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Abstract. Possibilisticlogic andquasi-classicallogic aretwo logicsthatweredevelopedin artificial
intelligencefor coping with inconsistency in different ways, yet preservingthe main featuresof
classicallogic. This paperpresentsa new logic, calledquasi-possibilisticlogic, thatencompasses
possibilisticlogic andquasi-classicallogic, andpreservesthe meritsof both logics. Indeed,it can
handleplainconflictstakingplaceat thesamelevel of certainty(asin quasi-classicallogic), andtake
advantageof thestratificationof theknowledgebaseinto certaintylayersfor introducinggradedness
in conflict analysis(asin possibilisticlogic). Whenqueryingknowledgebases,it maybeof interest
to evaluatethe extent to which the relevant available information is preciseandconsistent. The
paperreview measuresof (im)precisionandinconsistency/conflictexisting in possibilisticlogic and
quasi-classicallogic, andproposesgeneralizedmeasuresin theunifiedframework.

Keywords: possibilisticlogic, paraconsistentlogic, measuresof information, inconsistency, un-
certainty.

1. Intr oduction

Information is often pervadedwith uncertaintyor inconsistency. This stateof affairs hasled to the
developmentof importantresearchtrendsin artificial intelligencein thelastthirty yearsin orderto design
inferencetoolscapableof copingwith uncertaintyand/orinconsistency. In thepresenceof inconsistency,
two generalapproachescanbeconceived,namelyeitherto restoreconsistency by “getting rid” of a part
of theinformationin oneway or another(seee.g. [24, 25, 11, 19, 21]), or to “li ve” with it by still being
ableto draw inferencesof interest(seee.g.[31, 6, 2, 3, 14, 15]).
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In this paper, we areinterestedin thesecondtypeof approach.Thereis indeeda needfor handling
contradictoryinformationin a safeway in inferenceprocesses.Inconsistency situationsmaybedueto
informationcomingfrom differentsources,or to thecohabitationof recentinformationwith olderone,
assuggestedby the following toy example. Let ussupposewe have somepiecesof informationabout
Peter, maybecomingfrom differentsources.Peterworksin Grenoble; Peterlives in Marseilles; Peter
is in his forties. Moreover we have thegeneralknowledgethat if somebodyworksin someplace, (s)he
cannotlive in anotherplaceif thetwo placesare distant. Besides,GrenobleandMarseillesare distant
places. In sucha case,inconsistency-free informationsuchasPeter is in his fortiesshouldnot be lost
in the inferenceprocess.Moreover, it would be useful to statethat the available informationenables
us to concludethatboth Peterworksin GrenobleandPeterworksin Marseilles, aswell asPeter lives
in GrenobleandPeter lives in Marseilles. Note that having contradictoryinformationis not the same
ashaving no information(e. g., the availableinformationdoesnot enableus to concludeif Peter has
blue eyesis true or not). Lastly, it may be desirablein suchan exampleto stratify the informationin
layerscorrespondingto differentlevel of certainty. For instance,thepieceof informationPeter lives in
Marseillesmayberatherold andassuchwould benot regardedascompletelycertain,thenthis should
leadto a preferencefor the conclusionsPeter works in GrenobleandPeter lives in Grenoble. In this
paper, we developa logical framework rich enoughfor handlingthesedifferentissuesin a rigorousand
efficientway.

Possibilisticlogic andquasi-classicallogic aretwo logicsthathavebeendevelopedin artificial intel-
ligencefor copingwith inconsistency in differentways. Possibilisticlogic ( !#" ) extendsclassicallogic
by consideringclassicalformulasassociatedwith certaintylevels. Theselevels areat the coreof the
inferencemechanism.They allow usto computeglobal inconsistency levels for suchknowledgebases.
Paraconsistentlogics aim to handleinconsistentpiecesof informationby isolatingthem,avoiding the
trivializationof theinferencefor thewholebase.Quasi-classicallogic ( $&%'" ) is oneof thoselogics. It
hasthenicefeatureof possessinga semanticscloseto theoneof classicallogic. Thesetwo logicsshare
a valuablefeature,sinceboth of themremainascloseaspossibleto classicallogic, which is clearly
advantageous,bothfrom modelingandcomputationalcomplexity pointsof view.

This paperpresentsa new logic, called quasi-possibilisticlogic, which encompassespossibilistic
logic andquasi-classicallogic asparticularcases,andpreserves the meritsof eachlogic. Indeed,we
canhandlelocal conflictstakingplaceat a givenlevel of certainty(asin quasi-classicallogic), andtake
advantageof thestratificationof theknowledgebaseinto certaintylayersfor introducinggradednessin
conflictanalysis(asin possibilisticlogic).

Section2 providesarefresheron !#" and $&%'" . Section3 introducesquasi-possibilisticlogic ( $'!(" )
whichprovidesajoint framework for dealingwith uncertainandparaconsistentinformation.Information
measurespertainingto uncertaintyor to inconsistency arealsobriefly discussedin !#" , $&%'" and $&!#" .

2. Background

We considera propositionallanguage)+*-, basedon a finite setof propositionalsymbols .0/ andthe
connectives 132547654785479;: . We will denotetheformulasin ) *-, by lower Greekletters <=4?>@47A7A7A Wewill
denotetheatoms(propositionalsymbols)of the languageby B�47CD47EF47A7A7A For eachatom BHGI)+*-, , B is a
literal and 25B is a literal. We will denoteliteralsby J�47JLKD47A7A7A We will denoteMON-P the inferencerelation
of classicallogic.
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Let QR"S47T0U bea totally orderedset,we will denotetheelementsof " by VW4?XY4?V K 4?V[Z347A7A7A . A possi-
bilistic formulais a pair QR<\4?VWU where < is a propositionalformulaand V is the“weight” of theformula
(i.e. anelementof " ). In thefollowing " will beoftentakenasthe ] ^347_F` interval for thesake of simplic-
ity, however aboundedintegerinterval wouldbeenoughfor theresultsto hold.

A knowledgebasea will bea finite setof formulas. Dependingon the framework thoseformulas
will beclassicalformulas(in Section2.2)or possibilisticformulas,but it will never beambiguous.

Let a bea knowledgebase,we note ] ab` thesetof modelsof a andwe note cWdDe�XYf�QRagU thesetof
propositionalsymbolsof .0/ appearingin a . Let c beaset, h cih will denotethecardinalityof this set.

2.1. Possibilistic logic

We now recall themain featuresof possibilisticlogic beforeintroducingmeasuresof (im)precisionfor
possibilisticknowledgebasesanddiscussingsomeparaconsistentextensionsof possibilisticlogic.

Possibilisticlogic is a weightedlogic of incompleteknowledge. It partitionsa classicalknowledge
baseinto subsetsof formulasaccordingto their levelsof certainty. Sincesomeformulasaremorecertain
thanothers,it ispossibleto isolateaconsistentsubsetof sufficiently certainformulasfrom aninconsistent
knowledgebase,andinferencebecomesnon-trivial in thepresenceof inconsistency.

A possibilisticlogic [8, 7] formulais aclassicallogic formula < weightedin termsof a lowerboundVYGIQR^347_F` of anecessitymeasure,i.e., thepossibilisticlogic formula QR<\4?VWU is understoodas jgQR<\UWklV ,
where j is a necessitymeasure.

Basically, possibilisticlogic inferenceaimsat deducingformulaswith their certaintylevels,or for-
mulashaving acertaintylevel greaterthansomethreshold.

2.1.1. Necessityand possibility measures

A necessitymeasurej is a functionfrom thesetof logical formulasto a totally orderedboundedscale,
which is characterizedby theaxioms

i) jgQRm0U5no_ ,
ii) jgQRp0U5no^

where m and p standfor tautologyandcontradictionrespectively, and ^ and _ arethebottomandthe
topelementof thescale" ,

iii) jgQR<H8q>#UWnsrut vwQRjgQR<=UR47jgQx>#URU .
We usethe real interval ] ^347_F` as the rangeof necessitymeasuresin the following, but this is not

compulsory. A (finite or not) totally orderedscaleboundedby a bottomanda top elementis enough.A
possibilitymeasure! is associatedby dualitywith j , namely

!(QR<\UWny_{z|jgQR25<\U
where_+zYQRU is theorder-reversingmapof thescale.It expressesthattheabsenceof certaintyin favor of25< leaves < possible.! satisfiesthecharacteristicproperty !(QR<H6q>@U5nsru}F~-QR!#QR<=UR47!#QR<\URU .
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2.1.2. Syntactic aspects

Themin-decomposabilityof necessitymeasuresallowsusto work with weightedclauseswithout lackof
generality, since j�Q ��� K�� � < � U�k�X����	�F47j�QR< � U�k�X , i.e., Q ��� K�� � < � 4?XYU�� ��� K�� � QR< � 4?XYU . Sowe
will call (weighted)CNFof apossibilisticknowledgebasea asetof weightedclausesthatis equivalent
to a , i.e. thatcorrespondsto thesamenecessitymeasure1 .

