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AbstractIn this paper, a practical approach to detect inconsistent kernels inpropositional knowledge bases is presented. First, local search methodsare shown to provide one with a powerful heuristic to localize such ker-nels. Then, based on this �nding, a new -surprisingly e�cient- logicallycomplete method of checking propositional satis�ability is developed.Keywordslogical inconsistency, logical completeness, NP-completeness,SAT, local search methods
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1 IntroductionRecently, there has been signi�cant progress in dealing with SAT, i.e. check-ing the satis�ability of a boolean formula. On the one hand, a better under-standing of the nature of the di�culty of this NP-complete problem has beenobtained thanks mainly to statistical studies and the discovery of thresholdphenomena (see [13, 2, 7]). On the other hand, new algorithms extending theclass of computer-solvable consistent SAT instances have been proposed (seee.g. [15, 16, 5, 12]). However, since these algorithms are based on local searchtechniques, they cannot be used to prove in a de�nitive manner that a formulais inconsistent and are thus logically uncomplete.Actually, the most e�cient complete techniques (like those derived fromDavis and Putnam's one -in short DP- [4, 6]) that are used to prove that aformula is inconsistent exhibit a limited practical scope because they cannotsolve large and hard unsatis�able SAT instances. Moreover, we cannot hopefor such logically complete techniques to exhibit a polynomial behaviour in allsituations unless P = NP.Indeed, there is no universal e�cient way to check inconsistencies in thegeneral propositional case. This is a basic and recurrent drawback of logic-based representation and automated reasoning.In this context, the contribution of this paper is twofold. The behaviour oflocal search algorithms is analyzed when applied to hard and large inconsis-tent SAT instances. Some recurrent phenomena are discovered when locallyinconsistent problems are under consideration. This allows the following tworesults to be derived.First, an e�cient heuristic is discovered, allowing one to localize the incon-sistent kernels in many problems. This result is clearly of prime importancesince inconsistent knowledge in real-life applications is often based on contra-dictions that are just local and since any local contradiction in a standardlogical knowlege-based system makes it wholly inconsistent: any piece of in-formation (and its contrary) can be inferred from it under sound and completestandard rules of deduction.Taking advantage of this heuristic, it is possible to boost complete tech-niques for inconsistent large SAT instances. More precisely, by combining thisheuristic with the power of local search methods and with the completeness ofstandard SAT techniques, a real breakthrough is obtained with respect to the2



class of large and hard computer-tractable (consistent and inconsistent) SATinstances.Accordingly, the paper is organized as follows. First, some technical back-ground about SAT and local search methods are recalled. Then, these searchmethods are shown helpful in localizing inconsistent kernels. Families of algo-rithms combining logically complete techniques with local search methods arethen proposed. The experimental performance of a basic combination schemais illustrated on many hard problems taken from standard benchmarks [5].Further promising paths of research are then motivated.2 Technical BackgroundSAT consists in checking the satis�ability of a boolean formula in conjunctivenormal form (CNF). Let us recall here that any propositional formula can betranslated thanks to a linear time algorithm in CNF, equivalent with respectto SAT. A CNF formula is a set (interpreted as a conjunction) of clauses,where a clause is a disjunction of literals. A literal is a positive or negatedpropositional variable.An interpretation of a boolean formula is an assignment of truth values toits variables. A model is an interpretation that satis�es the formula. Accord-ingly, SAT consists in �nding a model of a CNF formula when such a modeldoes exist or in proving that such model does not exist.Recently, there has been a renewal of interest in designing e�cient methodsfor hard SAT instances.On the one hand, several authors have improved logically complete tech-niques like DP (e.g. CSAT [6]). However, these techniques remain of a limitedpractical scope since they do not allow one to manage large and hard SATinstances. In the sequel, we shall refer to improved versions of DP based onthe R. E. Jeroslow and J. Wang's heuristic [11], i.e. the First-Fail in ShortClauses (see e.g. [6]), and its variant called FFIS (i.e. First-Fail In ShortenedClauses) by [14].On the other hand, logically uncomplete techniques based on local searchhave been shown particularly e�cient in proving large and hard consistentproblems. Let us now brie
y recall one of these methods, namely Selman etal.'s GSAT algorithm [15, 16]. This algorithm performs a greedy local search3



