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ABSTRACT. We proposein this papera new family of beliefmerging operators, that is basedon
a gamebetweensources: until a coherent setof sourcesis reached,at each rounda contest
is organizedto find out theweakestsources,thenthosesourceshasto concede(weaken their
point of view). This idea leadsto numerousnew interestingoperators (dependingof theexact
meaningof “weakest” and“concede”, that givesthetwo parameters for this family) andopens
new perspectivesfor beliefmerging. Someexistingoperators are alsorecoveredasparticular
cases. Thoseoperators can be seenas a specialcaseof Booth’s Belief Negotiation Models
[BOO 02], but the achieved restriction forms a consistentfamily of merging operators that
worthsto bestudiedon its own.

KEYWORDS:beliefmerging, beliefnegotiation.

1. Intr oduction

Theproblemof (propositional)beliefmerging[REV 97,LIN 99,LIB 98,KON 99,
KON 02a, KON 04] can be summarizedby the following question: given a set of
sources(propositionalbelief bases)thatare(typically) mutuallyinconsistent,how do
weobtaina coherentbeliefbasereflectingthebeliefsof theset?

The ideahereis that some/eachsourceshasto concedeon somepoints in order
to solve theconflicts. If onehassomenotionof relative reliability betweensources,
it is enoughand sensibleto force the lessreliable onesto give up first. There is
a variety of different meansto do that, which hasprovided a large literature,e.g.
[CHO 93, CHO95, CHO98, BEN 98a,BEN 98b]. But often we do not have such
information,andeven if we get it, it remainsthemorefundamentalproblemof how
to mergesourcesof equalreliability [KON 99,KON 02a].

In this paperwe will investigatethemerging methodsbasedon a notionof game
betweenthe sources.The intuitive idea is simple: whentrying to imposeits wish,
eachsourcewill try to form somecoalitionwith theclosest(morecompatible)other

Journalof AppliedNon-ClassicalLogics.Volume14– n
�

3/2004,pages275to 294



276 JANCL – 14/2004.Uncertaintyin multipledatasources

sources.Sothesourcethat is the“furthest” from theotheroneswill certainlybethe
weakestone. And it will be thatsourcethatwill have to concedefirst. In this work,
we will not focuson how thecoalitionsform, we only take this ideato designatethe
weakestones.

So the merging is basedon the following game: until a coherentsetof sources
is reached,at eachrounda contestis organizedto find out theweakestsources,then
thosesourceshave to concede(weakentheir pointof view).

We can stateseveral intuitions and justificationsfor the useof suchoperators.
We have alreadygiven thefirst one: coalitionwith near-mindedsources.In a group
decisionprocessbetweenrational sources,it can be sensibleto expect the sources
to look for near-mindedsourcesin order to find help to defendtheir view, so the
“furthest” sourceis themorelikely to have to concedeon its view.

A secondintuition is the onegiven by a social pressureon the sources.When
confrontingseveralpointsof view, usuallypeoplethathave themoreexotic views try
to changetheir opinionin orderto beacceptedby theothermembersof thegroup,so
opinionsthataredefendedby the leastnumberof sourcesareusuallygivenup more
easilyin thenegotiationprocess.

A lastintuition thatgivesthemainrationalefor thatkind of operatoris Condorcet’s
Jurytheorem.This theoremstatesthatif all themembersof a jury arereliable(in the
sensethat they have greaterthan

�����
chanceto find the truth), thenlisteningto the

majority is themorerationalchoice.

After statingsomeusefuldefinitionsandnotationsin Section2, wewill definethe
new family of operatorswe proposein Section3. The definition will usea notion
of weakeningandchoicefunctions. We will explore thesenotionsin Section4. We
will give someexamplesof specificoperatorsin Section5 in orderto illustratetheir
behaviour. We will look at the logical propertiesof thoseoperatorsin Section6. In
Section7 we will look at the links betweenthis work andrelatedworks (especially
Booth’s proposal[BOO 01, BOO02]). We concludein Section8 with someopen
issuesandperspectivesof this work.

2. Definitions

We considera propositionallanguage� over a finite alphabet� of propositional
symbols.An interpretationis a functionfrom � to � �
	��� . Thesetof all theinterpre-
tationsis denoted� . An interpretation� is a modelof a formula � , noted��� ��� ,
if andonly if it makesit true in the usualclassicaltruth functionalway. Let � be a
formula, ����������� denotesthesetof modelsof � , i.e. ������������� �!�#"$�%���#� �#�  .
Conversely, let & be a setof interpretations,'(�*)��+�,&-� denotesthe formula (up to
logicalequivalence)whosesetof modelsis & .
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A belief base � is a consistentpropositionalformula (or, equivalently, a finite
consistentsetof propositionalformulaeconsideredconjunctively). Let usnote . the
setof all beliefbases.

Let ��/ 	1010102	 �43 be 5 belief bases(not necessarilydifferent).We call belief profile
themulti-set 6 consistingof those5 beliefbases:6 �#�7�8/ 	1010202	 �43(� (i.e. two sources
canhave thesamebeliefbase).Wenote 6 theconjunctionof thebeliefbasesof 6 ,
i.e. 6#�9��/;:=<1<1<�:=�43 . Wesaythatabeliefprofileis consistentif 6 is consistent.
Themulti-setunionwill benoted > andthemulti-setinclusionwill benoted ? . The
cardinalof afinite (multi-)set 6 is noted@A�B6C� (thecardinalof afinite multi-setis the
sumof thenumbersof occurrencesof eachof its elements).

Let us definethosemulti-setnotionsmoreformally. As a set D (from elements
in a setA) canbedefinedfrom its characteristicfunction EGF9H(IKJL� �M	��� , a multi-
set 6 (from elementsin a setA) canbedefinedfrom its characteristicfunction EONPHI JRQ , where Q is thesetof nonnegative integers1. Thenthemulti-setunion,noted> , is definedas EONTS2NGUV�WEON#X+EGNOU . The cardinality of a multi-set is definedas@A�B6C�Y� Z�[�\]EON=�7^
� .

Indeed,all setnotionsusedin this paper(subset,inclusion,union, etc.), arefor
multi-sets.For thesakeof simplicity, andsinceit cannotleadto confusionsincethose
notionsarea generalizationof thesetones,we will omit the“multi-”.

Let _ bethesetof all finite non-emptybeliefprofiles.

