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In this paper, a new approach to equivalence-pre-serving compilation, called tractable covers, is intro-duced. In short, a tractable cover of � is a �nite setT of tractable formulas � (disjunctively considered) s.t.� � T . Tractable covers of � are equivalence-preservingcompilations of �: a clause c is a logical consequence of� i� for every � in T , c is a logical consequence of �.Since � is tractable, each elementary test � j= c can becomputed in time polynomial in j�j + jcj. The pointis to �nd out tractable �s that concisely represent (i.e.cover) the largest sets of models of �, so that jT j remainslimited. To some extent, the present work could then berelated to other model-based approaches to knowledgerepresentation and reasoning, like [Khardon and Roth,1996].First, a general framework is presented, which can takeadvantage of most tractable classes, simultaneously. Inmany respects, it generalizes the prime implicants covertechnique recently used for compilation purpose [Schrag,1996]. Then, the focus is laid on tractable covers thatcan be computed and intensionally represented thanks to(partial) interpretations. Two speci�c cases are consid-ered. In the �rst one, partial interpretations are usedto shape the KB into formulas from several possibleclasses. In the second one, they are used to derive renam-able Horn formulas. The last one is proved less space-consuming than prime implicants covers [Schrag, 1996]for every KB. Since tractable covers of � are equivalence-preserving compilations, their size may remain exponen-tial in j�j unless NP � P=poly [Selman and Kautz,1994], which is very unlikely. However, experimental re-sults show that the new approaches can prove e�cientw.r.t. direct query answering and o�er signi�cant timeand space savings w.r.t. prime implicants covers.2 Formal PreliminariesA literal is a propositional variable or a negated one. Aclause (resp. a term) is a �nite set of literals, represent-ing their disjunction (resp. conjunction). A Horn (resp.reverse Horn) clause contains at most one literal that is



positive (resp. negative). A binary clause contains atmost two literals. A KB � is a �nite set of propositionalformulas, conjunctively considered. V ar(�) is the setof variables occurring in �. Every KB can be rewritteninto a conjunction of clauses (into CNF for short) whilepreserving equivalence. A KB � is said renamable Horni� there exists a substitution � over literals l built upfrom V ar(�), s.t. �(l) = �l and �(�) is Horn.Interpretations and models are de�ned in the usualway. Let us stress that, quite unconventionally, (partial)interpretations will be represented as terms, i.e. as satis-�able sets of literals (vs. sets of variables). An implicantof a KB � is a partial interpretation � s.t. � j= �. Aprime implicant of � is an implicant � of � s.t. for allimplicants � of � s.t. � j= �, we have � j= �. The setof all prime implicants of � (up to logical equivalence) isnoted PI(�). A prime implicant cover of � is any subsetS of PI(�) (disjunctively considered) s.t. S � �.3 Tractable Cover Compilations3.1 The General FrameworkFirst, let us make precise what classes of tractable for-mulas will be considered:De�nition 3.1 A list Cs of classes C of tractable propo-sitional formulas (w.r.t. cover compilation) is s.t.:� There exists a polytime algorithm TRACTABLE? forchecking whether any formula � belongs to C.� There exists a polytime algorithm QUERY ? for checkingwhether � j= c holds for any � in C and any clause c.� For every C in Cs, for every formula � of C and everyterm p, there exists C0 in Cs s.t. (� ^ p) 2 C0.Since classes of tractable formulas are not �ni-te sets in the general case, they are intensionallyrepresented by ordered pairs of decision procedureshTRACTABLE?; QUERY ?i.Interestingly, the great majority of classes of formu-las tractable for SAT (the well-known propositional sat-is�ability decision problem) are also tractable for covercompilations. Especially, this is the case for the Horn, re-verse Horn, binary, renamable Horn, q-Horn and nestedclauses classes.We are now ready to de�ne the notion of a tractablecover of a propositional KB.De�nition 3.2 Given a CNF-KB � and a �nite list Cs ofclasses of tractable formulas w.r.t. cover compilation (repre-sented intensionally), a tractable cover of � w.r.t. Cs is a�nite set T of satis�able formulas (disjunctively considered)s.t.:� For every �i 2 T , there exists C in Cs s.t. �i belongsto C, and� T � �.In the following, we will assume that Cs contains atleast the class ft s.t. t is a termg. This ensures that there