Procedure GSATInput : a set of clauses S, MAX-FLIPS, and MAX-TRIESOutput : a satisfying truth assignment of S, if foundBeginfor i := 1 to MAX-TRIESI := a randomly generated truth assignmentfor j := 1 to MAX-FLIPSif I satis�es S then return Ix := a propositional variable such that a changein its truth assignment gives the largestincrease in the number of clauses1of S that are satis�ed by II := I with the truth assignment of x reversedend forend forreturn \no satisfying assignment found"EndFigure 1: GSAT Algorithm: basic versionfor a satisfying assignment of a set of propositional clauses. The algorithmstarts with a randomly generated truth assignment. It then changes (\
ips")the assignment of the variable that leads to the largest increase in the totalnumber of satis�ed clauses. Such 
ips are repeated until either a model isfound or a preset maximum number of 
ips (MAX-FLIPS) is reached. Thisprocess is repeated as needed up to a maximum of MAX-TRIES times.In the sequel, two more recent variants of GSAT will be considered:� First, RandomWalk Strategy GSAT [16], which outperforms basic GSATprocedures. This variant of GSAT selects the variable to be 
ipped inthe following way: it either picks with probability p a variable occurringin some unsatis�ed clause or follows, with probability 1-p, the standardGSAT scheme, i.e. makes the best possible local move.� Second, TWSAT (as Taboo Walk Strategy for SAT) [12], which departs1this number can be negative 4



from basic GSAT by making a systematic use of a taboo list of variablesin order to avoid recurrent 
ips and thus escape local minima. Moreprecisely, TWSAT keeps a �xed length -chronologically-ordered FIFO-list of 
ipped variables and prevents any of the variables in the list frombeing 
ipped again during a given amount of time. TWSAT outperformsRandom Walk GSAT in most situations (see [12]).These very simple logically uncomplete algorithms, which belong to the lo-cal search family, are surprisingly e�cient in demonstrating that CNF formulasare consistent.3 Local vs. Gobal InconsistenciesFirst, let us de�ne concepts of local and global inconsistency for SAT instances.De�nition 1 A SAT instance S is globally inconsistenti�S is inconsistent and 8S 0 � S : S 0 is consistent.When an inconsistent SAT instance S is not globally inconsistent, it is saidto be locally inconsistent.De�nition 2 A SAT instance S is locally inconsistenti�S is inconsistent and 9S 0 � S : S 0 is inconsistentClearly, several measures of locality for inconsistency can be de�ned, mak-ing use of e.g. the (size of the inconsistent kernel)/(size of the SAT instance)ratio. In this paper, we focus on locally inconsistent SAT instances. Indeed,such a form of inconsistency is of prime importance in actual applications.Very often, inconsistency is due to the accidental presence of a few pieces ofcontradictory information about a given subject. Obviously, globally incon-sistent problems are the most di�cult to handle; they are often generated in5



