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Abstract. Possibilistidogic andquasi-classicdbgic aretwo logicsthatweredevelopedn artificial
intelligencefor coping with inconsisteng in differentways, yet preservingthe main featuresof
classicallogic. This paperpresentsa new logic, called quasi-possibilistidogic, thatencompasses
possibilisticlogic andquasi-classicabgic, and preseresthe meritsof bothlogics. Indeed,it can
handleplain conflictstakingplaceatthe samdevel of certainty(asin quasi-classicdbgic), andtake
adwantageof thestratificationof theknowledgebaseinto certaintylayersfor introducinggradedness
in conflictanalysis(asin possibilisticlogic). Whenqueryingknowledgebasesit may be of interest
to evaluatethe extent to which the relevant available informationis preciseand consistent. The
papemreview measuresf (im)precisionandinconsisteng/conflictexisting in possibilisticlogic and
guasi-classicdbgic, andproposegieneralizedneasure the unified framework.

Keywords: possibilisticlogic, paraconsistenibgic, measure®f information, inconsistenyg, un-
certainty

1. Intr oduction

Informationis often penadedwith uncertaintyor inconsisteng This stateof affairs hasled to the
developmenbf importantresearchrendsin artificial intelligencein thelastthirty yearsin orderto design
inferencetoolscapableof copingwith uncertaintyand/orinconsisteng In the presencef inconsisteny,

two generalapproachesanbe conceved, namelyeitherto restoreconsisteng by “getting rid” of a part
of theinformationin oneway or another(seee.g.[24, 25, 11, 19, 21]), or to “live” with it by still being
ableto draw inferencesf interest(seee.g.[31, 6, 2, 3, 14, 15)).
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In this paper we areinterestedn the secondype of approach.Thereis indeeda needfor handling
contradictoryinformationin a safeway in inferenceprocesseslnconsisteng situationsmay be dueto
informationcomingfrom differentsourcespr to the cohabitationof recentinformationwith olderone,
assuggestedby the following toy example. Let us supposaeve have somepiecesof informationabout
Peter maybecomingfrom differentsources Peterworksin Grenoble; Peterlivesin Marseilles; Peter
is in his forties Moreover we have the generaknowledgethatif somebodyvorksin someplace (s)he
cannotlive in anotherplaceif thetwo placesare distant BesidesGrenobleand Marseillesare distant
places In sucha case,nconsisteng-free informationsuchasPeteris in his forties shouldnot be lost
in the inferenceprocess.Moreover, it would be usefulto statethat the available information enables
usto concludethat both Peterworksin Grenobleand Peterworksin Marseilles aswell asPeter lives
in Grenobleand Peter livesin Marseilles Note that having contradictoryinformationis not the same
ashaving no information (e. g., the available information doesnot enableus to concludeif Peter has
blue eyesis true or not). Lastly, it may be desirablein suchan exampleto stratify the informationin
layerscorrespondingo differentlevel of certainty For instancethe pieceof informationPeter livesin
Marseillesmay beratherold andassuchwould be not regardedascompletelycertain,thenthis should
leadto a preferencdor the conclusionsPeter worksin Grenobleand Peter lives in Grenaoble In this
paperwe develop a logical framewvork rich enoughfor handlingthesedifferentissuesn arigorousand
efficientway.

Possibilistidogic andquasi-classicdbgic aretwo logicsthathave beendevelopedin artificial intel-
ligencefor copingwith inconsisteng in differentways. Possibilisticlogic (IIL) extendsclassicalogic
by consideringclassicalformulasassociatedvith certaintylevels. Theselevels are at the core of the
inferencemechanism.They allow usto computeglobalinconsisteng levelsfor suchknowledgebases.
Paraconsistenibgics aim to handleinconsistenpiecesof information by isolating them, avoiding the
trivialization of the inferencefor the whole base.Quasi-classicdbgic (QC'L) is oneof thoselogics. It
hasthenicefeatureof possessing semanticsloseto the oneof classicalogic. Thesetwo logicsshare
a valuablefeature,since both of themremainas closeas possibleto classicallogic, which is clearly
adwantageoudhothfrom modelingandcomputationatompleity pointsof view.

This paperpresentsa new logic, called quasi-possibilistidogic, which encompassepossibilistic
logic and quasi-classicalogic as particularcasesand preseres the merits of eachlogic. Indeed,we
canhandlelocal conflictstaking placeat a givenlevel of certainty(asin quasi-classicdbgic), andtake
advantageof the stratificationof the knowledgebaseinto certaintylayersfor introducinggradednesm
conflictanalysis(asin possibilisticlogic).

Section2 providesarefresheonIl L andQC' L. Section3 introducesjuasi-possibilistitogic (QTIL)
which providesajoint framework for dealingwith uncertairandparaconsistenbhformation.Information
measuregpertainingto uncertaintyor to inconsisteng arealsobriefly discussedn T1L, QC L andQII L.

2. Background

We considera propositionallanguagelps basedon a finite setof propositionalsymbolsP.S andthe
connectres{—, Vv, A, —}. We will denotetheformulasin Lps by lower Greeklettersy, ¥, ... We will
denotethe atoms(propositionalsymbols)of the languageby a, b, ¢, . .. For eachatoma € Lpgs, a is a
literal and—a is aliteral. We will denoteliteralsby l,[;,... We will denote-¢, theinferencerelation
of classicalogic.
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Let (L, <) beatotally orderedset,we will denotethe elementf L by n,m,ni,na,.... A possi-
bilistic formulais a pair (¢, n) wherey is a propositionaformulaandn is the “weight” of theformula
(i.e. anelemenbf L). In thefollowing L will beoftentakenasthe|0, 1] intenal for the sale of simplic-
ity, however a boundedntegerinterval would be enoughfor theresultsto hold.

A knowledgebaseK will beafinite setof formulas. Dependingon the frameavork thoseformulas
will beclassicaformulas(in Section2.2) or possibilisticformulas,but it will never beambiguous.

Let K beaknowledgebasewe note[ K] the setof modelsof K andwe note Atoms(K) the setof
propositionakymbolsof P.S appearingn K. Let A beaset,|A| will denotethe cardinalityof this set.

2.1. Possibilisticlogic

We now recallthe mainfeaturesof possibilisticlogic beforeintroducingmeasure®f (im)precisionfor
possibilisticknowledgebasesanddiscussingsomeparaconsistergxtensionsof possibilisticlogic.

Possibilisticlogic is a weightedlogic of incompleteknowledge. It partitionsa classicaknowledge
baseinto subset®f formulasaccordingo their levelsof certainty Sincesomeformulasaremorecertain
thanothersijt is possibleo isolatea consistensubsetf sufiiciently certainformulasfrom aninconsistent
knowledgebase andinferencebecomeson-triial in the presencef inconsisteng

A possibilisticlogic [8, 7] formulais a classicalogic formulay weightedin termsof alower bound
n € (0, 1] of anecessitymeasurei.e., the possibilisticlogic formula(y, n) is understoods N (¢) > n,
whereN is anecessitymeasure.

Basically possibilisticlogic inferenceaimsat deducingformulaswith their certaintylevels, or for-
mulashaving a certaintylevel greatetthansomethreshold.

2.1.1. Necessityand possibility measures

A necessitymeasuréeV is afunctionfrom the setof logical formulasto atotally orderedboundedscale,
whichis characterizedby theaxioms

iy N(T) =1,
i) N(L)=0

whereT and_L standfor tautologyand contradictionrespectrely, and0 and1 arethe bottomandthe
top elemenbf thescalel,

iii) N(pAtp) =min(N(p), N(4)).

We usetherealintenal [0, 1] asthe rangeof necessitymeasuresn the following, but this is not
compulsory A (finite or not) totally orderedscaleboundedby a bottomanda top elementis enough.A
possibilitymeasurdl is associatethy duality with N, namely

() =1~ N(~p)

wherel — () is theorderreversingmapof thescale.lt expresseshattheabsencef certaintyin favor of
—p leavesy possible Il satisfieghe characteristipropertyll(¢ V ¢) = max(II(p), [I(¢)).
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2.1.2. Syntactic aspects

Themin-decomposabilitpf necessitymeasuresllows usto work with weightedclausesvithout lack of
generalitysinceN (A\,_, ; vi) > m & Vi, N(¢;) > m,i.e., (NiZy p pi-m) & Nz 1(pi,m). Sowe
will call (weighted)CNF of apossibilisticknowvledgebaseK asetof weightedclauseghatis equivalent
to K, i.e. thatcorrespondso the samenecessityneasuré.

