resear
h.5.1 Fun
tion sele
tion algorithmThe best experimental results are a
hieved by sele
ting the next fun
tion toinstantiate a

ording to the following preferen
e order:1. sele
t a 
onstant appearing in an equation (step 0)2. sele
t a pure output bije
tive unary fun
tion (step 1)3. sele
t a pure output unary fun
tion (step 1)4. sele
t a pure output n-ary fun
tion (step 2)5. sele
t a fun
tion that with maximal sum of weights of arrows 
oming fromalready generated fun
tions (step 2)6. sele
t a 
onstant appearing in already fully generated fun
tions (step 2)Note that all verti
es having only input edges fun
tionally depend upon theother fun
tional symbols, and are uniquely determined as soon as the other fun
-tions have been entirely generated. Pure input fun
tions are thus never generatedexpli
itly.Example 5. As an example, let us 
onsider the theoryRNG041-1 from the TPTPproblem 
olle
tion [7℄. We have the following dependen
y graph:g1
��

h2
��aEDGF2@A

//
2

)) m4hh

GFED

2
BC

ooA

ording to the previous sele
tion strategy, we �rst sele
t the 
onstantswhi
h appear in equality equation, after g (pure input unary bije
tive), then h(pure input unary). Then, the 
hoi
e of a beforem is guided by the dependen
ies.Hen
e the instantiation order is: g, h, a, m.Table 1. Comparing di�erent orders for the RNG041-1 problemg; a; h;m g; h; a;m, g;m; a; hTime 0.13 0.06 0.15Nodes 89 879 634Models 0 0 0The table 1 illustrates those 
on
erns by 
omparing the results obtained withthe TPTP problem RNG041-1 at order 6 using di�erent fun
tion orderings.This example suggests a few 
omments: the best node 
omplexity is a
hieved bysele
ting fun
tion a (the additive law) just after its inverse g. However, the bestexe
ution times are obtained with our fun
tion sele
tion strategy, be
ause manynodes (
ell value 
hoi
es for h in that 
ase) trigger very immediate fails.



Example 6. Let us 
onsider the theory RNG025-8 from the TPTP problem 
ol-le
tion [7℄. We have the following dependen
y graph:g1
&&
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omIn this 
ase, the stati
ally 
omputed ordering is the following one: g; a; ass;m; 
om.Three 
onstants appear in the set of 
lauses as disequations literals, and are thusinterpreted last.Again, table 2 list the results obtained with di�erent fun
tion orderings. Thesize of models is equal to 5.Table 2. Comparing di�erent orders for the RNG025-8 problemg; a; ass;m; 
om g; a;m; ass; 
om, g; ass; a;m; 
om g;m; a; ass; 
omTime 0.14 0.33 �10 minutes 0.78Nodes 3 149 1 280 - 6 398Models 3 072 1 280 - 2 048The 
hoi
e of g �rst is obvious, be
ause it is pure input, unary bije
tive. 
omneeds not be generated be
ause it is pure output. Choosing a after g is naturalbe
ause it has g as input (and 
om is dis
arded). Then ass should be preferredover m be
ause the axioms involve six o

urren
es of a as a sub-term of ass,instead of only four in m. Again, you may observe the existen
e of a node 
ountper exe
ution time trade o�. As before, the best exe
ution times are obtainedat the expense of more 
hoi
e nodes, whi
h suggests that many 
hoi
es lead tovery qui
k failures in the best option.6 ExperimentationWe have implemented the heuristi
 XLNH on the SEM software, as a heuristi
variant. We thus use exa
tly the same data stru
tures and propagation algo-rithm. Our implementation 
urrently only handles problems involving a unarybije
tive fun
tion, whi
h are numerous. SEM's sour
e 
ode is available at theweb address www.
s.uiowa.edu/~hzhang/sem.html. All results are obtainedon a K6II 400Mhz with 128 Mb of RAM. We limit to two hours the maximumtime to solve a problem.We 
ompare SEM + XLNH and 
lassi
al SEM (+ LNH) on di�erent math-emati
al problems: abelian groups �rst, then several ring problems from the