an arti�cial manner since they are scarce in real life applications (see e.g. thepigeons-holes problem [3], Tseitin and Urqhart's formulas [17], etc.). Never-theless, since globally inconsistent problems can be seen as parts of bigger localones, results that will be presented here also apply, to some extent, to globallyinconsistent ones.4 Using GSAT-like Techniques to Localize In-consistent KernelsIn this section, a somewhat surprising �nding is presented: GSAT-like tech-niques can be used to localize inconsistent kernels of SAT instances, althoughthe scope of such logically uncomplete algorithms was normally expected toconcern consistent problems, only.The following test has been repeated very extensively, giving rise to thesame result.TWSAT (or another GSAT-like algorithm) is run on a SAT instance. Thefollowing phenomenon is encountered when the algorithm fails to prove thatthe instance is consistent. TWSAT is traced and, for each clause, taking each
ip as a step of time, the number of times during which this clause is falsi�edis updated. A similar trace is also done for each literal occurring in the SATinstance, counting the number of times it has appeared in the falsi�ed clauses.Intuitively, it seemed to us that the most often falsi�ed clauses should normallybelong to an inconsistent kernel of the SAT instance if this instance is actuallyinconsistent. Likewise, it seemed to us that the literals that exhibit the highestscores should also take part in this kernel. Actually, this hypothesis proved tobe experimentally correct, extremely often.This phenomenon can be summarized as follows. When GSAT-like algo-rithms are run on a locally inconsistent SAT instance, then the above countersallow us to split the SAT problem into two parts: a consistent one and an un-satis�able one. For example, we have mixed the clausal representations of thewell-known inconsistent pigeons-holes problems (8 pigeons; 56 variables and204 clauses) with the 8-queens problems (64 variables and 736 clauses) (eachproblem making use of its own variables). The representation of each suchproblem contains two kinds of clauses: namely, the positive ones (i.e. madeof positive literals, only) and the binary negative ones (made of two negative6
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clausesFigure 2: 8-Pigeons-holes + 8-Queens problemsliterals). For example, the basic representation of the pigeons-holes problemasserts, on the one hand, that each pigeon should be in one hole (by meansof positive clauses), and, on the other hand, that two pigeons cannot share ahole (using negative clauses). In Figure 2, the number of times the di�erentclauses have been falsis�ed is given. A huge gap can be observed between thescores of the pigeons-holes clauses and the scores of the 8-queens ones. Thetwo parts of the mixed problem are actually clearly identi�ed.Moreover, in this speci�c case, for each part of the clausal representation(for example, the positive clauses of the pigeon hole), the concerned clausesexhibit extremely close scores. In the diagram, the medium scores are men-tioned (actually, the four mentioned scores belong to [17189..18003], [639..828],[182..230] and [1..38], respectively for TWSAT with MAX-TRIES = 20 andMAX-FLIPS = (number of variables)2 . The span of these intervals shortenswhen the computing resources given to TWSAT are increased). These closescores show us that TWSAT also exhibits the complete symmetry of each partof the representation of the pigeons-holes and queens problems. Actually, thetrace of GSAT-related algorithms can allow us to detect the probable existenceof symmetries in SAT instances. 7



For less symmetrical and non-symmetrical problems, a signi�cant gap be-tween the scores of two parts of the clausal representation is still obtained,di�erentiating a probable inconsistent kernel from the remaining part of theproblem. Let us stress that this phenomena also appear when both the consis-tent and the inconsistent parts of the SAT instance share the same variables.Strangely enough, it appears thus that the trace of GSAT-like algorithmsdelivers the probable inconsistent kernel of locally inconsistent problems andsometimes allows us to detect and locate the presence of symmetries in SATinstances. We are currently analyzing how the form and properties of this tracecan be experimentally related to graded notions of locality for inconsistency.5 A Direct Approach: Focus on the KernelThe most straightforward use of the above discovered feature to solve locallyinconsistent problems is the following one. Use GSAT-like algorithms to detectthe probable inconsistent kernel. Then, apply complete techniques to thiskernel to prove its unsatis�ability and thus, consequently, the inconsistency ofthe global problem. The scores delivered by the GSAT-like algorithm can beused to guide the search performed by the complete technique.Obviously, this simple schema can only be used when the discovered prob-able inconsistent kernel is of manageable size and when the gap between thescore of the clauses of the kernel and the score of the remaining clauses is largeenough. Also, we can sort the clauses according to their decreasing scores anduse incremental complete techniques on them until unsatis�ability is proved.In this respect, clauses outside the discovered kernel could also be taken intoaccount.6 A Basic Combination SchemaLet us now describe a basic algorithm using GSAT-like procedures to guidelogically-complete algorithms based on DP. TWSAT [12] is applied to deliverthe next literal to be assigned the truth-value true by DP. This literal is se-lected as the one with the highest score as explained above. Such an approachcan be seen as using the trace of TWSAT as an heuristic in order to select thenext literal to be assigned true by DP, and a way to extend the partial assign-8



Procedure DP + TWSATInput : a set of clauses SOutput : a satisfying truth assignment of S, if foundor a de�nitive statement that S is inconsistentBeginUnit propagate(S);if the empty clause is generated then return (false);else if all variables are assigned then return (true)else beginif TWSAT( S ) succeeds then return (true)else beginp := the most often falsi�ed literalduring TWSAT search;return (DP+TWSAT( S^p) _DP+TWSAT(S^:p));end;end;EndFigure 3: DP + TWSAT: basic versionment made by DP towards a model of the SAT instance when this instance issatis�able. Each time DP needs to select the next variable to be considered,such a call to TWSAT can be performed with respect to the remaining partof the SAT instance. This algorithm is given in Figure 3.7 Experimental Results 2In this section, experimental results about the application of the above newlogically complete algorithm to many classes of problems are presented. Letus stress that the intended goal in conducting these tests was simply to check2all the algorithms mentioned in this paper are implemented in a common platformwritten in C under Linux 1.1.53, available from the authors by anonymous ftp at ftp.li
.frcd pub/projects/SAT. All experimentations have been conducted on i486 DX2 66 PCs.9