Let M denotethe syntacticinferencein possibilisticlogic. The basicinferencerule in possibilistic
logic is thefollowing one:

� QR2W<H6q>#4?XYU=QR<�6���4?VWU=M�Qx>l6i��47rut vwQxXY4?VWURU (resolutionrule)

This rule is enoughto make proofsusingrefutation.It implementsanold principleclaimingthatthe
validity of a chainof inferencesis thevalidity of its weakestlink. Let a bea knowledgebasemadeof
possibilisticlogic formulas.Proving QR<=4?XYU from a amountsto adding QR25<\47_3U , put in clausalform, toa , andusingtheabove rule repeatedlyto show that a���QR25<\47_3UWM�QRp&4?XYU .

Thenaturalfollowing inferencerulesarealsoeasilyretrieved:

� for VY�lX�QR<\4?XYU=M�QR<\4?VWU (weightweakening)

� if <�M	N-Pu> , then QR<\4?XYU�MbQx>@4?XYU (formulaweakening)

� QR<\4?XYU\QR<\4?VWU\M�QR<\4?XYB��=QxXY4?VWURU (weightfusion)

Classicalresolutionis retrievedwhenall theweightsareequalto _ . Moreover

a�MHQR<\4?XYU if andonly if a��  M	N-P¡< (1)

wherea   is theso-calledX -cutof thepossibilisticbasea andis definedas a   ns13QR<\4?VWUlh¢QR<\4?VWU5Ga with V£k�XY: , and a � is called the classicalprojectionof a andis definedasthe setof classical
formulasobtainedfrom a possibilisticknowledgebase a by forgetting the weights : a � n¤13< hQR<\4?VWU5GIa�: . Notethatformulasof theform QR<\47^3U whichdonotcontainany information Qx��<\47j�QR<\USks^
alwaysholds)arenever written.

2.1.3. Semanticaspects

Froma semanticpoint of view, a possibilisticknowledgebasea¥n¦13QR< � 4?X � UR: ��� K�� � is associatedwith
thepossibilitydistribution §©¨ representingthefuzzy setof modelsª of a :

§ ¨ Qxª=UWn«rut v��� K�� � r¬}F~©Qx­S® ¯�°²±�Qxª\UR47_{z�X � U (2)

where ] < � ` denotesthe setsof modelsof < � and ­ ® ¯�°²± its characteristicfunction. It canbe shown that§�¨ is the largestpossibility distribution suchthat j(¨�QR< � UHk�V � 4?�	��n³_347´ , i.e., the possibility dis-
tribution which allocatesthe greatestpossiblepossibility degree to eachinterpretationin agreement
with the constraintsinducedby a (where j ¨ is the necessitymeasureassociatedwith § ¨ , namely!+¨�QR2W<=UWnsru}F~�µ·¶ ®¹¸�¯3± §©¨'Qxª\U andthus j#¨'QR<\USnsrut vOµ·¶ ®¹¸º¯3± QR_{z�§©¨'Qxª\URURU .
1Sucha weightedCNF form alwaysexistsandgivesthesameinferencesthattheoriginal knowledgebase[8].
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Thus,a possibilisticlogic baseis associatedwith a fuzzy setof models.This representsthesetof
moreor lessplausiblestatesof the world (accordingto the availableinformation),whendealingwith
uncertainty. A possibilitydistribution which rank-orderspossiblestatesis thussemanticallyequivalent
to apossibilisticlogic base.Thesemanticentailmentis thendefinedby

a�hnsQR<\4?XYU if andonly if j(¨�QR<\U5klX
QR�»�	ªq§�¨�Qxª=UW�sru}F~-Qx­ ® ¯3± Qxª=UR47_¢z�XYURU

2.1.4. Inconsistencylevel

An importantfeatureof possibilisticlogic is its ability to dealwith inconsistency. The level of incon-
sistency of a possibilisticlogic baseis definedas �
VWEDQRa�U�n�ru}F~-1FX h[a¼M�QRp&4?XYUR: (by conventionXYBº�g½�n¾^ ). We canexplain this inconsistency level with the X -cuts: theinconsistency level of a base
is thegreatestX suchthat thecorrespondingX -cut is classicallyinconsistent.Clearly, any entailmenta M¿QR<\4?XYU with X À��ÁVWEFQRa�U canbe rewritten as a�Â
ÃÅÄÇÆ  M¾QR<\4?XYU , where a�Â
ÃÅÄÇÆ  nÈ13QR< � 4?X � UHGa Â
ÃÅÄÇÆ with X � k£XY: and a Â
ÃÅÄ�Æ nÉa�zo13QR< � 4?X � U with X � �¾�
VWEDQRa�UR: is thesetof formulaswhose
weightsareabove the level of inconsistency andwhich arethusnot involved in the inconsistency. In-
deed,�
VWEDQRa Â
ÃÅÄÇÆ U¢n¦^ . More generally, �
VWEDQRagU(nÊ^ if andonly if a � is consistentin theusualsense.
Moreover, it canbeshown that

�
VWEDQRa�U5ns_¢zËru}F~µ § ¨ Qxª=U (3)

The syntacticinferencemachineryof possibilisticlogic, usingresolutionandrefutation,hasbeen
provedto besoundandcompletewith respectto thesemantics[8, 7]. Soundnessandcompletenessare
expressedby

a�M�QR<\4?XYU5��a�hnsQR<\4?XYU for XÌÀË�
VWEDQRagU
It is importantto observe thatformulasin a whosecertaintylevel is strictly smallerthan�ÁVWEFQRa�U are

“dr owned” in thesensethat they cannotbe inferrednor beusedin a valid proof. A way to escapethe
drowning effect is presentedin Section2.1.6.

2.1.5. Measure of impr ecision

Informationmeasureshave beenintroducedfor a long time in probability theory. They alsoexist in
the propositionallogic setting,whereLozinskii [26, 27] hasproposedh .0/(h�zsÍ Î3Ï Z hÐ] a¬`Fh asa measure
of precision(information) of a consistentknowledgebase a . Information measureshave beenalso
introducedin otheruncertaintyframeworkssuchaspossibility theoryandbelief functiontheory[9]. In
particular, a possibilitydistribution canbeassociatedwith a measureof imprecisionwhich generalizes
Hartley measureof information[12] (which is itself aparticularcaseof Shannonentropy), asrecalledin
thefollowing.

A possibilitydistribution § canbeassociatedwith aninformationmeasureÑºXHÒÓQx§WU whichevaluates
its imprecision(e.g.,[13, 9]). It is definedby
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ÑºXHÒÓQx§WU5n Ô � K�� Æ
Qx§ Ô z�§ ÔFÕ K URAÐJ�e�Ö�Z7× (4)

where§ is a normalizedpossibilitydistribution (i.e. ru}F~ µ §WQxª=UWny_ ), definedon asetof interpretations1Fª\KD47A7A7AÇ4?ª Æ : with f elementsª Ô whichareassumedto berankedin suchawaythatthe §WQxª Ô U�nl§ Ô form
a non-increasingsequence§ K n¦_uk£A7A7A[k�§ Ô k£A7A7A�k�§ Æ k�§ Æ

Õ K n£^ . Notethat 1Fª K 47A7A7Aº4?ª Ô : is the
setof interpretationswhosepossibilitydegreeis greateror equalto § Ô andhascardinality× . Introducing
theset Ø Ô no1Fª\KD47A7A7A�4?ªÓ×�: , Ñ7XHÒÓQx§WU is still equalto

Ñ7XHÒÓQx§WU5n Ô � K�� Æ
ÒÓQRØ Ô URAÐJ�e�Ö Z h Ø;×-h (5)

where ÒÓQRØ Ô U;n¤§ Ô zs§ ÔFÕ K . Observe that
Ô � K�� Æ Ò�QRØ

Ô U;n _ and more generallythat §WQxª � U|nÔ ��� � Æ ÒÓQRØ
Ô U . It canbe shown that if §�hn£§[Ù (i.e. §Ú�¿§[Ù ) then Ñ7XHÒ�Qx§WU&�ÉÑºXHÒÓQx§[Ù�U , which agrees

with theideathat(semantic)entailmentfavorsimprecision.Clearly, interpretationswith highpossibility
degreescontributemoreto imprecisionthaninterpretationswith low possibilitydegrees.Axiomatic jus-
tificationsfor (4) have beenprovidedby HigashiandKlir [13] andby Ramer[30]. Notethat if § is the
characteristicfunctionof a subsetwith Û elements,i.e. §\K#n¦A7A7Awn�§�Ü�n£_ and §�Ü Õ K#n£A7A7A[n�§ Æ n£^ ,Ñ7XHÒ�Qx§WU&n�Jxe�Ö Z Û , which is known asthe Hartley [12] entropy of a subset.When ÛYn�_ , thereis one
interpretationand ÑºXHÒÓQx§WU�ns^ , which indeedmeansthatthereis no imprecision.