Let - denotethe syntacticinferencein possibilisticlogic. The basicinferencerule in possibilistic
logic is thefollowing one:

o (mVih,m)(pVp,n)kE (¢YVp,min(m,n)) (resolutionrule)

Thisruleis enoughto make proofsusingrefutation.It implementsanold principle claimingthatthe
validity of a chainof inferencess the validity of its wealestlink. Let K beaknowledgebasemadeof
possibilisticlogic formulas. Proving (¢, m) from K amountgo adding(—, 1), putin clausalform, to
K, andusingtheabove rule repeatediyto shaw that K U (—p, 1) - (L, m).

Thenaturalfollowing inferencerulesarealsoeasilyretrieved:

e forn <m (p,m)F (p,n) (weightwealening)
e if oo ¥, then(p,m) - (1, m) (formulawealening)
e (p,m) (p,n)F (p,max(m,n)) (weightfusion)

Classicakesolutionis retrievedwhenall theweightsareequalto 1. Moreover
K F (¢,m) if andonlyif K, For ¢ (1)

wherekK,, is theso-calledm-cutof the possibilistichaseK andis definedasK,,, = {(¢.n) | (¢,n) €
K withn > m}, and K* is calledthe classicalprojectionof K andis definedasthe setof classical
formulas obtainedfrom a possibilisticknovledge base K by forgetting the weights: K* = {¢ |
(p,n) € K}. Notethatformulasof theform (¢, 0) whichdonotcontainary information(Ve, N(¢) > 0
alwaysholds)arenever written.

2.1.3. Semanticaspects

Froma semantigpoint of view, a possibilisticknowvledgebaseX = {(y;, m;)}i=1, iS associatedvith
the possibility distribution 7 representinghefuzzy setof modelsu of K:

Tk (u) = min max (] (w), 1 —m;) 2)

where[yp;] denoteghe setsof modelsof ¢; and ) its characteristidunction. It canbe shavn that

mk 1S the largestpossibility distribution suchthat Nk (¢;) > n;, Vi = 1,k, i.e., the possibility dis-

tribution which allocatesthe greatestpossiblepossibility degreeto eachinterpretationin agreement
with the constraintsnducedby K (where N is the necessitymeasureassociatedwith 7z, namely
k() = MAX e[ Tk (u) andthus Ng () = minue[ﬂw](l — i (u))).

!SuchaweightedCNF form alwaysexists andgivesthe sameinferenceshatthe original knowledgebase8].
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Thus,a possibilisticlogic baseis associateavith a fuzzy setof models. This representshe setof
more or lessplausiblestatesof the world (accordingto the availableinformation), whendealingwith
uncertainty A possibility distribution which rank-ordergpossiblestatess thussemanticallyequivalent
to a possibilisticlogic base.The semantientailmenis thendefinedby

K = (¢, m) if andonly if Nx(¢) > m

(& Yu i (u) < max(pg(u), 1 —m))

2.1.4. Inconsistencylevel

An importantfeatureof possibilisticlogic is its ability to dealwith inconsisteng The level of incon-

sisteny of a possibilisticlogic baseis definedasinc(K) = max{m | K F (L, m)} (by corvention
maz () = 0). We canexplain this inconsisteng level with the m-cuts: theinconsisteng level of abase
is the greatestn suchthatthe correspondingn-cutis classicallyinconsistent.Clearly ary entailment
K F (p,m) with m > inc(K) canbe rewritten as K5 + (p,m), where K5 = {(¢;,m;) €

Keoms with m; > m} and K™ = K — {(p;, m;) with m; < inc(K)} is the setof formulaswhose
weightsare above the level of inconsisteng andwhich arethusnot involved in the inconsisteng In-

deed,inc(K") = 0. More generally inc(K) = 0 if andonly if K* is consistentn the usualsense.
Moreover, it canbeshavn that

inc(K)=1-— max i (u) (3)

The syntacticinferencemachineryof possibilisticlogic, using resolutionand refutation,hasbeen
provedto be soundandcompletewith respecto the semanticg8, 7]. Soundnessndcompletenesare
expressedy

K+ (p,m) < K E (p,m) form > inc(K)

It is importantto obsenre thatformulasin K whosecertaintylevel is strictly smallerthaninc(K) are
“drowned” in the sensehatthey cannotbe inferrednor be usedin a valid proof. A way to escapehe
drowning effectis presentedn Section2.1.6.

2.1.5. Measure of impr ecision

Information measurediave beenintroducedfor a long time in probability theory They alsoexist in
the propositionallogic setting,whereLozinskii [26, 27] hasproposed PS| — log, |[K]| asa measure
of precision(information) of a consistenkknowledgebasekK . Information measurehave beenalso
introducedin otheruncertaintyframewvorks suchaspossibility theoryandbelief functiontheory[9]. In
particular a possibility distribution canbe associatedvith a measureof imprecisionwhich generalizes
Hartley measuref information[12] (whichis itself a particularcaseof Shannorentropy), asrecalledin
thefollowing.

A possibilitydistribution 7 canbe associatedvith aninformationmeasurd mp(x) which evaluates
its imprecision(e.g.,[13, 9]). It is definedby
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Imp(w) = Z (7Tj — 7Tj+1).l0g2j (4)
Jj=1,s

wherer is anormalizedpossibility distribution (i.e. max, 7(u) = 1), definedon a setof interpretations
{u1,...,us} with s elements:; whichareassumedo berankedin suchawaythatther(u;) = m; form
anon-increasingequencer; =1 > ... > m; > ... > my > mey1 = 0. Notethat{uy,...,u;} isthe
setof interpretationsvhosepossibilitydegreeis greateror equalto 7; andhascardinality;. Introducing
thesetM; = {uy,...,uj}, Imp(m) is still equalto

Imp(r) = p(M;).logs| M| ()

Jj=1,s

wherep(M;) = m; — mj1. Obsere that} ., .p(M;) = 1 and more generallythat m(u;) =

> j=isP(M;). It canbe shavn thatif = = 7' (Le. m < 7’) thenImp(r) < Imp(7’), which agrees
with theideathat(semanticentailmenfavorsimprecision.Clearly interpretationsvith high possibility
degreescontritute moreto imprecisionthaninterpretationsvith low possibility degrees.Axiomatic jus-

tificationsfor (4) have beenprovided by HigashiandKlir [13] andby Ramer[30]. Notethatif 7 is the
characteristidunction of a subsetwith » elementsje. 7y = ... =7m, = landn,41 = ... =75 = 0,

Imp(m) = logar, which is known asthe Hartley [12] entropy of a subset.Whenr = 1, thereis one
interpretatiorand/mp(7) = 0, whichindeedmeanghatthereis no imprecision.

Thus,ameasuref imprecision/mp(7x ) canbeassociateavith afully consistenpossibilisticlogic
baseK, wherer is definedby (2) (theconsisteng of K, i.e. inc(K) = 0 ensureshe normalizationof
mi). Letmy > ... > m; bethedifferentcertaintylevelsassociateavith formulasin K. Then,it canbe
checledthat

Imp(rr) = meloga|[Km,]| + (mi—1 — my¢).loga|[Km, (]| + ...+ (1 —mq).logaNk (6)

where Ny is the numberof interpretationsnducedby the language.Note thatm; + (m;—1 — m¢) +
...+ (1 =my) = 1. So,if weintroducek furtherpropositionakymbolsin thelanguagethenImp(7x)
is changednto Imp(rwx) + k, i.e. imprecisionis increasedas expected,but by a fixed amount. In
particular whenall the formulasin K arefully certain,/mp(rx) = logs|[K]| sincet = 1 andK =
K,,,. Whenall theformulasin K arefully certain,this measureof imprecisionreducego Lozinskii's
measuref information(precision)up to areversingof thescale.Thereexist othernoticeablaneasures,
suchthat Yagers specificityindex [32], which ratherestimategrecision,andis definedby Spe(w) =
> j=1,s P(M;).(1/| Mj]).