DIMACS DP+�s DP+TWSATInstances Sat. Assign. Choices Time Assign. Choices Timeaim-50-1 6-yes1-2 Yes 8980 586 0s29 17 4 0s08aim-50-1 6-no-3 No 54614 4527 1s56 92 12 0s32aim-50-2 0-yes1-3 Yes 7616 446 0s28 23 3 0s09aim-50-2 0-no-3 No 54014 2759 1s84 80 8 0s25aim-100-1 6-yes1-2 Yes 495858 30052 16s86 127 10 0s43aim-100-1 6-no-3 No 67786124 3854371 2221s17 176 17 0s78aim-100-2 0-yes1-2 Yes 361660 18153 20s40 234 14 0s95aim-100-2 0-no-3 No 38503642 1725544 1527s69 46 5 0s27aim-200-1 6-yes1-2 Yes * * * 216 10 0s98aim-200-1 6-no-3 No * * * 244 17 1s92aim-200-2 0-yes1-2 Yes * * * 299 27 3s59aim-200-2 0-no-3 No * * * 176 18 1s74bf0432-007 No 938037830 6208925 86086s93 153760 1079 615s09bf1355-075 No 317628 2047 68s97 13606 67 169s87bf1355-638 No * * * 54890 259 584s23bf2670-001 No * * * 275844 66869 39126s23ssa0432-003 No 133794 1570 7s96 2944 33 5s79ssa2670-130 No * * * 14188726 66869 39126s23ssa2670-141 No 294818640 2312147 27814s59 14845888 99794 25471s94ssa7552-159 Yes 1557 84 0s82 12 1 0s83ssa7552-160 Yes 1457 76 0s72 1 1 1s20Table 1: DIMACS problems 3the feasibility of using GSAT-like techniques to guide DP. In this respect, abasic form of combination has been tested, which can be improved in manydirections as this will be described in the next section.First, the basic combination algorithm has been applied to various largeinconsistent problems from the DIMACS benchmarks [5] and its performancehas been compared with DP + FFIS one. This benchmark consists of vari-ous SAT instances: problems from real-life applications, academic and randomones, most of them being out of reach of the most e�cient techniques. In Ta-ble 1, a signi�cant sample of the extensive experimentations are given, showingthe dramatical performance improvement obtained in this way. In particular,as we hoped, a breakthrough in the class of inconsistent SAT instances is ob-tained. Also, GSAT-like algorithms are outperformed for consistent instancesthat were out of reach for these local search methods. For consistent problemsin the practical scope of local search methods, the approach presented here isat least as e�cient as these techniques since it involves applying them in a �rststep.3In the table, the symbol * means that the problem has not been solved within 30 hours10



Let us comment a few examples from Table 1.� The BF0432-007 problem (1040 variables and 3668 clauses) in the ta-ble is an actual problem from circuit fault analysis proposed by AllenVan Gelder and Yumi Tsuji. To show that this problem is inconsistent,DP+FFIS takes about 24H whereas the basic combination algorithmtakes 10 minutes only.� The AIM200-1 6-yes1-4 problem (200 variables and 320 clauses) by [10]is a 3-SAT instance. All AIM problems exhibit exactly one model whensatis�able. They seem to be out of reach of local search methods. Thebasic combination algorithm proves in about 1 second that the abovementioned AIM problem is satis�able while DP + FFIS takes about 7H.� The AIM100-1 6-no-3 problem (100 variables and 160 clauses) by [10] isan inconsistent 3-SAT instance. DP + FFIS takes 37 minutes whereasthe basic combination algorithm takes 0.78 second.Moreover, good results have been obtained with respect to the number ofperformed assignments for the global and symmetrical Dubois's inconsistentproblems belonging to the family of Tseitin and Urqhart's formulas.8 Natural OptimizationsAlthough the above mentioned results are extremely positive, it should be clearthat these tests were only conducted for checking the feasibility of mixing localsearch techniques with logically complete methods. We did not try to optimizethe way this mixing is performed. We expect further signi�cant performanceimprovements by �ne-tuning the parameters of the involved local search tech-niques and by de�ning an optimal balance between the time spent by thebasic complete method and by the local search techniques. More precisely, wesuggest the following natural optimizations, as far as DP is concerned.� In the above algorithm, only one literal with the highest score in thetrace of the GSAT-like algorithm is selected to guide DP. In this respect,of CPU time. 11