Two belief profiles 6C/ and 6T` aresaidto beequivalent( 6C/bac6�` ) if andonly if
thereis a bijectionbetween6C/ and 6�` suchthateachbelief baseof 6C/ is logically
equivalentto its imagein 6�` .
3. Belief gamemodel

In [BOO 01, BOO02] RichardBoothproposesa framework for merging sources
of informationincrementally. He namedthis framework “Belief NegotiationModel”
(BNM). In this work we will usethename“Belief GameModel” (BGM) becausein
our framework thereis no room for negotiation,so we find it moreaccurateand it
allows usto make a distinctionin this paperbetweenBooth’s proposalandours.The
BGM framework canbeseenasa restrictionof Booth’s BNM framework: themain
differencesbetweenBooth’s proposalandour is thatBooth’s onetake thesourcesas
candidatesto weakening,whereaswe restrictourselvesto “points of view” (logical
contentof thesources).Thatmeansthatin Booth’s if onesourcehasto weaken,it can
be the casethatanothersourcewith exactly the samebeliefsdo not have to weaken
too (thatis notallowedin our framework). Ourproposalinvolvesmoreanonymity by
sayingthatonly beliefsdecidewhohasto weaken,nottheidentityof onesource.Sim-
ilarly, thechoicefunctionsaremore“Markovian” in our framework thanin Booth’s
one,thatmeansthatweonly look at thecurrentprofileto choosethebases,whereasin

d
. if egfih , jGk4lme
nporq intuitively meansthat e appearsq timesin themulti-set s .
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Booth’s work, onecanusethewholehistoryof profilesto make thechoice.We think
that thosehypothesisare more realistic (and necessary)on a belief merging point
of view, whereasBooth’s framework allows to modelmoregeneralizednegotiation
schemes,whereonecandecidefor examplethateachsourcehasto weakenoneafter
theother(seeSection7 for a deepercomparisonof thetwo approaches).

DEFINITION 1. — A choicefunction is a functiontuH�_vJw_ such that:

– t4�x6C�G? 6
– If 6�ya#z , then {��|"}t4�x6]� s.t. �~ya#z
– If 6�a�6�� , thent4�x6]�Ya�t4�x6��7�
Thechoicefunctionaimsto find whicharethesourcesthatmustweakenatagiven

round(seedefinition3). As theweakeningfunctionaimsto weaken thebelief base,
andasthereis noweakerbasethanatautologicalone,thesecondconditionstatesthat
at leastonenon-tautologicalbasemustbeselected.So it statesthatat eachroundat
leastonebasewill beweaken. This conditionis necessaryto ensuresto alwaysreach
a resultwith Belief GameModel. Note that a consequenceof this conditionis that
we have t4�x6]��y��� assoonastheprofile containsat leastonenon-tautologicalbase.
Lastconditionis anirrelevanceof syntaxcondition. It statesthat theselectionof the
basesto weakendoesnotdependon theparticularform of thebases,but only on their
informationalcontent.Notethatwealsohave anadditionalproperty:anonymity, that
meansthat the resultdoesnot dependon the “name” of the source,but only on its
point of view. This is dueto thefactthatwe work with multi-sets,thatareequivalent
by permutation.If oneworkswith anotherrepresentation(orderedlists of sourcesfor
example),this anonymity propertycanbe given by the last condition,provided that
theequivalencebetweentwo beliefprofilesis rightly defined(asin Section2).

DEFINITION 2. — A weakeningfunction is a function �vH���J�� such that:

– �|���T�����
– If �|aP�T����� , then �|a#z
– If �|a�� � , then �T�7���YaP�T��� � �
The weakeningfunction aimsto give the new beliefsof a sourcethat have been

chosento beweakened.Thetwo first conditionsensurethatthebasewill bereplaced
by a strictly weaker one(unlessthebaseis alreadya tautologicalone).Thelastcon-
dition is anirrelevanceof syntaxrequirement: theresultof theweakeningmustonly
dependon theinformationconveyedby thebase,noton its syntacticalform.

Weextendtheweakeningfunctionsonbeliefprofilesasfollows: let 6�� beasubset
of 6 ,

�pNOU��x6]��� � [ NOU �T�����(> � [ N4�!NOU �

Thismeansthatweonly weakenthebeliefbasesof 6 thatarein 6T� , andtheother
onesdonotchange.
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DEFINITION 3. — A BeliefGameModel is a pair ������t 	 ��� where t is a choice
functionand � is a weakeningfunction.

Thesolution to a belief profile 6 for a Belief GameModel � ����t 	 ��� , noted�#�x6]� , is thebeliefprofile 6T� , definedas:

– 6T���#6
– 6�����/����O��� N8��� �x6��*�
– 6T� is thefirst 6�� that is consistent

So the solution to a belief profile is the result of a gameon the beliefs of the
sources.At eachroundthereis acontestto find out theweakestbases(thelosers),and
thelosershave to concedeon their beliefby weakeningthem.

It mayprove reasonablethateachsourcehasits own weakeningfunction,thatde-
notesdifferentconcedingpolitics. After all, thepoint is thatthesourcehasto weaken
its beliefs,not how shedoesso. So we canfigure out a generalizationof the belief
gamemodel,wherethereis nooneweakeningfunction,but onefor eachsource2. But
this is not thepoint in this paper, sowe will supposethatthereis a uniqueweakening
functionfor all thesources.

In somecases,the resultof the merging hasto obey someconstraints(physical
constraints,norms,etc...).Wewill assumethattheseintegrity constraintsareencoded
as a propositionalformula (a belief base),and we will note this base  . Then we
introducethefollowing notion:

DEFINITION 4. — Thesolutionto a beliefprofile 6 for a BeliefGameModel �¡��mt 	 ��� undertheintegrity constraints   , noted�£¢(�x6]� , is thebeliefprofile 6 ¢� defined
as:

– 6T���#6
– 6�����/����O��� N � � �x6��*�
– 6 ¢� is thefirst 6�� that is consistentwith  
Oftenin thefollowing in thispaperwewill call resultof themergingoperator(Be-

lief GameModel),thebeliefbase 6 ¢� :(  . Thisabuseof notationis notproblematic,
sincethis belief basedenotesthe consensuspoint obtainedby the belief profile 6 ¢�
solutionof theBelief GameModel process.

Notethatthedefinitionof theBelief GameModelandof theweakeningandchoice
functionsensuresthateachbeliefprofile 6 hasasolutionassoonastheconstraints 
areconsistent.

¤
. Technically, it forcesto dropout theweakeningfunctionfrom thebeliefgamemodel¥ and

to put it in the input, i.e. the input would bea list of sources¦ thatarecouplescompoundof a
beliefbaseanda weakeningfunction: §,¨Y©«ª7¬8©«
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THEOREM 5. — Let 6 bea beliefprofile, and   bea beliefbase. If 6 is non-empty
and   is consistent,then 6 ¢� :O  is consistentand 6 ¢� is reachedfor a finitenumber
of rounds.