Thus,ameasureof imprecisionÑ7XHÒ�Qx§�¨�U canbeassociatedwith afully consistentpossibilisticlogic
basea , where§�¨ is definedby (2) (theconsistency of a , i.e. �ÁVWEFQRa�U5ny^ ensuresthenormalizationof§ ¨ ). Let X K ksA7A7A	klX¡Ý bethedifferentcertaintylevelsassociatedwith formulasin a . Then,it canbe
checkedthat

Ñ7XHÒÓQx§©¨qU�nlX Ý AÐJ�e�Ö Z hÐ] a  ¢Þ `FhFß;QxX Ý
à K�zgX Ý URAÐJ�e�Ö Z hÐ] a   ÞLáãâ `FhDß;A7A7Aäß|QR_{z�XåKFURAÐJ�e�Ö ZDæ ¨ (6)

whereæ ¨ is the numberof interpretationsinducedby the language.Note that X¡Ý\ßoQxX¡Ý
à K zlX¡ÝÅU�ßA7A7A�ßYQR_WzHXåKFU5ny_ . So,if we introducé furtherpropositionalsymbolsin thelanguage,then ÑºXHÒÓQx§�¨�U
is changedinto Ñ7XHÒÓQx§©¨'U+ßç´ , i.e. imprecisionis increasedas expected,but by a fixed amount. In
particular, whenall the formulasin a arefully certain, ÑºXHÒÓQx§�¨�U&nèJ�e�Ö Z hÐ] ab`Fh sinced¬nÉ_ and aéna  êâ . Whenall the formulasin a arefully certain,this measureof imprecisionreducesto Lozinskii’s
measureof information(precision),up to areversingof thescale.Thereexist othernoticeablemeasures,
suchthatYager’s specificityindex [32], which ratherestimatesprecision,andis definedby /©ÒÓëÇQx§WU0nÔ � K�� Æ ÒÓQRØ

Ô URAÐQR_3ìOh Ø Ô h U .
Lastly, observe that the measureof imprecision Ñ7XHÒÓQx§©¨'U is definedonly when a is consistent

(i.e. when § ¨ is normalized). It could be extendedto the inconsistentcase,by noticing that in gen-
eral §\K��¥_ and

Ô � K�� Æ Ò�QRØ
Ô U�n¥_�zí�
VWEDQRagU , which leadsto changeÑ7XHÒÓQx§©¨qU given by (5) intoÑ7XHÒ�Qx§�¨�URì3QR_¢z��
VWEDQRa�URU . In suchacase,boththeinconsistency level �
VWEDQRa�U andtheimprecisionmea-

sure Ñ7XHÒÓQx§©¨'URì3QR_(z��
VWEDQRa�URU shouldbeprovidedto theuser.
But we may think of otherwaysto renormalize§ ¨ , andthe problemof definingthe imprecision

(information)of a possibilisticbasein thepresenceof hardconflicts(i.e. when §�¨ is not normalized)
hasnot beenstudiedyet. The coherencefunctionsintroducedin Section3.2 canbe seenascandidate
definitionsfor takinginto accountimprecisionandconflictstogether.
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2.1.6. Handling paraconsistentinformation

An extensionof thepossibilisticinferencewasproposedfor handlingparaconsistentinformation[3]. It
is definedas follows. First, for eachformula < suchthat QR<\4?XYU is in a , computeQR<\4?ÒÓ47î�U where Ò
(resp. î ) is thehighestdegreewith which < (resp. 25< ) is supportedin a . Moreprecisely< is saidto be
supportedin a at leastatdegreeÛ if thereis aconsistentsub-baseof a �Ü whichentails< . Let a Ã bethe
setof bi-weightedformulaswhich is thusobtained.

Example2.1. For instance,take a n¥13QRB�47^3AÐï3UR47QR25BH6lCD47^3AÐð3UR47QR25Bã47^3AÐñ3UR47QR2WEF47^3AÐò·UR47Q�ED4º^3AÐóäUR4{QR25E#6lCD4^3AÐ_3UR: . Then a�Ã(ns13QRB�47^3AÐï347^3AÐñ3UR47QR25BS6iCF47^3Aôð34º^3UR4ºQR25B�47^äAÐñ34º^3AÐïäUR4�QR25ED47^äAÐò34º^3Aõó3UR4�QRED47^3AÐó347^3AÐò3UR47QR25EÓ6iCD47^3AÐðä4^3UR: .
A formula QR<\4?ÒÓ47î�U is said to have a paraconsistency degreeequalto rut vwQxÒÓ47î�U . For definingan

inferencerelationfrom a�Ã , we introducetwo measures:

� theundefeasibilitydegreeof aconsistentset c of formulas:

ö'÷ QRc#U�nsrut v�1FÒ�h�QR<\4?ÒÓ47î�UWGIa Ã and <�GIc#:
� theunsafenessdegreeof aconsistentset c of formulas:

ö /5QRc(UWnsru}F~-13î¬h�QR<=4?Ò�47î�USGIa Ã and <�GIc(:
We say that c is a reasonfor > if c is a minimal (for set inclusion)consistentsubsetof a that

implies > , i.e. :

� c�øsa
� c � N-P¡p
� c � M	N-Pi>
� ��ùçúsc#47ù � N-Pi>
Let J�BãCDë�J�Qx>@Uên«13QRc(4 ö'÷ QRc#UR4 ö /WQRc(URUHhÓc is a reasonfor >#: , and JxB�CDë�J�Qx>#U � nÉ13c�hÓQRc#4 ö&÷ QRc(UR4ö /5QRc#URU�G»J�BãCDëÇJxQx>@UR: . Then Qx>#4 ö'÷ QRcSÙ
UR4 ö /5QRcSÙ�URU is said to be a DS-consequenceof a Ã (or a ),

denotedby aÈM	û�ü�Qx>@4 ö&÷ QRc Ù UR4 ö /5QRc Ù URU , if andonly if
ö&÷ QRc Ù U�À ö /5QRc Ù U , where c Ù is maximizingö&÷ QRc(U in JxB�CDë�J�Qx>#U � andin caseof severalsuchc Ù , theonewhichminimizes

ö /5QRc Ù U . It canbechecked
that M	û�ü extendstheentailmentin possibilisticlogic [3].

Example 2.1. (continued) In the above example, J�B�CDë�J�Qx>#U�nè13QRc#47^3AÐð347^3AÐñ3UR47QRùq47^3AÐó34º^3AÐòäUR: with cýn13QRBã47^3AÐï347^3AÐñ3UR4ÓQR25B#6�CD47^3AÐð347^3UR: and ùçny13QREF47^3AÐó347^3AÐò3UR47QR2WE+6¡CF47^3AÐð347^3UR: . Then, a�MOû�ü�QRCD47^3AÐð347^3AÐñ3U .
If we first minimize

ö /5QRc#U andthenmaximize
ö'÷ QRcSÙ�U , theentailmentwould not extendthepos-

sibilistic entailment. Indeedin the above example,we would select QRùq47^3AÐó347^3AÐò3U but ^3AÐóåÀþ^3AÐò does
not hold, while aÿM�QRCD47^3AÐð3U since ^3AÐð�ÀÊ�
VWEDQRa�U'n�^3AÐñ . Note that M	û�ü is moreproductive thanthe
possibilisticentailment,asseenon theexample,e.g., a¥M	û�üåQR2WEF47^3AÐò347^3AÐó3U , while a�M QR25ED47^3AÐò3U does
notholdsincê3AÐò'Tl�
VWEDQRa�U5ns^3AÐñ .
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An entailmentdenotedM ü·ü , namedsafely supported-consequence relation, lessdemandingthanM	û�ü , is definedby a�M	üãü�> if andonly if
� cíGIJ�BãCDë�J�Qx>@U suchthat

ö&÷ QRc(UWÀ ö /5QRc#U . It canbeshown
thattheset 1F>¦h�a�M	ü·üi>#: is classicallyconsistent[3].

2.2. Quasi-classicallogic

In [4, 15]BesnardandHunterdefineanew paraconsistentlogic. Thislogic hasseveralverynicefeatures,
in particulartheconnectivesbehave classically, andwhentheknowledgebaseis classicallyconsistent,
thenquasi-classicallogic givesalmostthe sameconclusionsasclassicallogic2. Moreover it hasbeen
provedin [28] thatinferencein quasi-classicallogic hasa very low computationalcomplexity. It is only
coNP-complete.That is muchlessthanmostapproachesto reasoningunderinconsistency, which are
typically at thesecondlevel of thepolynomialhierarchy[29], asall methodsbasedon maximal(for set
inclusion)consistentsubsetsof formulasfor example.In [28] a lineartime translationfrom inferencein
quasi-classicallogic to inferencein classicallogic is alsoprovided. It allowsusto useexistingautomated
reasoningtechniquesdevelopedfor classicalentailment.Finally, oneof themajor featuresof this logic
is thatit hasaniceandintuitive semantics,thatis not thecaseof mostparaconsistentlogics.

Thebasicideasbehindthis logic is to useall rulesof classicallogic proof theory, but to forbid theuse
of resolutionaftertheintroductionof adisjunction(it allowsto getrid of theex falsoquodlibetsequitur).
Sotherulesof quasi-classicallogic aresplit into two classes:compositionanddecompositionrules,and
theproofscannotusedecompositionrulesoncea compositionrule hasbeenused.Intuitively speaking,
thismeansthatwemayhave resolution-basedproofsbothfor B and 25B . Wealsohaveasadditionalvalid
consequencesthedisjunctionsbuild from thepreviousconsequences(e.g. 25B�6�C ). But it is forbiddento
reusesuchadditionalconsequencesfor building furtherproofs.For detailsonquasi-classicallogic proof
theorysee[15]. Wewill presentonly thesemanticsideof this logic in thefollowing.