Lastly, obsere that the measureof imprecisionImp(ng) is definedonly when K is consistent
(i.e. whenmg is normalized). It could be extendedto the inconsistentcase,by noticing thatin gen-
eralmy < land) ., p(M;) = 1 —inc(K), whichleadsto change/mp(rx) given by (5) into
Imp(rk)/(1 —inc(K)). In suchacasepoththeinconsisteng level inc(K') andtheimprecisionmea-
sureImp(rk)/(1 — inc(K)) shouldbe providedto theuser

But we may think of otherwaysto renormalizerx, andthe problemof definingthe imprecision
(information)of a possibilisticbasein the presencef hard conflicts(i.e. whenr is not normalized)
hasnot beenstudiedyet. The coherencdunctionsintroducedin Section3.2 canbe seenascandidate
definitionsfor takinginto accountimprecisionandconflictstogether
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2.1.6. Handling paraconsistentinformation

An extensionof the possibilisticinferencewas proposedor handlingparaconsistenhformation[3]. It
is definedasfollows. First, for eachformula ¢ suchthat (¢, m) is in K, compute(y, p,q) wherep
(resp.q) is the highestdegreewith which ¢ (resp.—y) is supportedn K. More preciselyy is saidto be
supportedn K atleastatdegreer if thereis aconsistensub-bas®f K" whichentailsy. Let K° bethe
setof bi-weightedformulaswhichis thusobtained.

Example 2.1. For instancetake K = {(a,0.8),(—a V b,0.6), (—a,0.5), (—¢,0.3),(¢,0.2), (¢ V b,
0.1)}. ThenK® = {(a,0.8,0.5), (~a Vb, 0.6,0), (—a,0.5,0.8), (=¢,0.3,0.2), (¢,0.2,0.3), (~cV b, 0.6,
0)}.

A formula (¢, p, q) is saidto have a paraconsisterycdegree equalto min(p, ¢). For definingan
inferencerelationfrom K¢, we introducetwo measures:

¢ theundefeasibilitydegreeof a consistenset A of formulas:

UD(A) = min{p | (¢,p,q) € K’ andy € A}

e theunsafenesdegreeof a consistensetA of formulas:

US(A) =max{q | (p,p,q) € K andp € A}

We saythat A is a reasonfor v if A is a minimal (for setinclusion) consistenisubsetof K that
implies, i.e.:

e ACK
o A*For L

o A" oy b
o VB C A B*¥or

Let label(vp) = {(A,UD(A),US(A)) | Aisareasorfor ¢}, andlabel(v)* = {A | (A, UD(A),
US(A)) € label(yp)}. Then (v, UD(A"),US(A")) is saidto be a DS-consequencef K (or K),
denotedby K Fpg (¢, UD(A"),US(A")), if andonly if UD(A’) > US(A’), whereA’ is maximizing
UD(A) in label(¢))* andin caseof severalsuchA’, theonewhichminimizesU S (A’). It canbechecled
thattpg extendsthe entailmentin possibilisticlogic [3].

Example 2.1. (continued) In the abore example,label(v) = {(A4,0.6,0.5),(B,0.2,0.3)} with A =
{(a,0.8,0.5), (—a V b,0.6,0)} andB = {(¢,0.2,0.3), (-c V b,0.6,0)}. Then,K Fpg (b,0.6,0.5).

If we first minimize US(A) andthenmaximizeU D(A’), the entailmentwould not extendthe pos-
sibilistic entailment. Indeedin the abose example,we would select(B,0.2,0.3) but 0.2 > 0.3 does
not hold, while K F (b,0.6) since0.6 > inc(K) = 0.5. Notethattpg is more productve thanthe
possibilisticentailmentasseenon the example,e.g., K +pg (—¢,0.3,0.2), while K F (—¢,0.3) does
notholdsince0.3 < inc(K) = 0.5.
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An entailmentdenoted-gsg, nhamedsafely supported-consegrce relation, less demandingthan
Fps, is definedby K +gg o if andonly if 3A € label () suchthatU D(A) > US(A). It canbeshavn
thattheset{y | K Fggs v} is classicallyconsistenf3].

2.2. Quasi-classicalogic

In [4, 15] BesnarcandHunterdefineanew paraconsisteribgic. Thislogic hasseveralvery nicefeatures,
in particularthe connecties behae classically andwhenthe knowledgebaseis classicallyconsistent,
then quasi-classicalogic gives almostthe sameconclusionsasclassicallogic?. Moreover it hasbeen
provedin [28] thatinferencein quasi-classicdbgic hasavery low computationatompleity. It is only
coNP-complete. Thatis muchlessthanmostapproache$o reasoningunderinconsistenyg which are
typically atthe secondevel of the polynomialhierarchy[29], asall methodsasedon maximal(for set
inclusion)consistensubset®of formulasfor example.In [28] alineartime translationfrom inferencein
guasi-classicdbgic to inferencen classicalogic is alsoprovided. It allows usto useexistingautomated
reasoningechniqueslevelopedfor classicalentailment.Finally, oneof the majorfeaturesof this logic
is thatit hasa niceandintuitive semanticsthatis notthe caseof mostparaconsisterbgics.

Thebasicideasbehindthislogic is to useall rulesof classicalogic prooftheory but to forbid theuse
of resolutionaftertheintroductionof adisjunction(it allowsto getrid of the ex falsoquodlibetsequituy.
Sotherulesof quasi-classicdbgic aresplit into two classescompositioranddecompositionules,and
the proofscannotusedecompositiorrulesoncea compositionrule hasbeenused. Intuitively speaking,
this meanghatwe mayhave resolution-basegroofsbothfor a and—a. We alsohave asadditionalvalid
consequencebedisjunctionsbuild from the previousconsequencg®.g. —a V b). Butit is forbiddento
reusesuchadditionalconsequencedsr building furtherproofs. For detailson quasi-classicadbgic proof
theoryseg[15]. We will presenbnly thesemanticsideof thislogic in the following.

For the sale of simplicity we will restrictoursehesto the classof CNF formulasin this section.
Generalizatiorfor the classof all formulascanbe foundin [15], but it requiresmoreconditionsfor the
satishction relations(de Morganlaws, double nggation elimination, etc). So choosingCNF formulas
doesnotlosegeneralitybut easethedefinitions.

2.2.1. Quasi-classicakonsequence
Definition 2.1. Let Ops bethesetdefinedasfollows:

Ops ={+a|ae PS}U{—al|ac PS}
Wecallary X C Ops aQCinterpretation.

In suchaninterpretationX, +a € X meanghat X providesareasorfor ¢ andareasoragainst-a.
Similarly —a € X stateghat X providesareasorfor —a andareasoragainsta.

This definition is closeto a form of Herbrandinterpretation. It allows to localize the conflictsto
propositionalsymbols. For exampleif PS = {a,b, ¢, d}, thentheinterpretationX = {+a,+b, —b}
meanghatwe have areasorfor a, we have a conflicton b andwe have no informationaboutc andd.

In thesameway, it canalsobeconsideredisafour-valuedsemantics/a Belnap[1]. LetT, F, B, N
be four truth valueswhoseintuitive meaningis respectrely True False Both, Neither Thenwe can
translatea QC interpretationX to afour truth valuesinterpretatiorasfollows : for eachsymbola of PS

2In factonly tautologiesor formulascontainingtautologiescannotbe recovered.
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aisTif +a€ X and—a ¢ X

aisFif+a ¢ X and—a € X

aisBif +tae X and—a € X

aisNif +a¢ Xand—a ¢ X
For adetailedcomparisorbetweerguasi-classicatntailmenandBelnapentailmentsee[17].

Definition 2.2. Letl; V... V[, beaclausethenliterals(ly V...V l,) isthesetof literals{i1, ..., 1, }
thatarein theclause Letl; V...V, beaclauseandlet; bealiteral suchthatl; € literals(l1V... Vi),
then Focus(ly V ... V 1, 1;) is the clausewithout the disjunctl;, i.e. Focus(ly V ...V iy, l;) =11 V
e lisi Vg1 V.. Let Focus(l,1) = L.

Definition 2.3. Let a be a propositionalsymbol,~ is the complementatiomperationdefinedas~ a is
—a and~ (—a) is a. This operationis notin the objectlanguagebut will be usedto make definitions
clearer

Let usnow definethe notionof strongsatisaction:

Definition 2.4. For a model X, we definethe strongsatishction relation =g asfollows. Let a bea
propositionakymbol,let i, ..., beliterals,andlet ¢ andvy betwo formulas:

° X)zsaiff+a€X
e X Egaiff rae X

o X 5o ANYiff X =g pandX =g 1

e X sl V...V, iff (X |=glor...orX g l,)and
Vie{l,...,n} (if X g~ I, thenX =g Focus(ly V...V l,,1;))

So the quasi-classicatlisjunction semanticgfor strongsatishaction) is more demandingthanthe
classicalone, sinceit hasto copewith conflicting piecesof information. One cannotethatit is this
semanticgor disjunctionthatcapturesheresolutionprinciple on which QC prooftheoryrelies.