To prove that 6 ¢� is reachedfor a finite numberof rounds,it is sufficient to note
that,at a given round,either 6�� is consistentwith   , so 6 ¢� �®6�� , andthe process
end,so we aredone. Or 6�� is not consistentwith   , in this casethereis an other
round.Fromthedefintionof theweakeningof a profile, theresultingprofile 6�����/ is
logically strictly weaker than 6�� , thatmeansthateachbaseof 6�����/ is eitherlogically
equivalentto thecorrespondingbasein 6�� , or logically strictly weaker thanthis base
(seedefinition2). Now just notethat the logically weakestprofile, is theonewhere
eachbaseis equivalentto z , andthatthisprofile is achievablefrom everygivenbelief
profileby successiveapplicationsof theweakeningfunction.Sincewework in afinite
propositionallogic setting,this canbe doneby a finite numberof rounds. Finally,
notethat this profile is consistentwith every consistentintegrity constraint  . So if
theprocessdescribedin definition4 hasnot stoppedbefore,it is guaranteedto give a
resultwith this beliefprofile.

4. Weakeningand choicefunctions

In order to definea particularBelief GameModel, we have to choosea choice
functionanda weakeningfunction. We will give in this sectionsomenaturalchoices
for thesefunctionsandseewhataretheresultingBGM operators.

4.1. Weakening functions

Let usfirst turn out to weakeningfunctions.Canwe find a “natural” one? In fact
it is a difficult task,sincethe exact choiceof a weakeningfunction dependson the
expectedbehaviour for theBelief GameModel anddependsalsoon theexistenceof
some“preferential” information. But if we have no suchadditionalinformation,we
have at leasttwo naturalcandidates: drasticweakeninganddilation.

DEFINITION 6. — Let � bea beliefbase. Thedrasticweakeningfunction forget all
theinformationaboutonesource, i.e. : �p¯=��������z .

This weakeningfunctionsimply forgetall theinformationin � !

After this roughfunction, let us seea morefine grainedone. Let us first recall
what is theHamming’s distancebetweeninterpretations(alsocalledDalal’s distance
[DAL 88]) sincewe will useit severaltimesin this paper.

DEFINITION 7. — TheHammingdistancebetweeninterpretationsis thenumberof
propositionalsymbolson which the two interpretationsdiffer. Let � and �8� be two
interpretations,then

��°g�,� 	 � � �Y�v@A�B��^�"V�����=��^
��y�±� � �7^
�  �
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Thenthedilationweakeningfunctionis definedas:

DEFINITION 8. — Let � bea beliefbase. Thedilationweakeningfunctionis defined
as: �������*�O²������B�����!�~"V�³�
{�� � � �9�r��°��m� 	 � � �Y´ ��

This weakening function takes as modelsof the weakenedbase �O²������ , all the
modelsthatareat anHammingdistancelessor equalto 1 from themodelsof � , i.e.
all themodelsthatarein thebase� andall themodelsthatareachievableby flipping
the truth value of one propositionalsymbol in a model of � . This is closeto the
dilationoperatorusedin morpho-logics[BLO 00,BLO 04].

4.2. Choice functions

Let usnow turn to choicefunctions.Theaim of this function is to determinethe
“losers”,thatarethesourcesthathaveto concedeby weakeningtheirbeliefsatagiven
round.

Oneof thesimplestchoicefunctionsis identity(denotedtµ�m¶ ). It is nottheexpected
behaviour for this function,but it canprove therationalityof our operatorsif, evenin
this case,we obtainasensiblemerging.

We will focuson two familiesof choicefunctions.Thefirst oneis model-based,
thesecondoneis formula-based.We think thatmostof thesensiblechoicefunctions
belongto oneof thosefamilies.

4.2.1. Model-basedchoicefunctions

Wewill focushereonsomemodelizationsof whatcanbecalled“socialpressure”,
andcanbeviewedasa majority principle. Namely, at eachroundit is the“furthest”
sourcesfrom the groupthat will concede.The exact choiceof the meaningof “fur-
thest”will fix thechosenoperatorfor this family. Technicallywe will usea distance
betweenbelief basesandanaggregation function to evaluatethedistanceof a belief
basewith respectto theothers.

We will startfrom thedefinitionof thedistancebetweentwo beliefbases.

DEFINITION 9. — A (pseudo)distance3 � betweentwo beliefbasesis a function �·H� ¸£��J�¹mº such that:

– ����� 	 �»���Y� � iff �$:$�»�½¼¿¾
– ����� 	 �»���Y�9�����»� 	 ���

À
. Remarkthatwe missanimportantpropertyof distances:we have only Á
lm¨8ªÂ¨pÃÄnÅorÆ if ¨±o¨ Ã , but not theonly if part.Remarkalsothatwedonot requirethetriangularinequality.
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Two examplesof suchdistancesare:

– ��Çi�7� 	 �»�7�Y� �
if �$:$�»�½¼¿¾�
otherwise

– ��°g��� 	 � � �Y� ÈÊÉÌËÍ�ÎÏ �(Ð Í U Î Ï � U ��°g�m� 	 � � �
DEFINITION 10. — An aggregation function is a total function ' associatinga
nonnegativeinteger to every finite tuple of nonnegativeintegers and verifying (non-
decreasingness), (minimality) and(identity).

– if ÑÒ´�Ó , then 'p�mÑ�/ 	1010102	 Ñ 	1010102	 Ñ43(�G´�'p�mÑ�/ 	1010102	 Ó 	1010102	 Ñ43(� .
(non-decreasingness)

– 'p�mÑ�/ 	1010202	 Ñ43(�Y� � if andonly if Ñ�/�� 01010 �±Ñ43$� � . (minimality)

– for everynonnegativeinteger Ñ , 'p�mÑ��Y�±Ñ . (identity)

We saythatanaggregationfunctionis symmetricif it alsosatisfies:

– For anypermutationÔ , 'p�mÑ�/ 	1010102	 Ñ43(�Y�9'p�mÑ4Õ�� /Ö� 	1010201	 Ñ4Õ
� 3�� � (symmetry)

DEFINITION 11. — A model-basedchoicefunctiont ¶
Ð ×

is definedas:

t ¶
Ð ×
�x6]�������4�Y"±6���Ø(�7�����4� 	 ��/2� 	1010102	 ���7�4� 	 �434�B� is maximal


where Ø is anaggregationfunction,and � is a distancebetweenbeliefbases.

We saythat themodel-basedchoicefunctionis symmetricif theaggregationfunc-
tion is symmetric.

Wewill focusonsomespecificaggregationfunctionsin thispaper, but wecanuse
differentaggregationfunctionshere.In particularwe will only focuson symmetrical
aggregationfunctionsin this paper(to fit with choicefunctionrequirements)but note
that thedefinitionallows non-symmetricalfunctions.This allows to defineoperators
that arenot anonymous,i.e. whereeachbasehasnot the sameimportance.So one
canusepriorities(a weightor a pre-orderon thesources)for denotingdifferentlevel
of reliability, differenthierarchicalimportance,etc.