For the sake of simplicity we will restrictourselves to the classof CNF formulasin this section.
Generalizationfor theclassof all formulascanbefoundin [15], but it requiresmoreconditionsfor the
satisfaction relations(de Morganlaws, doublenegationelimination,etc). So choosingCNF formulas
doesnot losegeneralitybut easethedefinitions.

2.2.1. Quasi-classicalconsequence

Definition 2.1. Let �¢*-, bethesetdefinedasfollows:

�{*-,�ny13ß0Bbh�B'GI.&/5:{�H13z0Bbh�BqG�.0/5:
Wecall any �Èø�� *-, aQC interpretation.

In suchaninterpretation� , ß0BqG�� meansthat � providesa reasonfor B anda reasonagainst25B .
Similarly z0B�G�� statesthat � providesa reasonfor 25B anda reasonagainstB .

This definition is closeto a form of Herbrandinterpretation. It allows to localize the conflicts to
propositionalsymbols. For exampleif .0/¿nÌ13Bã47CD47ED4��·: , thenthe interpretation� nþ13ß0B�47ß0CD47z0CD:
meansthatwe have a reasonfor B , we have aconflict on C andwe have no informationaboutE and � .

In thesameway, it canalsobeconsideredasa four-valuedsemantics̀a la Belnap[1]. Let �(4�	547ùq47j
be four truth valueswhoseintuitive meaningis respectively True, False, Both, Neither. Thenwe can
translateaQC interpretation� to a four truth valuesinterpretationasfollows : for eachsymbol B of PS
2In factonly tautologiesor formulascontainingtautologiescannotberecovered.
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� B is � if ß&B'G�� and z0BgìG��
� B is 	 if ß&B�ìG�� and z0B�G��
� B is ù if ß0B�G
� and z0B�G
�
� B is j if ß0BgìG�� and z0B�ìG��
For adetailedcomparisonbetweenquasi-classicalentailmentandBelnapentailmentsee[17].

Definition 2.2. Let J K 6bA7A7A�6�J Ä beaclause,then J �
d7ëRÛ	BãJ�f�QRJ K 6bA7A7A�6bJ Ä U is thesetof literals 13J K 47A7A7A�47J Ä :
thatarein theclause.Let JxKä6#A7A7A 6#J Ä beaclauseandlet J � bealiteral suchthat J � GIJ �
dDë�Û	BãJ�f�QRJLKä6#A7A7A?6(J Ä U ,
then 	0e�E ª=f�QRJLK+6�A7A7A�6IJ Ä 47J � U is the clausewithout the disjunct J � , i.e. 	0e�EÁª\fÇQRJxK 6�A7A7A�6�J Ä 47J � U0nÉJxK+6A7A7AºJ � à K\6HJ � Õ K\6¡A7A7AºJ Ä . Let 	0e�EÁª\fÇQRJ�47J�U5nsp .

Definition 2.3. Let B bea propositionalsymbol, � is thecomplementationoperationdefinedas �£B is25B and �«QR25B�U is B . This operationis not in theobjectlanguagebut will be usedto make definitions
clearer.

Let usnow definethenotionof strongsatisfaction:

Definition 2.4. For a model � , we definethe strongsatisfaction relation h n ü as follows. Let B be a
propositionalsymbol,let JLKD47A7A7AºJ Ä beliterals,andlet < and> betwo formulas:

� � h n ü B if f ß&B�G
�
� � h n{üH25B if f z0B'G��
� � h n{üH<H8q> if f � h n{ü�< and�ÿhn{üi>
� � h n{üHJLK\6¡A7A7Aä6�J Ä if f (�ÿhn{ü¡JLK or A7A7A or �ÿhn{ü¡J Ä ) and�	�SGI13_347A7A7A�4?VW: (if � h n{ü
�sJ � , then�ÿhn{ü�	0e�E ª=f�QRJLK\6�A7A7A·6�J Ä 47J � U )
So the quasi-classicaldisjunctionsemantics(for strongsatisfaction) is more demandingthan the

classicalone,sinceit hasto copewith conflicting piecesof information. Onecannote that it is this
semanticsfor disjunctionthatcapturestheresolutionprincipleon whichQC proof theoryrelies.

A characteristicpropertyof disjunctionis thefollowing one,let 13B � 47A7A7A�47B Ä : beasubsetof .0/ [15]:

Proposition2.1. � h n{ü�B�K=6�A7A7Aä6�B Ä if f � thereexists B � suchthat ß0B � G�� and z0B � ìG�� , or

� for all B � , ß&B � G�� and z0B � G�� .

Let usnotealsothatreducedto binaryclausesthepreviousdefinitiongives:

� h n{ü�B#6�C if f (�ÿhn¢üHB or �éhn{ü�C ) and
if � h n{üH25B , then� h n{üHC and
if � h n{üH25C , then� h n{üHB
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Thenotionof strongmodelis easilyextendedto knowledgebases(setsof formulas)by statingthata
model� is astrongmodelof a if � is astrongmodelof all theformulasof a .

Solet usnow introduceanexamplethatwe will usethroughthis paperto illustratethedefinitions.

Example2.2. a�ny13Bã4725BO8+CD47EÇ6��ã47E�6 ë�472WB	6��-: . �Èns13ß&Bã47z0B�47ß0CD47ß0ED47ß��-: , �Úns13ß&Bã47z0B�47ß0CD47ß��ã4ß0ëÇ47ß��-: and ��ns13ß0B�47z0B�47ß0CD47z0CD47ß0ED47z0ED47ß��·47z��ã47ß0ë�47z&ë�47ß���47z��-: arethreestrongmodelsof a .

Notethat themodel � n��{*-, is a strongmodelof all formulasof ) *-, . Soevery formulaof ) *-,
alwayshasat leastonestrongmodel.

Similarly, anotionof weaksatisfactionis defined:

Definition 2.5. For amodel� , we definetheweaksatisfactionrelation h n�� asfollows :

� � h n��åB if f ß0B�G��
� � h n��å25B if f z0B�G��
� � h n��å<�8i> if f �éhn��Y< and� h n���>
� � h n{ü�JxK\6HA7A7A·6HJ Ä if f (� h n{üHJLK or A7A7A or �ÿhn¢ü�J Ä )

Example 2.2. (continued) a n¤13Bã4725B�8ËCD47Eê6��·47Eê6ËëÇ4725Bb6��-: . ��Kån¤13ß0Bã47z&Bã47ß0CD47ß0ED: and
�uZ0ns13ß0B�47z0B�47ß0CD47z0ED47ß��·47ß&ë�47ß���47z��-: aretwo weakmodelsof a (which arenot strongmodels).

Note that straightforwardly all strongmodelsof a formula are also weak models,and that weak
satisfactionis closeto thesatisfactionrelationin classicallogic.

Now we candefinetheconsequencerelationas:

Definition 2.6. We saythat a formula > is a (quasi-classical)consequenceof < if andonly if all the
strongmodelsof < areweakmodelsof > :<;hn�� N > if f ��� Q�� h n ü <����ÿhn � >@U

Strongsatisfactionis usedfor theassumptions.It allows to capturesemanticallytheresolutionpro-
cess,sinceit forcesthe resolvent C of a clauseB06gC to hold if � B holds,whereasweaksatisfactionis
usedfor the conclusionsandallows for the introductionof disjunctions.Note that this kind of defini-
tion, usinga morerestrictive satisfactionrelationfor assumptionsthanfor conclusionsis usualin other
logics for AI. For examplenonmonotonicinferencerelationsusea preferentialentailmentrelationfor
assumptions,while thesatisfactionrelationfor conclusionsremainsclassical[22].

Theextensionof thedefinitionto aconsequenceof aknowledgebase(setof formulas)is straightfor-
wardly doneby consideringthesetconjunctively, that is a formula > is a consequenceof a knowledge
baseif eachinterpretationthatis astrongmodelof eachformulaof theknowledgebaseis aweakmodel
of > .

Example 2.2. (continued) aþnÚ13B�4725Bê8�CD47E56 �·47E56¡ë�4725Bê6��-: . Examplesof consequencesof a are25B , E�6�� , C\6�E , �i8HC .
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The following result illustratesthe link with the syntacticalintuition we gave at the beginning of
this section,i.e. that theideabehindQCL (on theproof-theoreticside)is to forbid theuseof resolution
after introductionof a disjunction: notice that B , 25B and 25Bi6 2!� (by disjunctionintroduction)are
consequencesof a , but that 2!� is not.

Notethatif a is in CNF andis consistent,thenDefinition 2.6yieldsclassicalentailment.Formally,
we have the following proposition,where < denotesa CNF formula, "< the formula after deletionof
tautologicalclauses.