A characteristipropertyof disjunctionis thefollowing one,let {a;, . . . , a,, } beasubsebf P.S [15]:

Proposition2.1. X =g a1 V...V a, iff e thereexistsa; suchthat+a; € X and—a; ¢ X, or

e forall a;, +a; € X and—q; € X.

Let usnotealsothatreducedo binary clauseghe previousdefinitiongives:
X EsaVvbiff (X EsaorX =g b)and

if X =g —a,thenX =g band
if X =g —b,thenX =5 a
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Thenotionof strongmodelis easilyextendedo knowledgebasegsetsof formulas)by statingthata
model X is astrongmodelof K if X is astrongmodelof all theformulasof K.
Solet usnow introduceanexamplethatwe will usethroughthis paperto illustratethe definitions.

Example2.2. K = {a,—aNb,cVd,cVe,—aV f}. X = {+a,—a,+b,+c,+f},Y = {+a,—a,+b,+d,
+e,+f}andZ = {+a, —a, +b, —b,+c, —c,+d,—d, +e,—e, + f, — f } arethreestrongmodelsof K.

Notethatthemodel X = Ops is a strongmodelof all formulasof Lps. Soevery formulaof Lps
alwayshasat leastonestrongmodel.
Similarly, a notionof weaksatisactionis defined:

Definition 2.5. For amodel X, we definetheweaksatishctionrelation|=,, asfollows :

e X Fyaifftae X
e X |y aiff —ae X
e Xy o NYiff X =, pandX =, ¢

° X|:5[1\/...\/lniff(X |:5l10r...orX|:5ln)

Example 2.2. (continued) K = {a,—a A b,cV d,cVe,~aV f}. X; = {+a,—a,+b,+c} and
X9 = {+a, —a,+b, —c,+d, +e, + f,— f} aretwo weakmodelsof K (which arenotstrongmodels).

Note that straightforvardly all strongmodelsof a formula are also weak models,and that weak
satishctionis closeto the satishctionrelationin classicalogic.
Now we candefinethe consequenceelationas:

Definition 2.6. We saythat a formula v is a (quasi-classicalronsequencef ¢ if andonly if all the
strongmodelsof ¢ areweakmodelsof ¢ :

0 Fe Y iffVX(X s o = X =y 1)

Strongsatisactionis usedfor the assumptionslt allows to capturesemanticallythe resolutionpro-
cesssinceit forcestheresohentb of aclausea V b to holdif ~ a holds,whereasveaksatishctionis
usedfor the conclusionsandallows for the introductionof disjunctions. Note that this kind of defini-
tion, usinga morerestrictve satishctionrelationfor assumptionshanfor conclusionss usualin other
logics for Al. For examplenonmonotonidnferencerelationsusea preferentialentailmentrelation for
assumptionsyhile the satisactionrelationfor conclusiongemainsclassical22].

Theextensionof thedefinitionto a consequencef aknowvledgebase(setof formulas)is straightfor
wardly doneby consideringhe setconjunctvely, thatis a formula is a consequencef a knowledge
basef eachinterpretatiorthatis a strongmodelof eachformulaof theknowledgebases aweakmodel

of .

Example 2.2. (continued) K = {a,—~a Ab,cV d,cV e ,~aV f}. Examplesof consequencesf K are
—a,cVd,bVe, fAD
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The following resultillustratesthe link with the syntacticalintuition we gave at the beginning of
this section,i.e. thattheideabehindQCL (on the proof-theoreticside)is to forbid the useof resolution
after introductionof a disjunction: noticethata, —a and—a Vv —f (by disjunctionintroduction)are
consequenced K, butthat—f is not.

Notethatif K isin CNF andis consistentthenDefinition 2.6 yieldsclassicalentailment.Formally,
we have the following proposition,where denotesa CNF formula, ¢ the formula after deletionof
tautologicalclauses.

Proposition2.2. If K andy arein CNFandif K is classicallyconsistentthenK =gc ¢ iff K =cr, ¢.

This propositionis a directconsequencef resultsof [28]. Note alsothatthe strongQC modelsof
K arein this case(arewriting of) termsof a DNF of theknowledgebasekK .

2.2.2. Minimal QC models- Coherencefunction

Let us denoteby QC(K) the setof strongmodelsof K. In the following we will mainly work with
strongQC models,so the term QC modelwill meanstrong QC models,andwe will explicitly usethe
termweakwhenrequested.

Let usnow definethe notion of minimal QC model.

Definition 2.7. Thesetof minimal (strong)modelsof K is definedas:
MQC(K) ={X € QC(K) | if Y C X, thenY ¢ QC(K)}

Forexampleif K = {aV b}, thentheQCmodelsof K areQC(K) = {{+a}, {+b}, {+a, +b}, {+a,
—a,+b}, {+a,+b, —b}, {+a,—a,+b, —b}. Whereasthe mininal QC modelsof K are MQC(K) =
{{+a},{+b}}. They canbe viewed asa conciserepresentationf classicalmodelsof K when K is
classicallyconsistent.

We will now defineameasuref consisteng, calledcoherencelefinedin [16]. Let usfirst definethe
notionsof Conflictbasey. andof Opinionbasec.

Definition 2.8. Let X beaQC interpretation,
Conflictbaseq(X) ={a | +a € X and — a € X}
Opinionbaseqc(X) ={a| +a€ X or —a € X}

Intuitively the conflict bases the setof propositionakymbolson whichthereis conflictualinforma-
tion, andthe opinionbaseis the setof propositionalsymbolson which theinterpretatiorprovidessome
information.

Now thedegreeof coherencef aninterpretatioris definedas

Definition 2.9. Coherence. is afunctionfrom the setsof interpretationgo [0, 1] definedas:
Coherenceqyc () = 1 andvVX # ()

|Conflictbaseqc(X)|

Coh X)=1- —
oherenceqc(:X) |Opinionbaseqc(X)|
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If Coherenceqc(X) = 1, thenX istotally coherentandif Coherenceqc(X) = 0, thenX istotally
incoherent.

Example 2.2. (continued) For example,let X = {+a, —a,+b,+c,+f}, andY = {+a, —a,+b,
+d, +e,+f}, thenCoherenceq:(X) = 3/4 andCoherenceqy(Y) = 4/5.

Now we candefinethe degreeof coherenc®f a knowvledgebase:

Definition 2.10. Let K beaknowledgebasethenCoherence:(K) is definedas:

Coherenceqc(K) = max Coherenceqgc(X)
XemQce(K)

Note thattaking the mean or the min insteadof the max (or somerefinementof thoseones)may
alsoleadto othermeaningfulmeasuresThis “optimistic” choiceof the max seemdo be meaningful
whenonewantsto compareseveral knowvledgebasesn orderto decidewhich oneis the leastprob-
lematic. Usingmin insteadcanbe seenasits “pessimistic” counterpart.lt makes sensevhenwe are
interestedn theworstcase for examplewhenwe wantto know how mucheffort is neededo be sureto
recover consisteng This pointof view is closerto theoneadoptedn [20]. Takingthemean is usually
meaningfulwhenoneallows for compensationbetweenalternatves, soin this caseit meanghata lot
of modelswith a high coherenceould compensata modelwith averylow one.

Example 2.2. (continued) K = {a,~a Ab,cV d,cVe,~aV f}. ThenCoherenceqy(K) = 4/5.