always exists at least one tractable cover of �, namely aprime implicants one.In this paper, we focus on tractable covers that can beintensionally represented, using (partial) interpretations.The corresponding explicit covers can be generated on-line from the intensional ones in polynomial time.3.2 Carver-Based Tractable CoversA �rst way to derive covers consists in simplifying theKB using partial interpretations. For any partial inter-pretation p = fl1; : : : ; lng, the KB � simpli�ed w.r.t. pis the set �p = (((�l1 )l2) : : :)ln , where �l = fcnf:lg s.t.c 2 � and c \ flg = ;g.De�nition 3.3 Given a CNF-KB � and a �nite list Cs ofclasses of tractable formulas (represented intensionally):� A carver of � w.r.t. Cs is a partial interpretation p s.t.there exists C in Cs s.t. �p belongs to C and �p issatis�able.� A carver-based tractable cover of � w.r.t. Cs is a setPC of carvers of � w.r.t. Cs (disjunctively considered)s.t. (PC ^ �) � �.� A carver-based cover compilation of � is a pair C =h�; PCi, where PC is a carver-based tractable cover of� w.r.t. Cs.Interestingly, the space required to store a carver p isalways lower or equal to the space needed by the corre-sponding tractable formula � = p ^ �p (with a O(j�j)factor in the worst case). At the on-line query answeringstage, the price to be paid is a O(j�^ pj) time complex-ity overhead per carver p but this does not question thetractability of query answering.As an example, let � = f�x1_ �x2_ �x3_x4; x1_x2_x4gand let Cs contain the Horn and the binary classes. Theset PC = ffx1g; f�x1gg is a carver-based tractable coverof � w.r.t. Cs since �fx1g = f�x2 _ �x3 _ x4g is Hornand �f�x1g = fx2 _ x4g is binary. If Cs reduces to therenamable Horn class, f;g is a carver-based tractablecover of � w.r.t. Cs since � belongs to the renamableHorn class.Clearly enough, carver-based cover compilations areequivalence-preserving compilations:Proposition 3.1 Let � be a CNF-KB, C = h�; PCi be acarver-based cover compilation of � and let c be a clause.� j= c i� for every p in PC, ((p j= c) or (�p j= c)), whichcan be decided in time polynomial in jCj+ jcj.Although the class(es) to which �p belongs can bepolynomially recognized on-line for each carver p of PC,in practice, they are determined once only at the o�-linecompiling stage. Accordingly, each carver p found duringthe compiling process is indexed with a reference label(p)to the concerned class in Cs. A signi�cant amount oftime in on-line query answering can be saved via suchindexing.Interestingly, carver-based cover compilations can leadto exponential space savings w.r.t. prime implicants



cover compilations for some KBs. An extreme case con-sists of tractable KBs � that remain invariant undercarver-based cover compilation but are such that everyprime implicant cover is exponential in the size of �.3.3 Hyper-Implicant CoversFormulas in covers must be tractable and exhibit asmany models of � as possible. Interestingly, severalclasses C of tractable formulas admit model-theoreticcharacterizations and features that can be exploited. Forthe binary, Horn, reverse Horn, renamable Horn classes,among others, class membership is equivalent to the ex-istence of some speci�c interpretation(s). Formally, aCNF-KB � is renamable Horn [Lewis, 1978] i� there ex-ists an interpretation p over V ar(�) s.t. for every clausec of �, at most one literal of c does not belong to p. In-terestingly, the renamable Horn class includes both theHorn, reverse Horn, and satis�able binary KBs as propersubsets.As the semantical characterizations above indicate it,literals that belong both to p and to � play a centralrole that we can take advantage of. In order to derivesatis�able renamable Horn formulas, every clause c of �is shortened using a model p = m of �: only the literalsoccurring in m are kept, plus an additional literal of c(when possible). In this way, every shortened clause issuch that every literal ofm (except possibly one) belongsto it. Accordingly, the resulting set of clauses, calledhyper-implicant of �, is satis�able and renamable Horn.Formally, let m be a model of �. For every clausec in �, let cm be the clause consisting of the literalscommon to c and m. Let P (�;m) denote the set ofclauses of � s.t. for every clause c in P (�;m), c and cmare identical. Let N(�;m) be � n P (�;m). For everyclause c in N(�;m), let lmc denote a literal of c s.t. lmcbelongs tom. Obviously, several candidates lmc may existin the general case.De�nition 3.4 Given a CNF-KB �:� A hyper-implicant of � (w.r.t. to a model) m of � is aformula �m = ( ^c2P (�;m) c) ^ ( ^c2N(�;m)(cm _ lmc )).