We will usein the following asexamplesof aggregation functions,two typical
ones,thesum(noted Ù ) andthemaximum(noted��^1Ñ ).

4.2.2. Formula-basedchoicefunctions

Not all interestingchoicefunctionsarecapturedin thedefinitiongivenin theprevi-
oussection.In particular, a lot of interestingchoicefunctionscanbedefinedby using
maximalconsistentsubsets.Note, however that, converselyto usualformula-based
merging operators[BAR 92,KON 00], weusemulti-setsinsteadof simplesets.

DEFINITION 12. — Let MAXCONS�x6C� be the set of the maxconsof 6 , i.e. the
maximal (with respectto multi-set inclusion) consistentsubsetsof 6 . Formally,
MAXCONS�x6C� is thesetof all multi-setsÚ such that:

– ÚÛ? 6 and
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– if Ú¡Ü-Ú~�p? 6 	 then Ú-�Å� ��¾ 0
DEFINITION 13. — A formula-basedchoicefunction t
Ý�Þ is a functionof thesetof
themaxconsof 6 andthebeliefbase, i.e. :

t ÝTÞ �x6]�������p�G"�6���Ø»���4� 	 MAXCONS �x6]�x� is minimal


Examplesof theuseof maxconsarenumerous,let usseetwo of them.

DEFINITION 14. —

– Ø�Ý�Þ / ��� 	 MAXCONS �x6]�x�Y�v@�����Úß�
Úß" MAXCONS �x6]� and �|"ÒÚ  �
– Ø�Ý�Þ ` ��� 	 MAXCONS �x6]�x�Y�vÈ£à�á4�B�â@A��ÚK�G�
Úß" MAXCONS �B6C� and �|"ÒÚ  �
Thefirst functioncomputesthenumberof maxconsthebeliefbasebelongsto. The

secondfunctioncomputesthesizeof thebiggestmaxconsthebelief basebelongsto.

We will notet Ý�Þ / (respectively t Ý�Þ ` ) theformula-basedchoicefunctionthatuseØ;Ý�Þ / (resp. Ø;Ý�Þ ` ).

5. Instantiating the BGM framework

In this sectionwe will try to illustratehow interestingthe definedBelief Game
Modelframework is by giving severalexamples.Wewill first seesomeof thesimplest
operatorsthatwecandefinewith thisframework. Thenwewill illustratethebehaviour
of morecomplex operatorsona typicalmerging example.

5.1. Some simple examples

Let usfirst seewhatoperatorsareobtainedwith thesimplestweakeningandchoice
functions(that meansthat we will either choosethe weakening function to be the
drasticone,or thechoicefunctionto beidentity).

– ��t½�,¶ 	 �p¯=� : In this casethe belief baseresultof the BGM on 6 underthe con-
straint  is theconjunctionof all thebasesof theprofile with theintegrity constraints
( 69:£  ) if this conjunctionis consistent,and   otherwise.This operatoris called
thebasicmergingoperator [KON 99].

– ��t½�,¶ 	 �O²�� : In this case,at eachstepof the game,eachsourceweakensusing
dilation. This givesthewell known model-basedmerging operatorã ¶�ä

Ð åGæ*ç
defined

in [REV 93,REV 97, KON 02a].

– ��t ¶�è
Ð é 	 �p¯=� : Here,theresultis thecardinality-maximalconsistentsubsetof 6

if it is uniqueandconsistentwith theconstraints  , andit is simply   otherwise.This
operatoris a new one. It is interestingsinceit canbe viewed asa generalizedcon-
junction: it givestheconjunctionof all thebasesandtheconstraintsif it is consistent,
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but if it is not, it tries to find the resultby doing the leastnumberof repairs(forget
onebelief base)of thebelief profile. If thereis no ambiguityon thecorrection(i.e. a
uniquecardinality-maxcons),thenit acceptsit astheresult.

– ��t ¶�è
Ð åYæxç 	 �p¯ê� : This operatorgivesasresulttheconjunctionof all theformulas

thatbelongto all maxcons(alsocalledfree formulasin [BEN 97, BEN 99]) andthe
integrity constraintsif it is consistent,and  otherwise.

– ��t Ý�Þ / 	 �p¯=� : This operatorgivestheconjunctionof the formulasthatbelongto
the maximumnumberof maxconsandthe integrity constraintsif consistent,and  
otherwise.

– ��t
Ý�Þ ` 	 �p¯=� : In thiscase,thebeliefbaseresultof themerging is theconjunction
of thebeliefbasesthatbelongto thebiggestmaxconsfor cardinalityandtheintegrity
constraintsif consistent,and  otherwise.

Theseoperatorsarenot logically independent,someof themarelogically stronger
thanothers,asstatedin thefollowing proposition.

THEOREM 15. — In figure 1 an arrow betweenan operator I and an operatorë
( Iwì4J ë ) meansthat operator I is logically stronger4 (or lesscautious)than

operator
ë

. Resultsobtainedby transitivityare not represented.

��t
Ý�Þ ` 	 �p¯=� ��t ¶�è
Ð é 	 �p¯ê�
��tµ�,¶ 	1í � ��tµ�,¶ 	 �p¯ê�

��t
Ý�Þ / 	 �p¯=� ��t ¶�è
Ð åGæ*ç 	 �p¯ê�

Figure 1. Cautiousness

5.2. An example

We will seeon anexample[REV 97], whatis thebehaviour or someBGM opera-
tors,namelytheoperators��t ¶�ä

Ð ×2î 	 �O²�� , ��t ¶�ä
Ð ×�ï�ð«ñ 	 �O²�� , ��t
ÝTÞ / 	 �O²�� and �mt
Ý�Þ ` 	 �O²�� .

Here is the example : There are three sources 6 � ����/ 	 �»` 	 �»ò  with the
following belief bases Ú���������/2�ó� �µ� ��	B�M	B� � 	 � �M	B�M	�� � 	 � ��	B�M	�� �  , Ú����;���»`;�ó���� �M	���	B� � 	 � �M	B�M	�� �  , ÚP�����7�(ò½�]�ô�µ� ��	���	�� �  . Thereareno constraintson the result,
so  +��z .

õ
. An operatorh is logically strongerthananoperatorö if f for all profile s , hbl7s�n8÷Cö�l7s�n ,

wherehbl7s�n denotesthebelief baseresultof theBGM h on theprofile s .