2.2.3. Significancefunction

In [18], Hunteralso definesa degreeof Significancefor a contradiction. This degreeof significance
requiresanadditionalmeta-informatiorthatgivestherelative importanceof conflictsthataffectssetsof
propositionalatoms(that canbe seenasa “topic” of the base),andit computeghe significanceof the
contradictionembeddedn a given QC model. This degreeis definedasfollows:

Definition 2.11. A massassignment: is afunctionfrom 2°7s into [0, 1] suchthat:

e If Coherenceqc(X) = 1, thenu(X) =0

o > xuX)=1

To illustratewhatthis massassignmenandthis significancefunction mean,considerthe following
example[18]: supposdhatwe have someinformationabouta soccematchcomingfrom differentnews
reports.If thosepiecesof informationareconflictingaboutthe nationalityof therefereejt will behardly
noticedbecausat is not very important. It is not the samestory if the conflicting informationis about
the outcomeof the match.If onereportsaysthatteamA won the match,whereasanothersaysthatit is
teamB, thenit will bea moresignificantconflict. An exampleof massassignmenin this casecouldbe
to give a very smallmassto the conflict on the nationalityof the referee anda big massto the conflict
on the outcomeof the game(the remainingmasswill be usedto weightotherpossibleconflictson the
informationaboutthe match).
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Definition 2.12. A significancefunction (inducedby a massassignmeny:), denotedS. is a function
from 2°7s into [0, 1] definedas:

She(X) = Y w(W)

WCX

Theexplanationfor performingthe sumof all masse®f subset®f X relieson theintuition thatthe
significanceof conflictsin aninterpretationX cancomefrom differentindependensourcef conflicts,
andthatsomeconflictscanbe moreproblematiovhenwe have moreinformation. For example,usually
a conflict ontheweatherfor the dayis notvery importantfor me (asl work in my office), but if 1 know
alsothattoday! would like to go out (it is a non-working day),thenthe significanceof a conflicton the
weatheris muchmoreimportant.

Thenthemass-baseslignificanceunctionis extendedio knowledgebaseasfollows:

Definition 2.13. Let K beaknowledgebasethenthe significances definedas:

Soc(K) = min({S5c (X)X € MQC(K)})

Example 2.2. (continued) Let K = {a,—~a Ab,cV d,cVe,~aV f}. Andlet u({+a,—a}) = 0.1,
p({+a, —a.+c}) = 04, p({+c, —c}) = 0.3, p({+f,—f}) = 0.2 bethe correspondingnassassign-
ment. Thenwe have Soc({+a, —a, +b, +c,+f}) = 0.5, and Soc({+a, —a, +b, +d, +e, +f}) = 0.1,
sofinally Soc(K) = 0.1.

3. Quasi-possibilisticlogic

In the semanticsof possibilisticlogic, classicalinterpretationgeceve possibility weights. In quasi-
classicallogic the semanticgs basedn termsof reasondor or againstpropositionalsymbols. Unsur
prisingly, in quasi-possibilistidogic reasongor or againstpropositionalymbolsbecomeweighted.

In this sectionwe will supposehatall the formulasare (weighted)CNF. As in the quasi-classical
logic casejt doesnotleadto alost of generalityandeasehedefinitions.

3.1. Quasi-possibilisticconsequence

Let usdefinethe following notion of models:
Definition 3.1. Let Ops . bethesetdefinedasfollows:
Opsc={(+an)|ac PSsne L}U{(—an)|ac PS.neL}

Wecallary X C Ops,  aQIl interpretation.

Noticethatfrom the definitionaninterpretationX cancontainboth (+a n;) and(—a n2) for some
atoma. Similarly, notethatthe definitionallows for several (+-a n1), ..., (+a n;) in aninterpretation.
But we will seethatonly the occurrencewith the greatest:;, needso be takeninto consideratior(the
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othersarein somesensesubsumedy this one),sowe will supposehatonly onesuchoccurrencecan
occurin aninterpretation.

The meaningof suchaninterpretationX is that (+a n) € X meansthat X providesa reasorfor
a with confidencen anda reasonagainst-a with confidencen. Similarly (—a n) € X stateshat X
providesareasorfor —a with confidence: andareasoragainst: with confidencen.

Let usnow definethe notionof strongsatisaction:

Definition 3.2. For a model X, we definethe strongsatishctionrelation =g asfollows. Let a bea
propositionakymbol,letly, ... [, beliterals,andlet © andy betwo formulas::

e X s (a,n)iff (+am) € X withm >n
o X |5

o X |5

e X Es(l1 V... Vli,,n)iff

(X Es (l4,n)or...or X g (I,,n)) and
Vie{l,...,n} (if X =g (~1l;,n), thenX =g (Focus(ly V...V ly,1;),n))

—a,n) iff (—am) € X withm >n

(
(
(e A, iff X =g (p,n) andX =g (¢, n)
(

Thenotionof astrongmodelis easilyextendedo knowvledgebasegsetsof formulas)by statingthat
amodel X is astrongmodelof K if X is astrongmodelof all theformulasof K.

Example3.1. K = {(a,0.8),(—a A b,0.6),(c V d,0.5),(c V €,0.3),(ma Vv f,0.2)}. X = {(4+a 0.8),
(—a 0.6), (+b 0.6), (+¢ 0.5), (+f 0.2)}, Y = {(+a 0.8),(—a 0.6), (+b 0.6), (+d 0.5), (+e 0.3),
(+f0.2)}andZ = {(+a 0.8), (—a 0.9). (+b 0.6), (+c 1), (+f 0.4), (—f 0.7)} arethreestrongmodels
of K.

Notethatthemodel X = |, cps{(+ai 1), (—a; 1)} is astrongmodelof all formulasof Lps. So
every formulaof Lps alwayshasatleastonestrongmodel.
We alsodefinethefollowing notionof weaksatistction:

Definition 3.3. For amodel X, we definetheweaksatishctionrelation|=,, asfollows :

o X k=, (a,n)iff (+am) e X withm >n

e X Eu (A, n)iff X =y (¢,n) andX =y, (¢, n)

(
o X =y (ma,n)iff (—am) € X withm >n
(
o X s (Vo V d) I (X s (l,m) OF .. O X =5 (1)

Example 3.1. (continued) K = {(a,0.8), (—a A b,0.6), (c V d,0.5),(cV e,0.3),(-a V f,0.2)}. X =
{(+a 0.8), (—a 0.6), (+b 0.6), (+¢ 0.5)} andY = {(+a 0.8), (—a 0.9), (+b 0.9), (+d 0.5), (+e 0.3),
(+f 0.2)} aretwo weakmodelsof K.

Notethatstraighforvardly all strongmodelsof aformulaarealsoweakmodelsthereof.
Now we candefinethe consequenceelationasfollows :
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Definition 3.4. A formula (¢, n) is a (Quasi-possibilisticconsequencef (p, m) if andonly if all the
strongmodelsof (¢, m) areweakmodelsof (i, n) :

(p;m) Fque (¢, n) ff VX (X s (p,m) = X =y (¢,7))

The extensionof the definition of a consequence a knowledgebaseis straightforvardly doneby
consideringt conjunctvely, thatis aformula (¢, n) is aconsequencef aknovledgebasef all models
thatarestrongmodelsof eachformulaof theknowledgebaseareweakmodelsof (¢, n).

Example 3.1. (continued) K = {(a,0.8), (ma A b,0.6), (¢ vV d,0.5), (¢ V €,0.3),(ma V f,0.2)}. Con-
sequencesf K arefor example(a,0.8), (f,0.2), (b V ¢,0.6), etc.

Let usstressnow thatthe entailmentsodefinedis a true generalizatiorof quasi-classicagntailment
andpossibilisticentailment:

Proposition3.1. If L = {0, 1}, thenK =qgmr (¢, 1) if andonly if K* =q¢ ¢

We have alsothefollowing consequence

Corollary 3.1. If K =gnr (¢, m), thenK* |=g¢ ¢

Thisrelationbetweemguasi-possibilistitogic andquasi-classicdbgic canbeillustratedalsodirectly
onthecorrespondingatistctionrelation:

Letusnote X* the “classical”QC modeldervedfrom X, thatis X wherewe “forget” the weights,
ie. X* ={+a | (+am) € X}U{-a | (—am) € X}. Letusdenotealso X,, the m-cut of the
QC-modelX,i.e X,, ={(+an)e X |n>m}U{(—an) € X |n>m}.

Lemma3.1l. If X =g K, thenX* =g K*
If X =, K, thenX* |=, K*

This s straightforvardly obtainedfrom the definitionsof the satisactionrelations.Notethatin this
lemmawe usethe satishctionrelationof quasi-classicdbgic andof quasi-possibilisticfor the sale of
simplicity we do not puta subscriptfor makingthe distinctionbetweerthetwo. It cannotbeambiguous
sincethey do not work on the sameformulas, quasi-classicasatistction relation are usedwith QC
interpretationandclassicaformulas,whereagjuasi-possibilisticatishctionrelationareusedwith QIT
interpretationg&ndpossibilisticformulas.