Proposition2.2. If a and < arein CNFandif a is classicallyconsistent,then a³hn�� N "< if f a�hn N-P < .

This propositionis a directconsequenceof resultsof [28]. Notealsothat thestrongQC modelsofa arein thiscase(a rewriting of) termsof a DNF of theknowledgebasea .

2.2.2. Minimal QC models- Coherencefunction

Let us denoteby QC QRa�U the setof strongmodelsof a . In the following we will mainly work with
strongQC models,so the termQC modelwill meanstrong QC models,andwe will explicitly usethe
termweakwhenrequested.

Let usnow definethenotionof minimal QC model.

Definition 2.7. Thesetof minimal (strong)modelsof a is definedas:
MQC QRagUWns1#�ÈG QC QRagU¢h if �Úú��g4 then �èìG QC QRa�UR:
For exampleif a�ns13B[6@CD: , thentheQCmodelsof a areQC QRa�U5ns1313ß&Bã:34713ß0CD:34713ß0B�47ß0CD:34713ß0B�4z0B�47ß0CD:34713ß0Bã47ß&CF47z&CF:34713ß&Bã47z0B�47ß0CD47z0CD: . Whereasthe mininal QC modelsof a are MQC QRa�Ugn1313ß0B�:34713ß0CD:3: . They canbe viewed asa conciserepresentationof classicalmodelsof a when a is

classicallyconsistent.
Wewill now defineameasureof consistency, calledcoherencedefinedin [16]. Let usfirst definethe

notionsof ConflictbaseQC andof OpinionbaseQC.

Definition 2.8. Let � beaQC interpretation,
ConflictbaseQC Q�� U5ny13BHh�ß&B'G�� and z;B'G��l:
OpinionbaseQC Q�� U5ny13BHh3ß0B'G
� or z|BqG
�l:
Intuitively theconflictbaseis thesetof propositionalsymbolsonwhich thereis conflictualinforma-

tion, andtheopinionbaseis thesetof propositionalsymbolson which theinterpretationprovidessome
information.

Now thedegreeof coherenceof aninterpretationis definedas

Definition 2.9. CoherenceQC is a functionfrom thesetsof interpretationsto ] ^347_F` definedas:
CoherenceQC QR½3UWns_ and���%$ns½

CoherenceQC Q�� UWny_�z hConflictbaseQC Q�� U�hhOpinionbaseQC Q�� U�h
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If CoherenceQC Q�� UWns_ , then� is totally coherent,andif CoherenceQC Q�� USns^ , then� is totally
incoherent.

Example 2.2. (continued) For example, let � né13ß0Bã47z&Bã47ß0CD47ß0ED47ß��-: , and � nÿ13ß0B�47z0B�47ß0CD4ß��ã47ß0ë�47ß��-: , thenCoherenceQC Q��lU5nsò3ì#& andCoherenceQC Q'��U�n(&Oì3ñ .
Now we candefinethedegreeof coherenceof aknowledgebase:

Definition 2.10. Let a beaknowledgebase,thenCoherenceQC QRa�U is definedas:

CoherenceQC QRa�U5n ru}F~) ¶ MQC * ¨�+ CoherenceQC Q�� U
Note that taking the XYë�B�V or the XH�
V insteadof the XYB�� (or somerefinementof thoseones)may

alsoleadto othermeaningfulmeasures.This “optimistic” choiceof the XYB�� seemsto be meaningful
whenonewantsto compareseveral knowledgebasesin order to decidewhich one is the leastprob-
lematic. Using XH�ÁV insteadcanbe seenasits “pessimistic”counterpart.It makessensewhenwe are
interestedin theworstcase,for examplewhenwewantto know how mucheffort is neededto besureto
recover consistency. This point of view is closerto theoneadoptedin [20]. Takingthe XYë�B�V is usually
meaningfulwhenoneallows for compensationsbetweenalternatives,so in this caseit meansthata lot
of modelswith ahigh coherencecouldcompensatea modelwith avery low one.

Example2.2. (continued) a�ny13Bã4725B@8HCD47E�6��ã47E�6�ë�4725B@6��-: . ThenCoherenceQC QRa�U5n(&Oì3ñ .

2.2.3. Significancefunction

In [18], Hunteralsodefinesa degreeof Significancefor a contradiction. This degreeof significance
requiresanadditionalmeta-informationthatgivestherelative importanceof conflictsthataffectssetsof
propositionalatoms(that canbeseenasa “topic” of thebase),andit computesthesignificanceof the
contradictionembeddedin agivenQC model.Thisdegreeis definedasfollows:

Definition 2.11. A massassignment­ is a functionfrom ó-,�.0/ into ] ^347_F` suchthat:

� If CoherenceQC Q�� U5ny_ , then­WQ�� U5ny^
� ) ­WQ��lU5ns_
To illustratewhat this massassignmentandthis significancefunctionmean,considerthefollowing

example[18]: supposethatwehavesomeinformationaboutasoccermatchcomingfrom differentnews
reports.If thosepiecesof informationareconflictingaboutthenationalityof thereferee,it will behardly
noticedbecauseit is not very important. It is not thesamestory if theconflicting informationis about
theoutcomeof thematch.If onereportsaysthatteamA won thematch,whereasanothersaysthatit is
teamB, thenit will bea moresignificantconflict. An exampleof massassignmentin this casecouldbe
to give a very smallmassto theconflict on thenationalityof thereferee,anda big massto theconflict
on theoutcomeof thegame(theremainingmasswill beusedto weightotherpossibleconflictson the
informationaboutthematch).
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Definition 2.12. A significancefunction (inducedby a massassignment­ ), denoted/
1QC is a function
from ó , .0/ into ] ^347_F` definedas:

/21QC Q��lU5n 354 ) ­WQ'6¾U
Theexplanationfor performingthesumof all massesof subsetsof � relieson theintuition thatthe

significanceof conflictsin aninterpretation� cancomefrom differentindependentsourcesof conflicts,
andthatsomeconflictscanbemoreproblematicwhenwe have moreinformation.For example,usually
a conflict on theweatherfor thedayis not very importantfor me(asI work in my office),but if I know
alsothattodayI would like to go out (it is a non-working day),thenthesignificanceof a conflict on the
weatheris muchmoreimportant.

Thenthemass-basedsignificancefunctionis extendedto knowledgebaseasfollows:

Definition 2.13. Let a bea knowledgebase,thenthesignificanceis definedas:

/
1QC QRa�U5nsrut vwQR13/
1QC Q��lU�h ��G MQC QRa�UR:3U

Example 2.2. (continued) Let aénè13B�4725B�8�CF47E�6��ã47E�6Ië�472WB'6��-: . And let ­WQR13ß0B�47z0B�:3U'nè^3AÐ_ ,­WQR13ß0B�47z0Bã47ß&EF:3Uên�^3A & , ­WQR13ß0ED47z0ED:3U0n�^3AÐò , ­WQR13ß���47z��-:3U#ný^3AÐó be thecorrespondingmassassign-
ment. Thenwe have / QC QR13ß0B�47z0B�47ß0CD47ß0ED47ß��-:3Uên�^3AÐñ , and / QC QR13ß0Bã47z&Bã47ß0CD47ß��ã47ß0ë�4©ß��-:3U#n�^3AÐ_ ,
sofinally / QC QRa�U5ny^3AÐ_ .

3. Quasi-possibilisticlogic

In the semanticsof possibilistic logic, classicalinterpretationsreceive possibility weights. In quasi-
classicallogic the semanticsis basedin termsof reasonsfor or againstpropositionalsymbols.Unsur-
prisingly, in quasi-possibilisticlogic reasonsfor or againstpropositionalsymbolsbecomeweighted.

In this sectionwe will supposethat all the formulasare(weighted)CNF. As in the quasi-classical
logic case,it doesnot leadto a lostof generalityandeasethedefinitions.

3.1. Quasi-possibilisticconsequence

Let usdefinethefollowing notionof models:

Definition 3.1. Let �¢*-,-� 7 bethesetdefinedasfollows:

�¢*-,-� 7�ns13QRß0B VWU�h�B'GI.&/[4?VYGI"W:��¡13QRz0B VWU�hºB�GI.0/[4?VYGY"W:
Wecall any �³ø��¢*-,-� 7 a Q8 interpretation.

Noticethat from thedefinitionaninterpretation� cancontainboth QRß0B{VSKFU and QRz0B�V Z U for some
atom B . Similarly, notethat thedefinitionallows for several QRß0B(VSK�UR47A7A7AÇ47QRß0B(V � U in an interpretation.
But we will seethatonly theoccurrencewith thegreatestV � needsto be taken into consideration(the
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othersarein somesensesubsumedby this one),sowe will supposethatonly onesuchoccurrencecan
occurin aninterpretation.

The meaningof suchan interpretation� is that QRß0B@VWU0G(� meansthat � providesa reasonforB with confidenceV anda reasonagainst25B with confidenceV . Similarly QRz0B@VWUêG�� statesthat �
providesa reasonfor 25B with confidenceV anda reasonagainstB with confidenceV .