� A hyper-implicant cover H of � is a set of hyper-implicants of � (disjunctively considered) s.t. H � �.Importantly, the size of any hyper-implicant �m of �is strictly lower than the size of �, except when � isrenamable Horn.Hyper-implicant covers are equivalence-preservingcompilations:Proposition 3.2 Let � be a CNF-KB, H be a hyper-implicant cover of � and c be a clause. � j= c i� for ev-ery hyper-implicant �m of H, we have �m j= c. This can bedecided in time linear in jHj + jcj.Assuming that the clauses in � = fc1; : : : ; cng are to-tally ordered, hyper-implicant covers can be represented

intensionally by � and sets of pairs hm; [lmc1 ; : : : ; lmcn ]iwhere m is a model of � and lmci (i 2 1::n) is false ifci 2 P (�;m) and is the literal of ci nm which is kept,otherwise. Each �m can be derived on-line from � andhm; [lmc1 ; : : : ; lmcn ]i in linear time.As an example, let � = fx1 _ x3 _ x4; x1 _ �x2 _x3; x1 _ x2 _ �x3 _ �x4; �x1 _ �x2 _ �x3 _ �x4; �x1 _ x2 _ �x3 _x4g. The hyper implicant cover represented by � andthe two pairs hfx1; �x2; �x3; x4g; [x3; x3; x2; �x1; �x1]i andhf�x1; x2; x3; �x4g; [x1; �x2; �x3; �x2; x4]i, contains two hyper-implicants: fx1 _ x4 _ x3; x1 _ �x2 _ x3; x1 _ �x3 _ x2; �x2 _�x3 _ �x1; �x3 _ x4 _ �x1g and fx3 _ x1; x3 _ �x2; x2 _ �x4 _�x3; �x1 _ �x4 _ �x2; �x1 _ x2 _ x4g.Intuitively, any hyper-implicant �m of � is a conciserepresentation of some prime implicants of �. To bemore speci�c, the prime implicants of � which are en-tailed by m are prime implicants of �m.Proposition 3.3 For every model m of �, let PIm(�) bethe set of prime implicants of � s.t. for every � in PIm(�),we have m j= �. Then, PIm(�) � PI(�m).Consequently, �m covers every model of � covered bya prime implicant of � entailed by m.Hyper-implicants covers are economical representa-tions w.r.t. prime implicants ones. Not withstandingthe fact that hyper-implicants of � are smaller than �,the number of hyper-implicants in a cover is lower thanthe number of implicants in a cover:Proposition 3.4 For every prime implicant cover of � con-taining t prime implicants there exists a hyper-implicant coverof � containing at most b t+ 12 c hyper-implicants.In the example above, the hyper-implicant cover con-tains 2 formulas, while the smallest prime implicantcover of � consists of 6 prime implicants. Actually, ex-periments show signi�cant savings w.r.t. the sizes of theprime implicants covers for most KBs (cf. Section 5).4 Computing Compilations(Partial) interpretations giving rise to intensionally-represented tractable covers are computed using system-atic search, thanks to a Davis/Putnam-like procedureDPTC. This procedure is closely related to Schrag's DPPIalgorithm [Schrag, 1996]. Cs is empty for the hyper-implicant case.DPTC(�,Cs):1 PC  ;;2 DP*(�,Cs,;);3 Return(h�,PCi).DP*(�,Cs,p):1 If not PRUNING(�,p) then2 UNIT_PROPAGATE(�,p);3 If ; 2 � then return;4 If (p � �)



5 then PROCESS_IMPLICANT(p,�,Cs)6 return;7 l CHOOSE_BEST_LITERAL(�);8 DP*(�; Cs; p [ flg);9 DP*(�; Cs; p [ f:lg).The CHOOSE BEST LITERAL branching rule and UN-IT PROPAGATE procedures are standard Davis/Putnamfeatures. In our experiments, the branching rule by [Du-bois et al., 1996] is used. The main role of DP* is to�nd implicants of � in the whole search tree. PRUNINGand PROCESS IMPLICANT depend on the considered ap-proach. From the found implicants, (partial) interpre-tations (carvers and implicit representations of hyper-implicants) are derived thanks to PROCESS IMPLICANT;they are collected into the global variable PC.4.1 The Carver-Based CasePRUNINGC(�,new_p):1 If there exists p 2 PC s.t. (new_p � p)2 then return(true) else return(false).PROCESS_IMPLICANTC(new_p,�,Cs):1 Carver  DERIVEC(new_p,�,Cs);2 For every p 2 PC do3 If (p � Carver) then remove p from PC;4 Put Carver in PC.DERIVEC(p,�,Cs):1 Prime  ONE_PRIME(p,�);2 For every literal l 2 Prime do3 For every hTRACTABLE?; QUERY ?i in Cs do4 If TRACTABLE?