Belief basemergingasagame 285

– ��t ¶ ä
Ð ×�î 	 �O²�� : As 6 is not consistent,let us do the first round. ������/ 	 �»`;�£��

, ������/ 	 �»ò;�ß� �
, �����»` 	 �»ò;�ß� ø . So Ø

é
N ����/1�Û� �

, Ø
é
N ���»`;�ß� ø ,Ø

é
N ���»ò;�r�óù . That gives t ¶�ä

Ð ×�î
�x6C�r�R���»ò  . So �»ò is replaced5 by �O²����»ò;�r�'»�!)��+�B��� ��	g��	�� � 	 � ��	���	B� � 	 � ��	B�M	�� � 	 � �M	���	�� �  � . We have not yet reacheda con-

sistent 6 , so let us do a further round. Let us first compute the new dis-
tances. ������/ 	 �(`;�ú� � , ������/ 	 �(ò;�ú� � , ���7�»` 	 �(ò½�K� � . So Ø

é
N ����/2�ú� � ,Ø

é
N ���»`;�¿� � , Ø

é
N �7�(ò½�¿� � . That gives t ¶�ä

Ð ×2î
�x6]�¿�Û���»` 	 �»ò  . So �»` is re-

placedby �O²��7�»`;���9'(�*)��v�B�µ� �M	���	B� � 	 � �
	B�M	�� � 	 � ��	���	B� � 	 � �M	B�
	x� � 	 � �M	���	�� � 	 � ��	B�M	�� �  � ,
and �»ò is replacedby �O²����»ò;�P�û'(�*)��+���µ� ��	���	�� � 	 � ��	���	B� � 	 � ��	B�M	�� � 	 � �M	���	�� � 	 � �M	��	B� � 	 � ��	B�
	x� � 	 � �M	B�M	�� �  � . We have reacheda consistentbelief profile, so the result
is Ú������x6]ü ��ý äYþ ÿ î Ð � ��� �Y���µ� �M	B�M	�� � 	 � ��	B�M	�� �  .

– ��t ¶�ä
Ð × ï
ðÂñ 	 �O²�� : As 6 is notconsistent,let usdo thefirst round. ������/ 	 �»`;�Y� � ,�;����/ 	 �»ò;�V� � , ���7�»` 	 �(ò½�V�®ø . So Ø

åGæ*ç
N ����/2�}� � , Ø

åGæ*ç
N ���»`½�V�Wø , Ø

åYæxç
N ���»ò;�V�ø . That gives t ¶�ä

Ð × ï
ð«ñ
�x6]�w� ���»` 	 �»ò  . So �»` is replacedby �O²����»`;�w�'»�!)��+�B��� �M	���	B� � 	 � �M	B�M	�� � 	 � ��	���	B� � 	 � �M	B�M	B� � 	 � �M	���	�� � 	 � ��	x�
	�� �  � , and �(ò is replaced

by �O²����»ò;�i� '(�*)��v�B�µ� ��	���	�� � 	 � ��	���	x� � 	 � ��	B�M	�� � 	 � �M	���	�� �  � . The obtainedprofile is
consistent,sotheresultis Ú������x6 ü ��ý äYþ ÿ ï�ð«ñ Ð � ���2�Y�#�µ� ��	B�M	�� �  .

– ��t
Ý�Þ / 	 �O²�� : 6 is not consistent,and MAXCONS �x6]�9� ������/ 	 �»` �	 ���»ò � .
So Ø Ý�Þ /N ����/2� � Ø ÝTÞ /N �7�(`½� � Ø Ý�Þ /N ���»ò;� � �

, and t Ý�Þ / �x6]� �6 . So we weaken the three bases, which gives respectively �O²�����/1� �'»�!)��+�B��� ��	B�M	B� � 	 � �M	B�M	�� � 	 � ��	B�M	�� � 	 � �M	B�M	»� � 	 � ��	���	B� � 	 � �M	���	�� � 	 � ��	���	�� �  � , �O²����»`;�}�'»�!)��+�B��� �M	���	B� � 	 � �M	B�M	�� � 	 � ��	���	B� � 	 � �M	B�M	B� � 	 � �M	���	�� � 	 � ��	B�M	�� �  � , and �O²����»ò;� �'»�!)��+�T��� ��	���	�� � 	 � ��	���	B� � 	 � ��	B�M	�� � 	 � �M	���	�� �  � . This belief profile is consistent,and
theresultingbaseis ÚP�����B6 ü ������	 Ð � � � �Y���µ� ��	B�M	�� � 	 � ��	���	B� � 	 � �M	���	�� �  .

– ��t
Ý�Þ ` 	 �O²�� : 6 is not consistent, and we have MAXCONS�x6]� �������/ 	 �»` �	 ���»ò � . So Ø�ÝTÞ `N �7�8/1� � Ø;Ý�Þ `N ���»`;� � ø and Ø;Ý�Þ `N ���»ò;� ��
, and t
Ý�Þ ` �x6C� � ���»ò  . So �»ò is replaced by �O²����»ò;� �'»�!)��+�B��� ��	���	�� � 	 � ��	���	B� � 	 � ��	B�M	�� � 	 � �M	���	�� �  � . The belief profile is still not

consistent, so we need one more round. Now we have MAXCONS �x6]� �������/ 	 �»` �	 ����/ 	 �»ò � . So Ø Ý�Þ `N ����/2� � Ø Ý�Þ `N ���»`;� � Ø ÝTÞ `N ���»ò;� � ø ,
and t
Ý�Þ ` �x6]� � 6 . So we weaken the three bases, which gives respec-
tively �O²�����/2� � '»�!)��+�B��� ��	B�M	B� � 	 � �M	B�M	�� � 	 � ��	B�M	�� � 	 � �M	B�M	B� � 	 � ��	���	B� � 	 � �
	��	�� � 	 � ��	���	�� �  � , �O²����»`;� � '(�*)��+���µ� �M	���	B� � 	 � �M	B�M	�� � 	 � ��	���	B� � 	 � �M	B�M	B� � 	 � �M	���	�� � 	� ��	B�M	�� �  � , and �O²����»ò;�ó� '(�*)��v���µ� ��	���	�� � 	 � ��	���	x� � 	 � ��	B�M	�� � 	 � �M	���	�� �  � . The
belief profile is consistent, and the resulting base is ÚP�����x6 ü �
���� Ð � � � � ���� �M	B�M	�� � 	 � ��	B�M	�� � 	 � ��	���	B� � 	 � �M	���	�� �  .

As we can note, on this examplethe four operatorsgive different (non trivial)
results. As all theseoperatorstake dilation asweakening functions,we sometimes
have the interpretation� ��	���	B� � asmodelof the baseresultof the merging, whereas

�
. In order to avoid unnecessarynotations,we do not usesubscriptsto denotethe different

weakeningstepsof thebases,wesimplyreplacethebeliefbasesby theirweakenedcounterparts.
Hopefully, it cannot leadto confusions.
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it is a modelof noneof the initial belief bases.This meansthat,converselyto usual
formula-basedmergingoperators[BAR 92,KON 00,KON 04], theresultof theBGM
doesnot (always)imply thedisjunctionof thebelief basesof theprofile.