So quasi-possibilistientailmentis a generalizatiorof quasi-classicagntailmentwhenwe allow a
finerscalethan{0, 1}. In thesameway, quasi-possibilistientailmentcanbe seenasa generalizatiorof
possibilisticentailment&asshovn in thefollowing proposition.

Firstwe canstatea usefullemma.

Lemma3.2. X =g Kiff Vm X}, =g K7,

Proof:
We will prove this by inductionon the m-cuts. Let us notem;, my, ..., m, the m-cuts,with m,; the
biggestm-cutandm, > 0 thelowestone.
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We first shaw that X,,,, s K, iff X}, s X, thenwe will usethe inductionassumption
Xy Es K, iff Vm < m; X, =5 K;;,. Thenfinally we will beableto concludeX,,, Fs K,,, iff
vm < mq X, s K, butasm, is thelowestcut, X,,,, =5 K, meansX =g K, thatgivesthe
conclusion.

Solet usbegin with X, =5 Ky, iff X}, s X, . Thisis obtaineddirectly by noticing that
the only weightin X,,, and K,,, is m1, soby usingthescalel. = {0, m;}, thisis a consequencef
proposition3.1.

Now supposehat X,,,. , s K, , iff Ym <m,_1 X}, =5 K. Wewantto provethat X,,, =5
K, iff Vm < m; X}, =g K, holds.Theonly if partis givendirectly by lemma3.1. For the if partwe
wantto shov X,,,. =s K,,,. We know from the hypothesighatall formulasin K,,,, , aresatisfiedoy
Xm,;_,» S0by X,,,. It remaingto shaw thatall formulasin K,,, — K,,,_, aresatisfiedoy X,,,,. Notethat
all thoseformulasareof the form (¢, m;). Let usprove it by inductionon the lengthof the formulas.
Assumelength(y) = 1,i.e. ¢ = a or ¢ = —a, with a € PS. Supposew.l.g thaty = a. Thenfrom
definitionof strongsatistction X,,,, =s (¢, m;) holdsiff (+a n) € X,,,, with n > m,;. Butit means
thatit holdsiff +-a € X, , i.e.iff X}, ¢, thatis the caseby hypothesisNow supposehatwe have
for length(p) = n — 1 thatX,,, s (¢, m;) if X, s ¢. Letusshaw thatthis propertyholdsalso
for length(p) = n. Soif length(p) = n,thenp = IA ¢ orp =1V ¢, withl =aorl = —a
s.t. a € PS andlength(¢’) = n — 1 (w.l.o.g. we will supposén the following that! = a). Soif
e =aNy¢, thenX,, Es (p,m;)holdsiff X,,, =g (a,m;) andX,,, Es (¢, m;). We have already
shavn that X,,,, =5 (a,m;) if X;, |= a andby inductionhypothesisve now that X,,,, =5 (o', m;) if
X s ¢'. Sothatgivesthat X,,,, |=s (¢, m;) holdsif X |=aandX} s ¢/, thatis by definition
X, EaA¢, thatholdsby hypothesisThe proofis similarfor o = a v ¢'.

0

We canalsoprove the sameresultfor weakmodelsin the sameway :
Lemma3.3. X |=, K iff Vim X}, =, K,

Proposition 3.2. If K is consisten{i.e. K* hasa classicaimodel),thenK =gz, (¢, n) if andonly if
K Enr (p,n), whereg is ¢ with tautologiesleleted.

Proof:
K =onr (¢,n) iff VX (X Es K = X =y (¢,1))
(definition3.4)
iff VX ((Ym X, s K3) = (Ym X5, Ew ($,0)5,)
(lemma3.2and3.3)
iff vm VX (X, s K, = X5, Fw (8.0)7,)

iff Vm K, =oc (¢, 1),
(definition2.6)

iff Vv K, =cor (p,n)k,
(equationl)
iff K f=nz (¢,1)
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So quasi-possibilisti entailmentcoincideswith possibilistic entailmentwhen the possibility dis-
tribution is normalized,but still provides meaningfulresultsin the caseof conflicts (non-normalized
possibilitydistribution).

Concerningcomputationatompleity, onecannotethatthegoodcomputationatompleity proper
tiesof bothquasi-classicdbgic andpossibilisticlogic arepresered for quasi-possibilistidogic.

Proposition 3.3. Thecompleity of theinferenceproblemfor quasi-possibilistitogic statedasfollows

e Input : A CNFknowledgebaseK anda CNF formula(yp, m)

e Output : DoesK =gz (¢, m) hold?
is coONP-complete.

Proof:
Thisproofis adirectgeneralizatiorf theproofthatinferencefor quasi-classicdbgic is coNP-complete
(proposition3 of [28]). The proof goesexactly the sameway, by increasinghe sizeof thelanguageand
translatingthe QC interpretationsnto classicalones. In our caseQII interpretationsan be translated
into possibilisticones.

The membershigroof holdssincethe translationtransformsguasi-possibilistiénferenceinto pos-
sibilistic inferencethatis coNP-completg8, 23].

The hardnesproof is straightforvard sinceinferencein quasi-classicadogic is a particularcaseof
inferencein quasi-possibilistitogic (cf proposition3.1). O

Notefinally thatthe entailmentrelationsodefinedis differentfrom thetpg andthetgg entailment
relationsof Section2.1.6.

This is easilyshavn for -gg, sincethe setof the consequencegy | K Fgg ¢} obtainedfrom this
relationis a classicallyconsistenset[3]. Thisis notthe casewith our paraconsisterihferencerelation
givenby the quasi-possibilistidogic, sincefor examplewith thebaseX = {(a,0.8), (—a,0.8)} wecan
deduceboth (a,0.8) and (—a, 0.8). We canalsonotethat quasi-possibilisti entailmentis lesssyntax
sensitve thant-gg. For examplefrom K = {(a A —a A b,0.8)} and K’ = {(a,0.8), (—a,0.8), (b,0.8)}
quasi-possibilistientailmentlead to the sameconclusionsfor examplethat (b, 0.8) holds. Whereas
with g5 we candeduce from K’ but notfrom K.

In orderto shawv the differencebetweenthe quasi-possibilisti inferencerelationandtpg, it is
enoughto note that on example2.1+pg doesnot allow us to infer arything on ¢, whereaswith the
quasi-possibilistiénferencerelationwe caninfer (¢, 0.2).

Example 3.2. Let usrestateheexampleof theintroductionin propositionalogic (we will usea pseudo
first-orderogic for concisenesdyut we still in the propositionalogic framevork). Peteworksin Greno-
ble; Peterlivesin Marseilles; Peteris in his forties. GrenobleandMarseillesaredistantplaces.More-
overwe have thegeneraknowledgethatif somebodyworksin aplace,(s)hecannotivein anothemplace
if thetwo placesaredistant.This situationcanbelogically encodedn thefollowing way (1 > A > §):

K = {VaVy(~work(z,y) V —dist(y, z) V -live(x, z), 1); (dist(G, M), 1)
(live(P, M), \)
(fort(P),0); (work(P,G),d)}



18 D. Dubois,S.KoniecznyH. Prade/ Quasi-possibilistidogic andits measuesof informationand conflict

If we usequasi-classicalogic for finding consequencesf this knowledge base,we cannottake
the weight into account(so we work with K*), and the consequenceare for example {live( P, M),
—work(P,G), work(P, ), ~live(P, M), fort(P)}, illustratingtheconflictin theknowledgebase But
it doesnotallow usto take into accounthefactthatiive( P, M) is morereliablethanwork(P, G).

With possibilisticlogic, degreesof certaintyaretaken into accountandwe candeducefor example
{(live(P, M), \), (~work(P,G),\)}, but it doesnot allow us to derive the conclusion( fort(P), )
thathasnothingto do with the conflict but is drown belown theinconsisteng level. Moreover it doesnot
distinguishbetweenformulason which we have no conflicting piecesof informationandformulasthat
arechallengedy (lessreliable)piecesof information.

Taking quasi-possibilistidogic we canobtain{(live(P, M), \), (~work(P, G), \), (—live(P, M),
9), (work(P,G),9), (fort(P),d)}. Sothereis nomoreary drovning effect andwe canseethateven
if live(P, M) is oneof the mostreliableconclusionsthereis somepieceof informationagainstit. We
think thatmakinga distinctionbetweenunchallengedonclusionsand plausiblebut conflicting onesis
animportantfeatureof quasi-possibilisti logic.