(�Primenflg)then Return(DERIVEC(Primenflg;�,Cs));5 Return(Prime).Whenever an implicant p of � is found, a prime im-plicant Prime of � s.t. p � Prime is extracted from p,thanks to the ONE PRIME procedure. ONE PRIME consid-ers every literal l of p successively, check whether l is nec-essary (i.e. if there exists a clause c of � s.t. c\p = flg),and remove l from p if l is not necessary (see [Castell andCayrol, 1996][Schrag, 1996] for details). These prime im-plicants are then tentatively simpli�ed; all the literals ofeach Prime are considered successively; for every literall of Prime, �Primenflg is checked for tractability usingthe recognition procedures given in Cs. If �Primenflg isfound tractable, l is ruled out from Prime and is keptotherwise. Once all the literals of Prime have been con-sidered, the resulting simpli�ed Prime (indexed by thelabel of the corresponding class in Cs) is checked againstthe set PC of carvers collected so far. Only maximalcarvers w.r.t. � are kept in PC. Interestingly, the set PCof carvers stored during the traversal of the DP searchtree is used to prune this tree, thanks to the PRUNINGCprocedure; indeed, whenever a candidate (partial) in-

terpretation new p is elected, it can be immediately re-moved if new p entails one of the current carvers.Clearly enough, both the literal ordering and therecognition procedure ordering used in DERIVEC cangreatly in
uence the cover generated in this way.4.2 The Hyper-Implicant CasePRUNINGH(�,new_p):1 If there exists p 2 PC s.t. (�new p � �p)2 then return(true) else return(false).PROCESS_IMPLICANTH(new_p,�,_):1 Model  DERIVEH(new_p,�);2 For every p 2 PC do3 If (�Model � �p) then remove p from PC;4 Put Model in PC.DERIVEH(p,�):1 Model  p;2 For every variable v 2 V ar(�) do3 If (fvg \ p = ;) and (f:vg \ p = ;)4 then put v with its most frequentsign in � to Model;5 Return(Model).Each time an implicant p of � is found, a modelModel of � s.t. Model � p is derived from p. The vari-ables that do not occur in p are added with the signoccurring the most frequently in �. When �Model iscomputed for the �rst time, a list [lmc1 ; : : : ; lmcn ] is at-tached to Model. The DERIVEH procedure is both sim-pler and more e�cient than DERIVEC (roughly, it is notmore time-consuming than the prime implicant extrac-tion achieved by ONE PRIME). The tractable formulas �pcorresponding to the models p collected in PC are usedto prune the search tree (PRUNINGH). Only the ps givingrise to the logically weakests �p are kept in PC. Sincethe renamable Horn formulas �Model and �p stem fromthe same KB �, checking whether (�Model j= �p) canbe performed in a very e�cient way.Both the literals chosen to extend the found impli-cants to models p of �, and the literals lmc selected inclauses of �p may have a signi�cant impact on the hyper-implicants �p that are generated.5 Experimental ResultsIn contrast to SAT, only few benchmarks for knowledgecompilation can be found in the literature (with the well-developed experimental framework of [Schrag, 1996] asan exception). Actually, no comprehensive analysis ofwhat should be the nature of meaningful benchmarks forevaluating compilation approaches has ever been con-ducted. Clearly, benchmarks must be hard for queryanswering since the goal of knowledge compilation isto overcome its intractability. However, in contrast to[Schrag, 1996], we do not focus on hard SAT instances,



�P �P jPjproblems #var #cla �C �C jCj�H �H jHj5.08 | 5376adder 21 50 2.09 | 10440.20 78.75 3052.00 | 172history-ex 21 17 0.75 1000.00 2340.14 11.66 770.66 125.00 255two-pipes 15 54 0.60 125.00 2340.12 20.00 1920.47 45.45 441three-pipes 21 82 0.42 <1 3730.27 17.50 2840.36 23.80 675four-pipes 27 110 0.25 18.51 5280.20 29.16 3800.51 26.31 861regulator 21 106 0.29 20.83 5300.17 29.99 4222.16 | 297selenoid 11 19 1.40 | 1150.20 17.49 940.85 <1 312valve 13 50 0.66 <1 2970.16 21 246Table 1: Experimental results.only. Hard SAT instances (with respect to current algo-rithms) should be considered hard for query answeringsince at least one query (namely, the empty clause) isdi�cult. However, easy SAT instances can exhibit hardqueries that di�er from the empty clause.Accordingly, we tested the