6. Logical properties

Somework in beliefmergingaimsatfindingsetsof axiomaticpropertiesoperators
may exhibit in order to ensurethe expectedbehaviour [REV 93, REV 97, LIB 98,
KON 98, KON 99, KON 02b]. We focus hereon the characterizationof Integrity
Constraints(IC) merging operators[KON 99,KON 02a].

DEFINITION 16 (IC MERGING OPERATORS). — ã is an IC mergingoperatorif and
only if it satisfiesthefollowingproperties:

(IC0) ã£¢»�x6]�Y� �± 
(IC1) If   is consistent,then ã£¢»�x6]� is consistent

(IC2) If 6 is consistentwith   , then ãÊ¢(�B6C�Ga 6¿:i 
(IC3) If 6]/�a 6�` and  T/�a� p` , then ãÊ¢ 	 �B6C/2�Ga#ã£¢ � �x6�`;�
(IC4) If ��/g� �   and �»`r� �   , then ã£¢»�B����/ 	 �»`  �G:���/ is consistentif and only ifãÊ¢»�B����/ 	 �»`  �(:·�(` is consistent

(IC5) ã£¢»�x6]/2�(:uãÊ¢»�x6T`;�G� ��ãÊ¢(�x6]/Y>r6�`;�
(IC6) If ã£¢»�x6]/2�M:}ãÊ¢(�B6T`½� is consistent,then ã£¢»�x6]/p>V6T`½�Y� ��ãÊ¢(�x6]/2�M:}ãÊ¢»�x6T`½�
(IC7) ã£¢ 	 �x6]�(:� p`i� ��ã£¢ 	�� ¢ � �x6]�
(IC8) If ãÊ¢ 	 �x6]�(:� p` is consistent,then ã£¢ 	�� ¢ � �x6]�Y� ��ã£¢ 	 �B6C�

The intuitive meaningof the propertiesis the following: (IC0) ensuresthat the
resultof merging satisfiesthe integrity constraints.(IC1) statesthat, if the integrity
constraintsareconsistent,thenthe resultof merging will be consistent.(IC2) states
thatif possible,theresultof mergingis simplytheconjunctionof thebeliefbaseswith
the integrity constraints.(IC3) is theprincipleof irrelevanceof syntax: theresultof
merging hasto dependonly on the expressedopinionsandnot on their syntactical
presentation.(IC4) is a fairnesspostulatemeaningthat the resultof merging of two
belief basesshouldnot give preferenceto oneof them(if it is consistentwith oneof
both,it hasto beconsistentwith theotherone.)It is a symmetrycondition,thataims
to rule out operatorsthat cangive priority to oneof the bases.(IC5) expressesthe
following idea: if belief profilesareviewedasexpressingthebeliefsof themembers
of a group,thenif 6C/ (correspondingto a first group)compromiseson a setof alter-
nativeswhich I belongsto, and 6�` (correspondingto a secondgroup)compromises
on anothersetof alternativeswhich containsI too, then I hasto be in the chosen



Belief basemergingasagame 287

alternativesif we join thetwo groups.(IC5) and(IC6) togetherstatethatif onecould
find two subgroupswhichagreeonat leastonealternative,thentheresultof theglobal
merging will beexactly thosealternativesthe two groupsagreeon. (IC7) and(IC8)
statethat the notion of closenessis well-behaved, i.e. that an alternative that is pre-
ferredamongthepossiblealternatives( T/ ), will remainpreferredif onerestrictsthe
possiblechoices( T/M:� p` ). For moreexplanationsonthosepropertiessee[KON 02a].

So,let usseenow whatarethepropertiesof BGM operators.

THEOREM 17. — BGM operators6 satisfyproperties(IC0), (IC1), (IC2), (IC3),
(IC7), (IC8). They donot necessarilysatisfyproperties(IC4), (IC5), (IC6).

PROOF. —

(IC0) is satisfiedby definition(seedefinition4), sincetheresultof theBGM pro-
cessis thebase 6 ¢� :�  , soit implies   .

(IC1) is satisfiedby definition(seetheorem5).

(IC2) by definition of the BGM (seedefinition 4), if 6 is consistentwith   ,
thenthehaltingconditionis satisfiedbeforeany weakeninground,so 6 ¢� �c6 , and6 ¢� :� va 6¿:� 

(IC3) is a straighforward consequenceof the third condition of the weakening
functions,andof thelastconditionof thechoicefunctions.

(IC7) and(IC8) aresatisfied.Firstnotethatif ãÊ¢ 	 �B6C�
:= p` is notconsistent,thenãÊ¢ 	 �x6C� :p p`�� ��ã£¢ 	�� ¢ � �x6]� , so(IC7) is trivially satisfied.Now, in thecaseãÊ¢ 	 �x6]� : p` consistent,let us prove (IC7) and (IC8), that is ã£¢ 	�� ¢ � �x6]�Êaóã£¢ 	 �x6]��:V p` .
As ã£¢ 	 �x6]�£� 6 ¢ 	� :V T/ , andby definition 4, 6 ¢ 	� is the first profile 6�� suchthat6���:V T/ is consistent.As we alsoknow that, by hypothesis, 6���:· T/�:· p` is
consistent,6�� is also the first profile suchthat 6��T:$ T/b:u p` is consistent. By
definitionit meansthat 6 ¢ 	�� ¢ �� �K6�� . Sowe get that 6 ¢ 	� �K6 ¢ 	�� ¢ �� . Fromthatwe
get �x6 ¢ 	� :4 T/2�â:4 p`��#6 ¢ 	�� ¢ �� :4 T/�:p p` , whichis exactly ã£¢ 	 �x6]�â:p p`���ã£¢ 	�� ¢ � �x6]� .

■

So,asstatedin thepreviousproposition,BGM operatorsdo not fit all properties
of IC merging operators.On theotherhand,we know for examplethat theoperator�mt½�,¶ 	 �O²��$��ã ¶�ä

Ð åYæxç
satisfiesalso (IC4), (IC5) [KON 02a]. So the questionis to

know if we canensuremore logical propertiesby makingsomerestrictionson the
weakeningand/orthechoicefunctions.

A first remarkis that(IC4) cannotbeprovedto hold for any BGM operator, but it
is satisfiedfor all theparticularoperatorswehave definedin this paper.

THEOREM 18. — If theweakeningfunctionis dilation or drasticweakening, andif
thechoicefunctionis a symmetricmodel-basedchoicefunctionor theformula-based
choicefunctiont Ý�Þ / or t Ý�Þ ` , thentheBGMoperator satisfies(IC4).

�
. Definedfrom any choicefunctionandany weakeningfunction.
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PROOF. — First notethatfor all thoseoperatorsif thetwo basesareconsistentwith
the constraints(i.e. ��/b:v�(`£:u  ), then the result of the merging is (from (IC2))ãÊ¢»�B����/ 	 �»`  �=�c��/�:A�»`C:Ê  , so (IC4) is trivially satisfied.The interestingpartof
(IC4) is when ��/Y:$�»`ê:�  is not consistent.