Let usnow definethenotionof strongsatisfaction:

Definition 3.2. For a model � , we definethe strongsatisfaction relation h n¢ü asfollows. Let B be a
propositionalsymbol,let JLKD47A7A7AÇJ Ä beliterals,andlet < and> betwo formulas::

� � h n{ü�QRB�4?VWU if f QRß0B+XYU5G�� with XÌkËV
� � h n{ü�QR2WBã4?VWU if f QRz0B XYU�G�� with XÌklV
� � h n{ü�QR<H8i>#4?VWU if f �ÿhn¢ü�QR<\4?VWU and� h n{üHQx>#4?VWU
� � h n{ü�QRJxK\6�A7A7Aä6�J Ä 4?VWU if f

(� h n{ü�QRJLKD4?VWU or A7A7A or �ÿhn{ü�QRJ Ä 4?VWU ) and�	�SGY13_347A7A7AÇ4?VW: (if � h n{ü�Q'�yJ � 4?VWU , then�ÿhn{ü¡Q'	0e�EÁª\fÇQRJxK�6HA7A7A·6¡J Ä 47J � UR4?VWU )
Thenotionof astrongmodelis easilyextendedto knowledgebases(setsof formulas)by statingthat

amodel� is astrongmodelof a if � is a strongmodelof all theformulasof a .

Example3.1. a³n¦13QRB�47^3AÐï3UR47QR25Bq8gCD47^3AÐð3UR47QRE 69�·47^3AÐñ3UR47QRE�6gë�47^3AÐò3UR47QR25B�65��47^3AÐó3UR: . �ÿn¦13QRß&Bi^3AÐï3UR4QRz0B�^3AÐð3UR47QRß0Cb^3AÐð3UR47QRß0E�^3AÐñ3UR47QRß��;^3AÐó3UR: , � nÿ13QRß0B�^3AÐï3UR47QRz&BY^3AÐð3UR47QRß0Cb^3AÐð3UR47QRß��I^3AÐñ3UR4+QRß0ë�^3AÐò3UR4QRß��i^3AÐó3UR: and ��ns13QRß0B@^3AÐï3UR47QRz0B0^3A;:3UR47QRß&CW^3AÐð3UR47QRß0E5_3UR47QRß<�¬^3A &OUR47QRz��b^3A;=3UR: arethreestrongmodels
of a .

Notethat themodel � n > ° ¶@? ü 13QRß0B � _3UR47QRz&B � _3UR: is a strongmodelof all formulasof ) *-, . So
every formulaof ) *-, alwayshasat leastonestrongmodel.

Wealsodefinethefollowing notionof weaksatisfaction:

Definition 3.3. For amodel� , we definetheweaksatisfactionrelation h n�� asfollows :

� � h n��åQRBã4?VWU if f QRß0B XYUWG
� with XÌklV
� � h n��åQR25Bã4?VWU if f QRz0B�XYU�G�� with XÌklV
� � h n��åQR<H8�>#4?VWU if f � h n��YQR<\4?VWU and� h n��åQx>#4?VWU
� � h n ü QRJ K 6�A7A7Aä6�J Ä 4?VWU if f (� h n ü QRJ K 4?VWU or A7A7A or �ÿhn ü QRJ Ä 4?VWU )

Example 3.1. (continued) a nç13QRB�47^3AÐï3UR47QR25B�8¡CD47^3AÐð3UR47QRE+6 �ã47^3AÐñ3UR47QRES6�ë�47^3AÐò3UR47QR25B'6A��47^3AÐó3UR: . � n13QRß0Bq^3AÐï3UR47QRz0Bu^3AÐð3UR47QRß&C{^3AÐð3UR47QRß0E¢^3AÐñ3UR: and � n¦13QRß&B�^3AÐï3UR47QRz&Bi^3A;:3UR47QRß0C¢^3A;:3UR47QRß��i^3AÐñ3UR47QRß&ëê^3AÐò3UR4QRß��b^3AÐó3UR: aretwo weakmodelsof a .

Notethatstraighforwardly all strongmodelsof a formulaarealsoweakmodelsthereof.
Now we candefinetheconsequencerelationasfollows :
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Definition 3.4. A formula Qx>@4?VWU is a (quasi-possibilistic) consequenceof QR<=4?XYU if andonly if all the
strongmodelsof QR<\4?XYU areweakmodelsof Qx>#4?VWU :QR<\4?XYU(hn �CB P¡Qx>@4?VWU if f ���ÌQ�� h n{ü�QR<\4?XYU!�D�ÿhn��YQx>@4?VWURU

Theextensionof thedefinitionof a consequenceto a knowledgebaseis straightforwardly doneby
consideringit conjunctively, that is a formula Qx>#4?VWU is a consequenceof aknowledgebaseif all models
thatarestrongmodelsof eachformulaof theknowledgebaseareweakmodelsof Qx>#4?VWU .
Example 3.1. (continued) aÌn¾13QRB�47^3AÐï3UR47QR25B&8�CD47^3AÐð3UR47QRE+6 �·47^3AÐñ3UR47QRE 6¡ëÇ47^3AÐò3UR47QR25B&6 ��47^3AÐó3UR: . Con-
sequencesof a arefor example QRB�47^3AÐï3U , Q'��47^3AÐó3U , QRC�6qÖÓ47^3AÐð3U , etc.

Let usstressnow thattheentailmentsodefinedis a truegeneralizationof quasi-classicalentailment
andpossibilisticentailment:

Proposition3.1. If "Yns13^347_3: , then a�hn �CB P¡QR<\47_3U if andonly if a � h n � Nl<
Wehave alsothefollowing consequence:

Corollary 3.1. If aÈhn��CB P Qx>#4?XYU , then a � h n�� N >
Thisrelationbetweenquasi-possibilisticlogic andquasi-classicallogic canbeillustratedalsodirectly

on thecorrespondingsatisfactionrelation:
Let usnote� � the“classical”QC modelderivedfrom � , that is � wherewe “forget” theweights,

i.e. � � n»13ß0Boh�QRß0B&XYUiGE�l:&�I13z&B�h�QRz0B&XYUiGF� : . Let us denotealso �   the X -cut of the
QC-model� , i.e �   ns13QRß&B�VWU�G��ÿh�VYklXY:���13QRz0B�VWU�G��ÿh�VYkËXY: .
Lemma 3.1. If �ÿhn¢ü�a , then� � h n{ü�a �

If �ÿhn��Ya , then� � h n��åa �
This is straightforwardly obtainedfrom thedefinitionsof thesatisfactionrelations.Notethat in this

lemmawe usethesatisfactionrelationof quasi-classicallogic andof quasi-possibilistic,for thesake of
simplicity wedo notputasubscriptfor makingthedistinctionbetweenthetwo. It cannotbeambiguous
sincethey do not work on the sameformulas,quasi-classicalsatisfaction relation areusedwith $&%
interpretationsandclassicalformulas,whereasquasi-possibilisticsatisfactionrelationareusedwith Q8
interpretationsandpossibilisticformulas.

Soquasi-possibilisticentailmentis a generalizationof quasi-classicalentailment,whenwe allow a
finerscalethan 13^347_3: . In thesameway, quasi-possibilisticentailmentcanbeseenasageneralizationof
possibilisticentailmentasshown in thefollowing proposition.

Firstwe canstateausefullemma.

Lemma 3.2. � h n{ü�a if f �	XG� �  h n{üHa � 
Proof:
We will prove this by inductionon the X -cuts. Let us note XåKF4?X Z 47A7A7A�4?XAH the X -cuts,with XåK the
biggestX -cutandXAH#Às^ thelowestone.
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We first show that �   â h n ü a   â if f � �  â h n ü � �  â , thenwe will usethe inductionassumption
�   ° h n{üåa   ° if f �	X �sX � � �  h n{üåa �  . Thenfinally we will beableto conclude�  JI h n{üYa  �I if f�	X¼�£XAH�� �  h n{ü;a �  , but as XAH is the lowestcut, �   I h n¢ü;a   I means� h n¢ü;a , that givesthe
conclusion.

So let us begin with �  êâ h n{ü�a  @â if f � �  â h n{üK� �  â . This is obtaineddirectly by noticing that
the only weight in �   â and a   â is XåK , so by usingthescale "ÚnÉ13^34?XåKD: , this is a consequenceof
proposition3.1.