a call to TWSAT is performed each time DP needs to select a literalto assign. At the opposite, just one call to TWSAT could be madeand the decreasing scores of literals be used to guide DP at each step.Between these two extreme points of view, an optimal attitude mustbe found, limiting the number of calls to GSAT-like algorithms. Thisoptimal balance should depend on both the form of the trace given bythis GSAT-like algorithm and on the point reached in the search tree byDP.� A second possible optimization lies in the �ne-tuning of the local searchparameters with respect to the remaining problem left by DP.9 Conclusions and PerspectivesThe contribution of this paper is twofold.� On the one hand, an e�cient heuristic-based technique allowing one todetect and locate inconsistent kernels in sets of propositional clauses hasbeen proposed. We think that such a technique should be useful withrespect to many computer science domains. For example, this shouldmake inconsistency handling possible in logical knowlege bases.� On the other hand, using local search techniques, the feasibility of boost-ing complete techniques to prove SAT instances has been shown, inparticular large locally inconsistent ones that were far out of reach ofprevious approaches. Moreover, the best current techniques seem to beoutperformed for some classes of consistent SAT instances, as well. Ad-ditionally, it has been indicated how further optimizations leading toadditional signi�cant performance improvements could be reached.Although this study is motivated by the treatment of real-life applications,we think that some progress could be made with respect to hard randomproblems. In particular, we hope that some little progress could be obtainedin the treatment of inconsistent K-SAT instances at the transition phase in the�xed-length clause model [7], at least, as far as locally inconsistent instances arestill actually under consideration. On the other hand, we are very optimistic12



about making good progress in solving inconsistent random K-SAT instancesat the right of the transition phase.Clearly, the results presented here suggest the need for a deeper study ofthe nature of GSAT-like local search techniques. In particular, the usefulnessof tracing GSAT with respect to the number of times a literal belongs to theunsatis�ed clauses has been shown. An interesting result would be a clear an-alytical explanation for this phenomenon. Perhaps, other useful informationcan be derived and exploited from the trace of GSAT-like techniques: for in-stance, information about the structure of the problem (like the way this traceseemed to con�rm the existence of symmetries in the pigeons-holes problem).Obviously enough, practical progress brought in the treatment of inconsis-tency will hopefully open new perspectives in automated deduction, using moree�cient refutation techniques. We are also exploring how the results presentedin this paper for SAT could be applied to other NP-complete problems.References[1] P. Cheeseman, B. Kanefsky, W.M. Taylor (1991). Where the Really HardProblems are. Proc. IJCAI-91, pp. 163-169.[2] V. Chv�atal, E. Szemer�edi (1988). Many Hard Examples for Resolution.Journ. of the ACM, vol. 33, no. 4, pp. 759-768.[3] S. Cook (1976). A Short Proof of the Pigeon Hole Principle Using ExtendedResolution. SIGACT News, vol. 8, pp. 28-32.[4] M. Davis, H. Putnam (1960). A Computing Procedure for Quanti�cationTheory. Journ. of the ACM, vol. 7, pp. 201-215.[5] DIMACS (1993). Second challenge organized by the Center for Dis-crete Mathematics and Computer Science of Rutgers University. (Thebenchmarks used in our tests can be obtained by anonymous ftpfrom Rutgers University Dimacs Center: ftp dimacs.rutgers.edu cdpub/challenge/sat/benchmarks/cnf)[6] O. Dubois, P. Andr�e, Y. Boufkhad, J. Carlier (1993). SAT versus UNSAT.Journ. of the Am. Mathematical Society (submitted). also in Proc. of theSecond DIMACS Challenge. 13
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