3.2. Coherencefunction

Let usdefinet+a asanotationfor +a or —a.
Now definethe setof modelsthatsubsume model X (thatis the setof modelsthatstronglysatisfy
atleastasmary formulasasmodel X):

subsum(X) ={Y | Y # X, Y* C X* and¥(+a; n) € X,3(+a; m) € Y withm < n, and
V(—a;in) € X,3(—a; m) € Y withm < n}

Let usdenoteby QII( K) thesetof strongmodelsof K. Letusnow definethenotionof minimal QII
model.

Definition 3.5. Thesetof minimal (strong)modelsof K is definedas:
MQIL(K) = {X € QI(K) | if Y € subsum(X), thenY ¢ QII(K)}

We will now definea measuref consisteny, calledcoherencegxtendingthe onedefinedin [16]. It
is anaturalextensionwherefuzzy scalarcardinalityreplace<ardinality

Let usfirst definethe notionsof Conflictbase,; andof Opinionbase;. As we needto definea
measuréere,we will from now on considerthatthe setof weightswill bethe |0, 1] intenal.

Definition 3.6. Let X beamodel,
Conflictbaseq (X) = {(an) | (+an;1) € X and(—a ng) € X andn = min(ni,ng)}
Opinionbaseqn(X) = {(an) | (fan) € X andf(+£a m) € X withm > n}

Let usdefinenow theamountof conflictandopinioncorrespondingo thosetwo sets thatis afuzzy
scalarcardinalityof thosesets:

Definition 3.7. Let B beasetof pairs(a n), wherea € PS andn € [0, 1], then A(B) = Z n
(a n)eB
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Now the degreeof coherenc®f a modelis definedas

Definition 3.8. Coherencegy, is afunctionfrom the setsof interpretationgo [0, 1] definedas:

A(Conflictbaseq (X))
A(Opinionbaseq; (X))

Coherencegn(X) =1 —

If Coherenceq,(X) = 1, then X is totally coherentandif Coherenceqy,(X) = 0, then X is
totally incoherent.

Example 3.1. (continued) If X = {(+a 0.8),(—a 0.6),(+b 0.6), (+c 0.5), (+f 0.2)}, andY =
{(+a 0.8), (—a 0.6), (+b 0.6), (+d 0.5), (+e 0.3), (+f 0.2)}. ThenCoherencey;(X) = 0.71 and
Coherenceq;(Y) = 0.75.

Now we candefinethe degreeof coherenc®f a knowvledgebase:
Definition 3.9. Let K beaknowledgebasethenCoherence,,(K) is definedas:

Coherenceq,(K) = Xeﬁ?ﬁ%}() Coherenceqy(X)

Example 3.1. (continued) K = {(a,0.8),(—a A b,0.6),(c V d,0.5), (¢ V €,0.3),(—a V f,0.2)}.
Coherenceq,(K) = 0.75

3.3. Coherencedistrib ution

The Coherencdunction of the previous sectionallows usto conciselyreflectthe amountof conflict of
a possibilisticknovledgebase. But the dravbackis thatit slightly departsfrom the purely qualitative
framework, sincenow conflictsarematterof degree,andseveralsmallconflictscanbeasimportantasa
big one.

We canfigure out anothergeneralizatiorof the coherencdunction, basedon m-cuts,thatallows us
to drawv a more precisepicture of the amountof conflictsin the knovledgebase. More formally, the
coherencdlistribution of a possibilisticknovledgebasekK is definedasthe set:

DistCoherence(K) = {(K,,, Coherenceq(K,)),m € [0,1]}

Example 3.1. (continued) K = {(a,0.8), (—a A b,0.6), (c vV d,0.5), (¢ V e,0.3), (-a V f,0.2)}.
Coherenceqc(Kyps) = 1, Coherenceqc(Kog) = 1/2, Coherenceoc(Ko5) = 2/3,
Coherenceqc(Kp.3) = 3/4, Coherenceqc(Kop2) = 4/5.

Thisexampleillustratesheinteresiof amoreprecisepicturethanthemeasurgivenby Coherencey,
sincethe coherenceneasuras not monotonicwith respecto the level-cutting of the knowledgebase.
Figure 1 shows thatin our exampleit is the 0.6 layer that is responsiblgfor mostof the conflictsin
the base.Non-monotonicityof the coherencdunctionis quite naturalsinceaddingnew formulasin a
knowledgebasecanbring moreinformation(in this caseCoherencéncrease)pr bring moreconflict (in
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this caseCoherencaelescrease \Whenthe nen formulasbring both, it depend®f their relatve amount.
Seg[15] for moreexplanations.

Fromthis coherencelistribution we cancomputea Coherencalegreethatis derivedfrom thedistri-
bution by usingthe certaintygapsbetweerthe m-cutsnormalizedasweights. This is the samekind of
ideaasin Section2.1.5,andit is, technicallyspeakinga Choquetntegral.

Definition 3.10.

Coherenceqp(K) = Z (mj —mj41).Coherenceqc(Ky, )

Jj=1,s

whereK,; isthem-cutof K andm; = 1.

Example 3.1. (continued) Coherenceqp(K) = (1 —0.6)1+ (0.6 —0.5)1/2+ (0.5—0.3)2/3+ (0.3 —
0.2)3/4 + (0.2)4/5 = 0.82

We canseeon this examplethat Coherenceq,p(K) is greatethanCoherenceq, (K), but it is not
alwaysthecase Forexampleif wetake K = {(a, 1), (—a, 1), (b,0.6)}, thenCoherence,,(K) = 0.375
whereaCoherenceqnp(K) = 0.3.

But one cannotethat the two functionsare true generalization®f the significancefunctionin the
guasi-classicatasesoif all theformulasof theknowledgebasediave thesameweight,thetwo functions
givethesameresult,andif thisweightis 1, thenthey give the sameresultasquasi-classicaignificance.
It is alsointerestingto notethatthe extremecasesrethe samefor thetwo functions,they bothgive 0 iff
thereis no conflictin thebase(i.e. K* is classicallyconsistent)andthey bothgives1 iff the weightsof
all theformulasof thebaseare1 andCoherenceyc(K*) = 1.

3.4. Significancefunction

We canalsodefinecounterpart®f Hunters significancefunction[18] in this quasi-possibilistidrame-
work.

In this frameawvork, the significancefunction musttake into accountthe strengthof the conflictson
literals. For exampleif u({+a, —a}) = 0.3, thenfor thetwo basesk = {(a,0.1), (—a,1)} and K’ =

Kos Kos Kos Koz Koo

Figurel. Coherencalistributionof K
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{(a, 1), (—a, 1)}, we noticethatthereis abig conflictin K’ abouta, whereasn K oneof thetwo literals
hasa very weak support,so the conflict is a very mild one. Sowe will definesignificancefunctions
that take this strengthof conflictsinto accountfor handlingthe meta-informationgiven by the mass
assignmentTo explain this we cango backto the soccematchexampleof Section2.2.3. Supposehat
our news reportscomefrom threedifferentnewspaper Thefirst news reportsaysthatthe winnerof the
matchis the A team. This newspapers a sportnewvspaper so we have a high confidencan its news
report. The seconchewspapelis a mainnationalone,saysthatthe refereewasBelgianandthatteamA
won. The lastnewspapels alittle regionalnenvspaperwith a quickly written news report. It saysthat
therefereewasltalian andthatteamB won. Sowe canwrite it as: K = {(a,0.8), (a A b,0.6), (—a A
—b,0.4)}, wherea denotesa win of teamA andb the Belgian nationality of the referee. With the
massassignment({+a, —a}) = 0.3 andu({+b, —b}) = 0.01 (theremainingmassis devotedto other
potentialconflicts not detailedhere),it is thennecessaryo be ableto definewhatis the significance
of the conflicts, accountingfor both the confidencein the information andthe relative importanceof
the conflicts. The massassignmenis definedasin the classicalframevork, but asthe modelshereare
weighted we will needto usetheweight-fogettingfunction.

Let usstatenow someof the expectedpropertiesof a significancefunction S. After thatwe will try
to generalizesignificancefunctionsin the framevork of quasi-possibilisti logic while satisfyingthose
properties.