Now supposethat �   ° á�â h n ü a   ° áãâ if f �OX �|X � à K � �  h n ü a �  . Wewantto prove that �   ° h n üa   ° if f �	Xþ�lX � � �  h n{ü¡a �  holds.Theonly if partis givendirectlyby lemma3.1.For theif partwe
want to show �   ° h n{üIa   ° . We know from thehypothesisthatall formulasin a   ° á�â aresatisfiedby
�   ° áãâ , soby �   ° . It remainsto show thatall formulasin a   ° zIa   ° áãâ aresatisfiedby �   ° . Notethat
all thoseformulasareof the form QR<\4?X � U . Let us prove it by inductionon the lengthof the formulas.
AssumeJ�ëRV-Öäd�LOQR<\Uên _ , i.e. <�n B or <�nÊ2WB , with B�G�.0/ . Supposew.l.g that <�n�B . Thenfrom
definitionof strongsatisfaction �   ° h n{üYQR<=4?X � U holdsiff QRß0B(VWU�G��   ° , with V;koX � . But it means
that it holdsiff ß0BuG � �  ° , i.e. iff � �  ° h n¾< , that is thecaseby hypothesis.Now supposethatwe have
for J�ë�V-ÖädMLÓQR<\U(nsVgz�_ that �   ° h n{üåQR<\4?X � U if � �  ° h n{üY< . Let usshow that this propertyholdsalso
for J�ë�V-ÖädMLÓQR<\Ubn�V . So if J�ë�V-ÖädMLÓQR<\Ubn�V , then <¿n J-8Y< Ù or <¿n J-6Y< Ù , with JênÌB or JênÌ25B
s.t. BåG¦.0/ and J�ë�V-ÖädMLÓQR<�Ù
Uun�VYzy_ (w.l.o.g. we will supposein the following that J@nþB ). So if<ln¿Bê8�< Ù , then �   ° h n{ü�QR<\4?X � U holdsiff �   ° h n{ü�QRB�4?X � U and �   ° h n{üIQR< Ù 4?X � U . We have already
shown that �   ° h n ü QRB�4?X � U if � �  ° h n¾B andby inductionhypothesiswe now that �   ° h n ü QR< Ù 4?X � U if
� �  ° h n{ü�<�Ù . Sothatgivesthat �   ° h n¢ü�QR<\4?X � U holdsif � �  ° h nsB and� �  ° h n{üH<�Ù , thatis by definition
� �  ° h nyB#8�< Ù , thatholdsby hypothesis.Theproof is similar for <�nsB@6H< Ù . NO

Wecanalsoprove thesameresultfor weakmodelsin thesameway :

Lemma 3.3. � h n � a if f �	XP� �  h n � a � 
Proposition 3.2. If a is consistent(i.e. a � hasa classicalmodel),then aéhn �CB PgQQ"<�4?VWU if andonly ifa�hnRB P QR<\4?VWU , where "< is < with tautologiesdeleted.

Proof:a�hn �CB P¡QQ"<\4?VWU if f ���þQ�� h n{ü�a���� h n��YQQ"<�4?VWURU
(definition3.4)

iff ���þQRQx�	XS� �  h n{ü¡a �  UT� Qx�	XG� �  h n��YQQ"<�4?VWU �  U
(lemma3.2and3.3)

iff �	XÊ���þQ�� �  h n{ü¡a �  �D� �  h n��åQQ"<�4?VWU �  U
if f �	X�a �  h n � NåQQ"<�4?VWU � 

(definition2.6)

iff �	X�a �  h n¢N-P¡QR<\4?VWU � 
(equation1)

iff a�hn B P¡QR<\4?VWU NO
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So quasi-possibilistic entailmentcoincideswith possibilisticentailmentwhen the possibility dis-
tribution is normalized,but still provides meaningfulresultsin the caseof conflicts (non-normalized
possibilitydistribution).

Concerningcomputationalcomplexity, onecannotethatthegoodcomputationalcomplexity proper-
tiesof bothquasi-classicallogic andpossibilisticlogic arepreservedfor quasi-possibilisticlogic.

Proposition3.3. Thecomplexity of theinferenceproblemfor quasi-possibilisticlogic statedasfollows

� Input : A CNFknowledgebasea andaCNF formula QR<\4?XYU
� Output : Does a³hn �CB P¡QR<\4?XYU hold ?

is coNP-complete.

Proof:
Thisproof is adirectgeneralizationof theproofthatinferencefor quasi-classicallogic is coNP-complete
(proposition3 of [28]). Theproof goesexactly thesameway, by increasingthesizeof thelanguageand
translatingthe QC interpretationsinto classicalones. In our caseQ8 interpretationscanbe translated
into possibilisticones.

Themembershipproof holdssincethe translationtransformsquasi-possibilisticinferenceinto pos-
sibilistic inference,thatis coNP-complete[8, 23].

Thehardnessproof is straightforward sinceinferencein quasi-classicallogic is a particularcaseof
inferencein quasi-possibilisticlogic (cf proposition3.1).

NO

Notefinally thattheentailmentrelationsodefinedis differentfrom the M	û�ü andthe M	ü·ü entailment
relationsof Section2.1.6.

This is easilyshown for M	ü·ü , sincethesetof theconsequences13<Úh�aÈM	üãüI<\: obtainedfrom this
relationis a classicallyconsistentset[3]. This is not thecasewith our paraconsistentinferencerelation
givenby thequasi-possibilisticlogic, sincefor examplewith thebasea»ny13QRB�47^3AÐï3UR47QR25B�47^3AÐï3UR: we can
deduceboth QRB�47^3AÐï3U and QR25Bã47^3AÐï3U . We canalsonotethat quasi-possibilistic entailmentis lesssyntax
sensitive than M	üãü . For examplefrom a»ny13QRB@8�25B#8�CD47^3AÐï3UR: and a Ù nÚ13QRBã47^3AÐï3UR47QR2WBã47^3AÐï3UR47QRCD47^äAÐï3U�:
quasi-possibilisticentailmentlead to the sameconclusions,for examplethat QRCD47^3AÐï3U holds. Whereas
with M	ü·ü wecandeduceC from a Ù but not from a .

In order to show the differencebetweenthe quasi-possibilistic inferencerelation and M û�ü , it is
enoughto note that on example2.1 M	û�ü doesnot allow us to infer anything on E , whereaswith the
quasi-possibilisticinferencerelationwe caninfer QRED47^3AÐó3U .
Example3.2. Let usrestatetheexampleof theintroductionin propositionallogic (wewill useapseudo
first-orderlogic for conciseness,but westill in thepropositionallogic framework). Peterworksin Greno-
ble ; Peterlivesin Marseilles; Peteris in his forties. GrenobleandMarseillesaredistantplaces.More-
overwehave thegeneralknowledgethatif somebodyworksin aplace,(s)hecannotlive in anotherplace
if thetwo placesaredistant.Thissituationcanbelogically encodedin thefollowing way ( _0À�U�À�V ):

a�ní1F�O�O��W-QR2YX�e�Û	´�Qx�=4ZW-U[6�2[�7��f�dDQ�W-4�\äU[6¡25J �^]�ëÇQx�=4�\äUR47_3U'_7Q'�º��f�d7Q'`047ØçUR47_3UQRJ �^]©ë�QR.547ØçUR4�U�UQ'�-e�Û�d7QR.0UR4�VÇU'_7Q�Xqe�Û�´�QR.W4�`0UR4�VÇUR:
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If we usequasi-classicallogic for finding consequencesof this knowledgebase,we cannottake
the weight into account(so we work with a � ), and the consequencesare for example 13J �^]�ëÇQR.547ØÚUR42YXqe�Û	´�QR.54�`&UR4ZX�e�Û	´�QR.54�`0UR4725J �^]©ë�QR.547ØçUR4��-e�Û�d7QR.0UR: , illustratingtheconflict in theknowledgebase.But
it doesnotallow usto take into accountthefactthat J �^]�ëÇQR.547ØçU is morereliablethanX�e�Û	´�QR.54�`0U .

With possibilisticlogic, degreesof certaintyaretaken into accountandwe candeducefor example13QRJ �^]�ëÇQR.547ØçUR4�UÓUR47QR2YXqe�Û�´�QR.W4�`0UR4�UÓU�: , but it doesnot allow us to derive the conclusion Q'�-e�Û�d7QR.0UR4�V�U
thathasnothingto do with theconflict but is drown below theinconsistency level. Moreover it doesnot
distinguishbetweenformulason which we have no conflictingpiecesof informationandformulasthat
arechallengedby (lessreliable)piecesof information.

Takingquasi-possibilisticlogic we canobtain 13QRJ �^]�ëÇQR.547ØÚUR4�U�UR47QR2YXqe�Û	´�QR.54�`&UR4aUÓUR47Q�25J �^]�ëÇQ�.547ØçUR4
V�UR47Q�X�e�Û	´�QR.54�`0UR4�V�UR47Q'�-e�Û�d7QR.0UR4�V�UR: . Sothereis no moreany drowning effect, andwe canseethateven
if J �^]©ë�QR.547ØçU is oneof themostreliableconclusions,thereis somepieceof informationagainstit. We
think thatmakinga distinctionbetweenunchallengedconclusionsandplausiblebut conflictingonesis
animportantfeatureof quasi-possibilistic logic.

3.2. Coherencefunction

Let usdefine b&B asanotationfor ß0B or z0B .
Now definethesetof modelsthatsubsumeamodel� (thatis thesetof modelsthatstronglysatisfy

at leastasmany formulasasmodel� ):

f�ª\CFf�ªOXYQ��lU5ns1c�ýhd�e$n(�g4�� � ø(� � and��QRß0B � VWU5G���4 � QRß0B � XYU�Gf� with XÌ�lVW4 and

��QRz0B � VWU�G���4 � QRz0B � XYU5G�� with X � VW:
Let usdenoteby Q8(QRa�U thesetof strongmodelsof a . Let usnow definethenotionof minimalQ8

model.