tractable covers and theprime implicants approaches w.r.t. many KBs, including\standard" structured problems, taken from [Forbus andDe Kleer, 1993], and random k-SAT problems [Duboiset al., 1996], varying the #cla(use)=#var(iable) ratiofrom the easy to the hard regions. Each KB � has beencompiled using the 3 techniques. Then, 500 queries havebeen considered. In order to check the usefulness of thecompilation process, we also answered these queries from�, using a direct, uncompiled, Davis/Putnam-based ap-proach [Dubois et al., 1996]. For each problem � andeach compilation technique, the ratios � = QC=QU and� = C=(QU �QC) have been computed. QC (resp. QU )is the time needed by the compiled (resp. uncompiled)approach to answer all the queries, and C is the compi-lation time. � (resp. �) tells us how much query timeimprovement we get from compilation (resp. how manyqueries are required to amortize the cost of compilation).
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Figure 2: Sizes of the compilations.Table 1 reports some results of our extensive experi-ments. For each problem [Forbus and De Kleer, 1993], itlists results for the prime implicants, carvers, and hyper-implicants covers, successively. Especially, it gives theratios � and � and the size (in literals) of the corre-sponding cover. The size of any tractable cover compi-lation is the size of � plus the size of the set of (partial)interpretations used as an implicit representation. Forthe carver-based approach, only the Horn, reverse Hornand binary classes have been considered. For the hyper-implicant approach, simpli�cation of the cover (i.e. lines2 to 4 of the PROCESS IMPLICANTH procedure) has notbeen implemented.Results obtained on 50 variables random 3-SAT prob-lems, where the ratio #cla=#var varies from 3.2 to 4.4,are reported on the two next �gures. 50 problems have



been considered per point and the corresponding scoresaveraged. Figure 1 (resp. Figure 2) gives aggregate val-ues of ratios � (resp. sizes in literals) obtained for eachcompilation technique. � = 1 separates the region forwhich compilation is useful from the region for which itis not.At the light of our experiments, tractable covers provebetter than prime implicants covers, both for structuredand random k-SAT problems. Signi�cant time savingsw.r.t. query answering and signi�cant space savingsare obtained. Especially, tractable covers prove usefulfor many KBs for which prime implicants covers aretoo large to o�er improvements w.r.t. query answer-ing. More, the tractable cover approach allows the com-pilation of KBs which have so huge prime implicantscovers P that P cannot be computed and stored. Thiscoheres with the theoretical results reported in [Bouf-khad and Dubois, 1996], showing that the average num-ber of prime implicants of k-SAT formulas is exponentialin their number of variables.6 ConclusionBoth theoretical and experimental results show thetractable cover approach promising and encourage us toextend it in several directions. A �rst issue for furtherresearch is how to determine e�ciently the best suitedclasses of tractable formulas for a given KB �. On theexperimental side, an extensive evaluation of the carver-based technique equipped with more expressive tractableclasses must be done. Extending the hyper-implicant ap-proach to other tractable classes, especially the q-Hornone [Boros et al., 1994], is another interesting perspec-tive. Finally, fragments of tractable covers of � can serveas approximate compilations (lower bounds) of � in thesense of [Selman and Kautz, 1991; 1994; del Val, 1995;1996]. Since the tractable cover approach allows disjunc-tions of tractable formulas from several classes, betterapproximations could be obtained.References[Boros et al., 1994] E. Boros, P.L. Hammer, and X. Sun.Recognition of q-horn formulae in linear time. DiscreteApplied Mathematics, 55(1):1{13, 1994.[Boufkhad and Dubois, 1996] Y. Boufkhad and O. Du-bois. Length of prime implicants and number of solu-tions of random r-cnf formulas. (submitted), 1996.[Castell and Cayrol, 1996] T. Castell and M. Cayrol.Computation of prime implicates and prime impli-cants by the davis and putnam procedure. In Proc.ECAI'96 Workshop on Advances in Propositional De-duction, pages 61{64, Budapest, 1996.
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