(S1) If Coherence(K) = 1,thenS(K) =0

(S2) If Coherence(K) = 0, thenVK’ s.t. Atoms(K') = Atoms(K) S(K') < S(K)
(S3) S(K U K') > max(S(K),S(K"))

(S4) If Atoms(K) N Atoms(K') = 0, thenS(K U K') > S(K) + S(K')

The first propertyis the minimality, it statesthatif thereis no conflictin a knovledgebase,then
the significanceof the (non-&isting) conflict is 0. The secondpropertyis maximality, it statesthat
the greatestsignificanceof a knowvledge baseis reachedwhenit is fully conflictual. This property
alongwith the definition of the massassignmentallows us to deducethat a knovledgebaseK with
Coherence(K) = 0 and Atoms(K) = PS hasasignificanceof 1. Thethird propertystateshatwhen
joining two knowledgebasesthe significanceof the conflictis atleastasimportantasthe oneof eachof
theknowledgebases.This meanghathaving moreinformationcannot decreasé¢he significanceof the
existing conflicts. So significanceis monotonic,which contratswith coherencgseeSection3.3). The
lastpropertyis akind of separabilityproperty If two knowledgebasesareindependenin the sensahat
they do notshareary propositionalsymbol,thenthe significanceof the unionis greaterthanthe sumof
thesignificanceof thetwo basesThisis easilyexplained: whentakingtwo basedogethemwe getall the
conflicts(soall the significance}hatarein only onebase but we alsogetnew conflicts(so potentially
moresignificance).

Onecancheckthatthosepropertiesare satisfiedby the significancefunctionin the quasi-classical
case.Soonecouldexpectthemto hold alsofor its generalizations thequasi-possibilistidramewvork. It
is the casefor the oneswe definein thefollowing, exceptfor the qualitative significancdunction. Since
its definitionis no morebasecbn a sum,but on a purely qualitative one,property(S4)is not satisfiedas
such.We have to changethe“+” symbolby a max asusual,but in this caseproperty(S4)is subsumed
by property(S3).
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3.4.1. Cardinal Significance

This first definition of significancefunctionis a nave generalizatiorof Hunters definition, basedon a
fuzzy scalarcardinality:

Y on
(an)eB

Definition 3.11. Let B beasetof pairs(a n), wherea € PS andn € [0, 1], thenC(B) = —5—

Definition 3.12. A possibilisticcardinalsignificancefunction (inducedby a massassignmenj:), de-
notedSy,, is afunctionfrom 297s.< into [0, 1] definedas:

Sh (X) = Y p(W*) x C(Conflictbaseq, (W)
WCX

Example3.1. (continued)Let K = {(a,0.8), (maAb,0.6), (cVd,0.5), (cVe, 0.3),(—aV f,0.2)}. And
let u({+a, —a}) = 0.1, u({+a, —a, +c} = 0.4, u({+c, —c}) = 0.3, u({+f,—f}) = 0.2 bethecorre-
spondingmassassignmentThenwe have Sqr, ({(+a 0.8), (—a 0.6), (+b 0.6), (+¢ 0.5), (+f 0.2)}) =
0.5 % 0.6 = 0.3, andSor, ({(+a 0.8), (—a 0.6), (+b 0.6), (+d 0.5), (+€ 0.3), (+f 0.2)}) = 0.1 x 0.6 =
0.06, andSgy, (K) = 0.06.

This definition, basedon a fuzzy scalarcardinality suffers from the fact that several small conflicts
canbeasimportantasabig one.Soif onewantsto avoid this situation,onehasto seekfor otherindices.

3.4.2. Choquet Significance

This generalizatiorof the significancefunction allows usto take into accountthe certaintygapbetween
conflicts. It is basedon a Choquetintegral.

Definition 3.13. A possibilisticChoquetsignificancefunction (inducedby a massassignmenj:), de-
notedSy,, is afunctionfrom 297s.2 into [0, 1] definedas:

Sy (X) = Y (mj —mj11)She(X7,.)

Jj=1,s

Example3.1. (continued)Let K = {(a,0.8), (maAb,0.6), (cVd,0.5), (cVe, 0.3),(—aV f,0.2)}. And
let u({+a, —a}) = 0.1, u({+a, —a, +c} = 0.4, u({+c, —c}) = 0.3, u({+f, —f}) = 0.2 bethecorre-
spondingmassassignmentThenwe have Sy, ({(4a 0.8), (—a 0.6), (+b 0.6), (+¢ 0.5), (+f 0.2)}) =
(0.8—0.6)0+ (0.6—0.5)0.14(0.5—0.2)0.5+(0.2)0.5 = 0.26 andSgr, ({(+a 0.8), (—a 0.6), (+b 0.6),
(+d 0.5), (+€ 0.3), (+£ 0.2)}) = (0.6)0.1 = 0.06, and Sy, (K) = 0.06.

We candefineadistribution of significancefor abase asdonefor the coherencdunctionin Section
3.3. This allows usto have a more preciserepresentationf this measure.But, corversely computing
directly Sqor, givesaconciseview of this distribution.

This definitionis still quantitatve sincewe usethe certaintygapsbetweenmn-cuts. In thefollowing
sectionwe will definea purelyqualitative significanceunction.
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3.4.3. Qualitati ve Significance

We needto redefinethe massassignmenin orderto geta morequalitative definition.

Definition 3.14. A qualitatve massassignmeng:* is a functionfrom 2075 to [0, 1] suchthat
e If Coherenceq(X™*) =1, theny*(X*) =0
e maxy pu*(X*) =1

Definition 3.15. Let B beasetof pairs(a n), wherea € PS andn € [0, 1], thenB(B) = max{n |
(an) € B}.

Definition 3.16. A qualitative possibilisticsignificancefunction (inducedby a qualitatve massassign-
menty*), denotedSs,, is afunctionfrom 297s.2 into [0, 1] definedas:

SE(X) = max min(u*(W*), B(Conflictbaseq; (W)))

W*eX*

Example 3.1. (continued) Let K = {(a,0.8), (—a A b,0.6), (c V d,0.5), (c V e,0.3). And let u*({+a,
—a}) = 0.1, p*({+a, —a, +c} = 04, p*({+¢, —c}) = 0.3, " ({+/, = f}) = 0.2, p*({+b, -b}) = 1
be the correspondingnassassignment.Thenwe have Sqp, ({(+a 0.8), (—a 0.6), (+b 0.6), (+c 0.5),
(+/0.2)}) = max(min({0.1,0.6}, min({0.4,0.6})) = 0.4, and Sqr, ({(+a 0.8), (—a 0.6), (+b 0.6),
(+d 0.5), (+€ 0.3), (+f 0.2)}) = max(min({0.1,0.6})) = 0.1, andSo, (K) = 0.1.

Whereascardinalsignificanceand Choquetsignificancearetrue generalizatiorof Hunters signifi-
cancein the sensehatif all theweightsare0 or 1, thenHunters significances recovered,it is notthe
casewith this qualitative significancefunction, thatgivesin the {0,1} case(i.e. in the quasi-classical
frameawork) a significanceof 0 if thereis no conflict,and1 if thereis onein theinterpretation.

4. Concluding remarks

This paperhasprovided a first introductionof quasi-possibilistidogic, alogic aiming at handlingboth
plaincontradictionsandpriority (or certainty)levelsof the piecesof informationin aunifiedway. Quasi-
possibilisticlogic hasstill to be developed,in particularits syntacticcounterpar{with its associatedh-
ferencealgorithms).Thedevelopmenif the syntacticmachineryof QI1L maybediscussedn themore
generakettingof the definition of possibilityandnecessitymeasuresn non-classicalogic structuresa
guestionwhich hasbeenalreadyconsideredn [5]. However, in [5], only oneparticularlogic, daCostas
C,, which substentiallydiffersfrom QC'L, is takenasanexampleof paraconsiteribgic associateavith
necessitymeasuresMoreover a moresystematicomparisorof this inferencewith otherinconsisteng-
tolerantinferencerelationswhich go beyond standardoossibilisticinferencehasto be carriedon.

The paperhasdiscussedereral typesof generalizedneasure®f informationand conflict, similar
ideascouldbethoughtof for anotheitype of weightedogic, namedpenaltylogic [10]. Indeedin penalty
logic, the costof interpretationsanbe relatedto the contourfunction of a belief structure.Information
measureslsoexist in the latterframevork andcould be adaptedo penaltylogic.
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