If the choicefunction is a symmetricmodel-basedchoicefunction, thensimply
note that the distanceusedto define the model-basedfunctionsare symmetricby
definition, so ����� 	 � � �V�����7� � 	 ��� . Let notealso that by definition of the distance�;��� 	 �����K�����»� 	 �»�7��� � . So,now, usingthesymmetryconditionof theaggregation
function, it is easyto show that Ø»�����7� 	 ��� 	 �;��� 	 � � �B�}�óØ»�����7� � 	 ��� 	 ���7� � 	 � � �x� , that
meansthat � and �»� arealwaysbothmaximal,andthat they alwaysbothhave to be
weakened. If we usedrasticweakeningasthe weakeningfunction, we have that �
and �»� arereplacedby z and z . Sotheresultof themerging is consistentwith � and�»� . So(IC4) is satisfied.If theweakeningfunctionis dilation, thenwhenwe weaken� (resp. �»� ) for the 5��

×
time, we getastheresultthebase� 3 (resp. �»� 3 ) that is the

formula (up to logical equivalence)whosemodelsarethe onesthat areat a (Dalal)
distancelessor equalto 5 to modelsof � (resp. �»� ). So, let notethefinal profile of
the BGM 6����®��� � 	 �»� �  , if 6��G:Ò� is consistent,it meansthat ��°g���»� � 	 ����� � ,
but by symmetryit implies that ��°g��� � 	 �»�7�ê� � , so (recallalsothat,by definitionof
dilation ��°���� � 	 �8�Y� � and ��°����»� � 	 �(�7�Y� � ) that 6��M:£�»� is consistent.So(IC4) is
satisfied.

If thechoicefunctionis t
ÝTÞ / or t
Ý�Þ ` , let usnotethatthemaximalconsistentsets
are ���  and ���»�  , so the � and �»� arebothminimal, andthat they alwaysbothhave
to beweakened.If weusedrasticweakeningastheweakeningfunction,wehave that� and �»� arereplacedby z and z . So theresultof themerging is consistentwith �
and �»� . So (IC4) is satisfied.If theweakeningfunction is dilation, we usethesame
symmetryargumentasfor symmetricmodel-basedchoicefunctions. ■

The property (IC5) can also be recoveredfor someBGM operators,but (IC6)
seemshardly recoverable.Thosetwo properties((IC5) and(IC6)) areimportantfor
classicalmerging operators,so we canwonderif the BGM operatorsmissingthose
propertiescanstill becalled“merging” operators.Oneanswerto this is thattheBGM
operatorsaim at focusingon the interactionbetweenthebeliefsof thesources,so it
seemsnaturalto looseproperty(IC6). Indeed,whereasclassicalmerging operators
aimatgiving theresultof themergingprocessin anidealframework, BGM operators
seemmoreadequatelyreflectthebehaviour of a realmulti-sourcemerging process.

Anotherimportantlogical link to beunderlinedis therelationshipbetweenBGM
operatorsandAGM belief revision operators[ALC 85, GÄR 88, KAT 91, GÄR 92].
Belief revisionaimsto maketheminimumchangein abeliefbasein orderto take into
accountnew informationthat is morereliablethanthe currentbelief base(andthat
usuallycontradictsthe currentbelief base). Technicallythoseoperatorscanbe de-
scribedasfollows: until thebeliefbaseis consistentwith thenew itemof information
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(seenasanintegrity constraint)thenweakenthebelief base7. Statedthis way, we can
immediatelyseetheparallelwith BGM operatorssincethey aredescribedasfollows:
until thebeliefprofile is consistentwith theconstraintthenweakensomebeliefbases.
The following resultshows moreformally that,asexplainedabove, BGM operators
canbeseenasa directgeneralizationof AGM belief revisionoperators.

THEOREM 19. — Let �%�W��t 	 ��� be a BGM operator. Let � and   be two belief
bases.Theoperator � definedas ���� +���}¢»�B���  � is anAGM beliefrevisionoperator
(i.e. it satisfiesproperties(R1-R6)of [KAT 91]).

PROOF. — It is easyto seethatif werestrictbeliefprofiles 6 to singletons���  , then
postulates(IC0), (IC1), (IC2), (IC3), (IC7), (IC8) directly translateto (R1-R6).
After thattheproof follows from theorem17. ■

In particular, we have thateachBGM usingthe dilation weakeningfunction is a
generalizationof Dalal’s revisionoperator[DAL 88].

Finally let usseeanothercardinalityrestrictionon thebeliefprofile.

THEOREM 20. — Let � ����t ¶
Ð × 	 �O²�� bea BGM operator definedfroma symmet-

ric model-basedchoicefunctionanddilation weakeningfunction. Let ��/ , �(` and  
be threebelief bases,then the operator �}¢»�B����/ 	 �»`  � is the model-basedmerging
operator ã ¶ ä

Ð åYæxç
¢ �B����/ 	 �»`  � [KON02a].

Notethatthepreviousresultholdsonly whenwemergetwo beliefbases.

7. ComparisonbetweenBGM and BNM

In this sectionwe will mainly compareour proposalwith Booth’s Belief Negotia-
tion Model (BNM) [BOO 02]. Let usfirst briefly recallBooth’sproposal.

Belief profiles in this framework are no longer multi-setsbut vectorsof belief
bases,noted

�6 . Let us note
�_ the setof belief profiles,andlet us note

�Ù the setof
all sequences(vectors)of belief profiles,and

�Ô oneelementof this set.When
�& is a

vector, we will note
�& � the � th elementof thevectorand

�&±Ý the lastelementof the
vector.

So a sequenceof belief profiles
�Ô is of the form

�Ô#��� �6]/ 	1010102	 �6�3  , with each�6�� beinga vectorof belief bases,i.e.
�6����c���4� Ð / 	1010102	 �4� Ð 3 � � . And, for example,the

notation
�Ô ò standsfor

�6Tò , andthenotation
�Ô Ý standsfor

�6�3 .
ThenaBNM negotiation(choice)functionis definedas:

DEFINITION 21. — A BNM negotiationfunction is a function t BNM H �ÙKJ �_ such
that:

�
. It is the intuitive meaningbehindKatsunoandMendelzonrepresentationtheoremin terms

of faithful assignments[KAT 91].
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– t BNM � �ÔÅ�G? �Ô Ý
– t BNM � �ÔÅ��y���
– If �4�Y"}t BNM � �ÔÅ� , then �4�êya#z
And a BNM weakeningfunctionis definedas:

DEFINITION 22. — A BNM weakeningfunction is a function � BNM H �ÙKJ �_ such
that:

– � �Ô Ý�� � �A� BNM � �ÔÅ� �
– If � �Ô Ý�� � aP� BNM � �Ôp� � , then � �Ô Ý�� � a#z
Finally thesolutionto a BNM is definedas:

DEFINITION 23. — Thesolutionto a beliefprofile
�6 for a BeliefNegotiationModel� BNM �#�mt BNM

	 � BNM � undertheintegrity constraints   , noted� BNM¢ �B6C� , is givenby the

function ' � H �_vJ �Ù definedas:

– ' � � �6C�Y� �Ôr�#� �6T� 	1010102	 �6��M�
with

�6���� �6 , � is thesmallestinteger such that
�6��b:�  is consistent,andfor each� ´���� � wehave(

�Ô"! denotes� �6T� 	1020101	 �6#!�� ):
� �6�! ��/2� � � � BNM � �Ô"!�� � if � �6�!�� � "}t BNM � �Ô"!��� �6#!�� � otherwise

Finally, thebeliefbaseresultof theBNMis
�6��]:i  .