TPTP 
olle
tion [7℄. We have tested XLNH on a large number of these prob-lem instan
es and obtained very good results, and list them for three problemsRNG041-1 (rating 0.22 -very easy-), RNG025-8 (rating 0.67 -medium-) andRNG030-6 (rating 1 -diÆ
ult-).Table 3. Abelian GroupsSEM + XLNH SEM + LNHOrder Models Time Nodes Models Time Nodes32 529 168 9 769 2 295 956 421 17833 15 28 2 769 15 1 151 466 88334 2 239 26 077 20 1 402 481 24935 13 41 3 477 13 1 700 490 60636 321 375 27 975 2 142 2 345 872 37437 1 65 4 107 1 2 848 921 37938 2 532 39 789 22 3 525 935 52739 17 86 4 350 17 4 263 946 66940 282 816 39 130 2 220 5 632 1 393 43341 1 116 5 163 + + +42 42 1 247 54 822 + + +43 1 154 5 396 + + +44 31 1 788 58 137 + + +45 180 226 6 122 + + +46 2 2 481 60 281 + + +47 1 361 14 096 + + +48 3 345 4 446 75 905 + + +49 8 492 22 976 + + +50 22 6 375 232 718 + + +51 21 636 25 053 + + +52 + + + + + +We generate all models of the abelian group and only solve the satis�abilityproblem on the TPTP's instan
es. The table 3 shows the 
omparison betweenLNH and XLNH for abelian groups. Our approa
h is 7 times faster for evenorders and 70 times faster for odd orders. Our method shows that odd orderabelian group generation is mu
h easier than that of even order abelian groups.This agrees with known results about the number of non isomorphi
 �nite abeliangroup instan
es (it is known that every subgroup order divides the order of thegroup). This result shows the eÆ
ien
y of XLNH. The results table 3 stops atorder 52. However we 
an generate all odd order abelian groups up to order 63(278 models obtained in 2470 se
onds and 40 764 nodes). We 
an observe thatXLNH always produ
es fewer models than LNH.



Table 4. some TPTP problemsXLNH LNHProblem Size Model Time Nodes Model Time NodesRNG041-1 8 0 0.05 1 236 0 24 175 6729 0 0.06 1 673 0 123 736 62510 0 0.09 2 049 0 632 3 061 67811 0 0.09 2 497 0 2 928 12 221 89812 0 0.16 2 880 - - -14 0 0.22 3 725 - - -16 0 0.4 4 584 - - -RNG025-8 8 1 19 872 609 1 135 6 965 6089 1 2.8 86 629 1 12 92 39610 1 1.6 10 435 1 41 19 27611 1 2.5 14 889 1 221 67 83512 1 8.3 148 203 1 529 244 12613 1 5.4 28 901 1 6 462 985 76714 1 11 39 383 - - -15 1 9.5 51 683 - - -16 - - - - - -RNG030-6 11 0 0.76 1 465 0 216 576 97712 0 28.7 83 007 - - -13 0 1.5 2 379 - - -14 0 3.5 6 25015 0 17 32 98716 0 6 826 4 039 08717 0 5 5 33818 0 278 400 05519 0 8 7 375
Table 4 lists the results obtained for several TPTP problems, sorted byin
reasing diÆ
ulty, a

ording to the TPTP 
olle
tion diÆ
ulty ratings. TheXLNH heuristi
 proves very eÆ
ient for the RNG 
lass instan
e (rings withadded axioms). The RNG041-1 problem, an easy one, is solved in less than 1se
ond at order 16. The table stops here be
ause of paper size limitations. How-ever XLNH solves RNG041-1 at order 30 in 3.5 se
onds and 10 989 nodes. Theprogram is limited by memory. The RNG025-8 problem shows a diÆ
ulty peakat orders being a power of two (order 8). This is expe
ted, as in the 
ase ofabelian groups, be
ause there exist many �nite groups of order a power of two.XLNH fails at order 16 but solves the problem at order 17 easily (25 se
onds).The RNG030-6, a 
urrently open instan
e of the TPTP 
olle
tion (rating 1),exhibits 
omparable behavior at power of two orders. Here again, be
ause theproblem involves many fun
tions, the limitation 
omes from pro
essor memoryrather than 
ombinatorial 
omplexity.



7 Con
lusionWe demonstrate the eÆ
ien
y of exploiting the underlying stru
ture of equa-tional theories to generate their �nite models. The existen
e of a pure outputunary fun
tion, spe
ially if it is bije
tive, allows to avoid exploring many isomor-phi
 subspa
es. Our results generalize the least number heuristi
 in situationswhen a unary fun
tion exists in the theory. This generalization proves very eÆ-
ient in redu
ing the number of sear
h nodes explored by the enumerator, andthus produ
es a lot fewer isomorphi
 solutions.Themes of future work in
lude: the extension to non bije
tive unary fun
-tions, integration of dynami
 symmetry tests, 
hanges in the data stru
turesto 
onsume less memory and obtain solutions at higher orders, exhaustive gen-eration of 
anoni
al solutions for �nite abelian groups or other theories up tounpre
edented orders, the adaptation of these results to pra
ti
al CSP problemsinvolving a fun
tional subpart (and eventually a bije
tion like in the TravellingSales Person problem).Referen
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