We changesomenotation,in orderto show theclosenesswith our presentwork.
For theoriginalpresentationanddetailedexplanationsonthedefinitionssee[BOO 02,
BOO01].

ThemaindifferencesbetweenBNM andBGM are:

– BNM’s definition of belief profile asvectorsallows us to speakaboutsources
separately. Sowhentherearetwo identicalbelief basesin thebelief profile, it is pos-
sibleto weakenonly oneof thesebases.This is notpossiblein theBGM framework.

– TheBNM negotiationfunctiontakesasinput thewholenegotiationhistoryfrom
theinitial beliefprofile. Soit is possibleto implementanegotiationprocesssuchthat
eachsourceweakensafterthepreviousone(for example,source

�
, thensourceø , 01010 ),

or suchthatwe preventa sourceto weakentwo timessuccessively. TheBGM choice
functionsaremoreMarkovian, takingonly into accountthecurrentbelief profile.

– Similarly, the BNM weakeningfunctionalsotakesasinput the whole negotia-
tion history. It allows us to weakendifferently two identicalbelief basesobtainedat
differentroundsor to weakendifferentlytwo identicalbelief basesof thesamebelief
profile.

– Accordingto thepreviousitemsideas,theirrelevanceof syntaxconditionof the
BGM weakeningfunction,andtheanonymity conditionof theBGM choicefunction
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arenot requiredin theBNM framework.

The main differencebetweenBooth’s proposalandour is that Booth’s takesthe
sourcesascandidatesto weakening,whereaswerestrictourselvesto “pointsof view”
(logicalcontentof thebases).Thatmeansthatin Booth’s if onesourcehasto weaken,
it canbe the casethat anothersourcewith exactly the samebeliefsdo not have to
weaken too. Our proposaladdsmoreanonymity by sayingthat only beliefsdecide
who hasto weaken,not theidentity of onesource.Similarly, thechoicefunctionsare
more“Markovian” in our framework thanin Booth’sone.Wethink thatthosehypoth-
esisaremorerealistic (andnecessary)on a belief merging point of view. Whereas
Booth’s framework allows us to model more generalizednegotiation frameworks,
whereonecandecidefor examplethateachsourcehasto weakenoneaftertheother.
So,despitetheclosenessof the models,andthe objective fact thatour proposalis a
particularcaseof Booth’s one(i.e. eachof our operatorscanbe definedin Booth’s
framework), the intendedapplicationsof thosetwo frameworks arequite different.
And the particularpropertiesachieved by addingthoserestrictionsshows that this
framework formsaconsistentfamily of mergingoperators.It explainswhy it is worth
focusingon themodelwehave defined.

A lastdifferenceis that,in thispaper, weareinterestedontheresultof theprocess
(asa belief base),whereasBNM framework aimsat studyingtheresultingprofile, in
connectionwith a notionof “social contraction”. See[BOO 02] for a studyof logical
propertiesfor socialcontraction.

An additionalcontribution of this work is to give examplesof purely proposi-
tional logic BNM operators. In [BOO 02], Booth proposetwo examplesof BNM,
bothworking on ordinalconditionalfunctions(OCF)[SPO88], but noneon a propo-
sitional belief base. So this work can be seenas an investigation of what kind of
operatorsthis definitioncangive on propositionalbelief bases(throughaddingaddi-
tional requirements).

8. Conclusion

We have proposedin this papera new family of belief merging operators,thatwe
call Belief GameModel (BGM) operators.Thehypothesisfor thoseoperatorsis that
all thesourcesareapriori reliable,or thatweknow thatsomesourcesarelessreliable
thantheothers,but without knowing which ones.This hypothesisleadsto choosing
a majority approach,justified by Condorcet’s Jury Theorem. The idea behindthe
Belief GameModel is simple : Until a coherentsetof sourcesis reached,at each
rounda contestis organizedto find out theweakestsources,thenthosesourceshave
to concede(weakentheir point of view). This idealeadsto numerousnew interesting
operatorsandopensnew perspectivesfor beliefmerging. Someexistingoperatorsare
alsorecoveredasparticularcases.

Not surprisingly, the operatorsdefineddo not satisfy all logical propertiespro-
posedfor IC merging operators.The reasonis that thoselogical propertiesaim at
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giving constraintson theresultof themerging in an ideal framework, whereasBGM
operatorsaim at describingmoreaccuratelywhat canhappenin a real multi-source
environment. So usualIC merging operatorscanbe seenasa normativeapproach
to merging. They show the way to a purely logical result. Conversely, BGM op-
eratorsadopta descriptiveapproachto merging, taking into accountthe interaction
betweenthe sources. They try to simulatemore adequatelywhat can happenin a
group-decisionprocess.Sothey aremaybemorerealistic.

This papermainly aimsto introduceBGM operators,but it providesseveralopen
questionsthatareleft for furtherresearch.

The first one is aboutthe definition of BGM operatorsand the computationof
theresult.We give aniterative definitionof BGM operators,that leadsto aniterative
computationof theresult.Thequestionis to know if wecanfind anon-iterativeequiv-
alentdefinition. We know thatsomesimpleoperatorscanbedefinednon-iteratively.
But thequestionis to know if all operatorsor a non-trivial subclassof themarealso
definablenon-iteratively.

Anotheropenquestionis aboutthe logical characterizationof this family. In this
paperwe studythelogical propertiesof this family with respectto thegeneraldefini-
tion of IC merging operators.Thequestionis to know if we canfind a setof logical
propertiesthatcharacterizesBGM operators.

Finally, we have recentlystudiedthestrategy-proofnessof theusualpropositional
merging operators,showing thatmostof themarenot strategy-proof [EVE 04]. And
we have exhibited several restrictionson which strategy-proofnesscanbe achieved.
So an interestingquestionis to comparethe strategy-proofnessof BGM operators
with theoneof theclassicalmerging operators.
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