Definition 3.5. Thesetof minimal (strong)modelsof a is definedas:
MQ8¢QRa�U5ny1#�ÈG Q8(QRa�U¢h if �çGIf�ª\CDf�ªÓXYQ�� UR4 then �èìG Q8(QRa�UR:
Wewill now defineameasureof consistency, calledcoherence,extendingtheonedefinedin [16]. It

is anaturalextensionwherefuzzy scalarcardinalityreplacescardinality.
Let us first definethe notionsof ConflictbaseQ g andof OpinionbaseQ g . As we needto definea

measurehere,wewill from now on considerthatthesetof weightswill bethe ] ^347_F` interval.

Definition 3.6. Let � beamodel,
ConflictbaseQ g Q�� U5ny13QRB�VWU¢h�QRß0B+VSKFU5G�� and QRz&B V Z U�G�� andVYnlXH�
VWQxVSKF4?V Z UR:
OpinionbaseQ g Q�� U5ny13QRB�VWU¢h�Q'b0B�VWU�G�� and Q'b0B+XYU5G
� with XÌÀlVW:
Let usdefinenow theamountof conflict andopinioncorrespondingto thosetwo sets,thatis a fuzzy

scalarcardinalityof thosesets:

Definition 3.7. Let ù beasetof pairs QRB�VWU , where B'GI.&/ andVYGí] ^347_F` , thenh�QRùqU�n
* > Ä + ¶ai

V



D. Dubois,S.Konieczny, H. Prade/ Quasi-possibilisticlogic andits measuresof informationandconflict 19

Now thedegreeof coherenceof a modelis definedas

Definition 3.8. CoherenceQ g is a functionfrom thesetsof interpretationsto ] ^347_F` definedas:

CoherenceQ g Q��lU5ns_{z h�Q ConflictbaseQ g Q�� URU
h�Q OpinionbaseQ g Q�� URU

If CoherenceQ g Q�� UHn³_ , then � is totally coherent,and if CoherenceQ g Q�� UHn³^ , then � is
totally incoherent.

Example 3.1. (continued) If � né13QRß0B�^3AÐï3UR47QRz0BI^3AÐð3UR47QRß0Cb^3AÐð3UR47QRß0E¬^3AÐñ3UR47QRß<�;^3AÐó3UR: , and � n13QRß0B�^3AÐï3UR47QRz0B�^3AÐð3UR47QRß0Cq^3AÐð3UR47QRß���^3AÐñ3UR47QRß0ëb^3AÐò3UR47QRß��l^3AÐó3UR: . ThenCoherenceQ g Q��lUHnÈ^3A;=3_ and
CoherenceQ g Q'��U5ns^3A;=3ñ .

Now we candefinethedegreeof coherenceof aknowledgebase:

Definition 3.9. Let a beaknowledgebase,thenCoherenceQ g QRa�U is definedas:

CoherenceQ g QRa�U5n r¬}F~) ¶ MQ g-* ¨�+ CoherenceQ g Q��lU

Example 3.1. (continued) a n 13QRBã47^3AÐï3UR47QR2WB�8�CD47^3AÐð3UR47QRE�6j�·47^3AÐñ3UR47QREi6�ë�47^3AÐò3UR47QR2WB�6j��47^3AÐó3UR: .
CoherenceQ g QRa�U�ns^3A;=3ñ

3.3. Coherencedistrib ution

TheCoherencefunctionof theprevioussectionallows us to conciselyreflecttheamountof conflict of
a possibilisticknowledgebase.But the drawbackis that it slightly departsfrom the purely qualitative
framework, sincenow conflictsarematterof degree,andseveralsmallconflictscanbeasimportantasa
big one.

We canfigureout anothergeneralizationof thecoherencefunction,basedon X -cuts,thatallows us
to draw a moreprecisepictureof the amountof conflicts in the knowledgebase. More formally, the
coherencedistribution of a possibilisticknowledgebasea is definedastheset:

DistCoherence QRagU�ny13QRa   4 CoherenceQC QRa �  URUR4?X G�] ^347_F`Á:
Example3.1. (continued) a�ns13QRB�47^3AÐï3UR47QR25B&8¡CF47^3AÐð3UR47QRES6��·47^3AÐñ3UR47QRES6�ë�47^3AÐò3UR47QR2WB06���47^3AÐó3UR: .

CoherenceQC QRa�kml näU5ns_ , CoherenceQC QRa<kml oäU5ns_3ì3ó , CoherenceQC QRa�kml päU�nyó3ì3ò ,
CoherenceQC QRa�kml qäU5nsò3ì#& , CoherenceQC QRa<kml Z U5nr&Oì3ñ .
Thisexampleillustratestheinterestof amoreprecisepicturethanthemeasuregivenbyCoherenceQ g ,

sincethe coherencemeasureis not monotonicwith respectto the level-cuttingof theknowledgebase.
Figure1 shows that in our exampleit is the ^3AÐð layer that is responsiblefor most of the conflicts in
thebase.Non-monotonicityof the coherencefunction is quite naturalsinceaddingnew formulasin a
knowledgebasecanbringmoreinformation(in thiscaseCoherenceincrease),or bringmoreconflict (in



20 D. Dubois,S.Konieczny, H. Prade/ Quasi-possibilisticlogic andits measuresof informationandconflict

this caseCoherencedescrease).Whenthenew formulasbring both,it dependsof their relative amount.
See[15] for moreexplanations.

Fromthiscoherencedistribution we cancomputeaCoherencedegreethatis derivedfrom thedistri-
bution by usingthecertaintygapsbetweenthe X -cutsnormalizedasweights.This is thesamekind of
ideaasin Section2.1.5,andit is, technicallyspeaking,a Choquetintegral.

Definition 3.10.

CoherenceQ g D QRagUWn Ô � K�� Æ
QxX Ô z�X ÔDÕ K�URA CoherenceQC QRa � �s U

where a  Rs is the X -cutof a andX K ns_ .

Example3.1. (continued)CoherenceQ g D QRa�U5nsQR_[z�^3AÐð3UR_[ß¡QR^3AÐðwz¡^3AÐñ3UR_3ì3ó[ß�QR^3AÐñ[z¡^3AÐò3U�ó3ì·ò[ß¡QR^3Aõòwz^3AÐó3URò3ì#&iß|QR^3AÐó3U�&Oì3ñ'ny^3AÐï3ó
We canseeon this examplethatCoherenceQ g D QRagU is greaterthanCoherenceQ g QRa�U , but it is not

alwaysthecase.Forexampleif wetake a�ns13QRB�47_3UR47QR25B�47_3UR47QRCF47^3AÐð3UR: , thenCoherenceQ g QRa�U�ns^3AÐòc=3ñ
whereasCoherenceQ g D QRa�U�ns^3AÐò .

But onecannotethat the two functionsaretrue generalizationsof the significancefunction in the
quasi-classicalcase,soif all theformulasof theknowledgebaseshavethesameweight,thetwo functions
give thesameresult,andif thisweightis _ , thenthey give thesameresultasquasi-classicalsignificance.
It is alsointerestingto notethattheextremecasesarethesamefor thetwo functions,they bothgive ^ if f
thereis no conflict in thebase(i.e. a � is classicallyconsistent),andthey bothgives _ if f theweightsof
all theformulasof thebaseare _ andCoherenceQC QRa � U�ns_ .
3.4. Significancefunction

We canalsodefinecounterpartsof Hunter’s significancefunction [18] in this quasi-possibilisticframe-
work.

In this framework, the significancefunctionmusttake into accountthestrengthof theconflictson
literals. For exampleif ­WQR13ß&Bã47z0B�:3U¢nÊ^3AÐò , thenfor thetwo basesaÈn¦13QRB�47^3AÐ_3UR47QR25B�47_3UR: and a Ù n

1

tvuZw xFtvuZw yjtvuZw zjtvuZw {FtvuZw |

Figure1. Coherencedistributionof }
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13QRBã47_3UR47QR2WBã47_3UR: , wenoticethatthereis abig conflict in a Ù aboutB , whereasin a oneof thetwo literals
hasa very weaksupport,so the conflict is a very mild one. So we will definesignificancefunctions
that take this strengthof conflicts into accountfor handlingthe meta-informationgiven by the mass
assignment.To explain this we cango backto thesoccermatchexampleof Section2.2.3.Supposethat
our news reportscomefrom threedifferentnewspaper. Thefirst news reportsaysthat thewinnerof the
matchis the A team. This newspaperis a sportnewspaper, so we have a high confidencein its news
report.Thesecondnewspaperis a mainnationalone,saysthat therefereewasBelgianandthat teamA
won. The lastnewspaperis a little regionalnewspaperwith a quickly written news report. It saysthat
therefereewasItalian andthat teamB won. Sowe canwrite it as: a³n£13QRB�47^3AÐï3UR47QRB�8gCD47^3AÐð3UR47QR25B�825CD47^3A &OUR: , where B denotesa win of teamA and C the Belgian nationality of the referee. With the
massassignment­WQR13ß&Bã47z0B�:3U n¾^3AÐò and ­WQR13ß0CD47z0CD:3U+nç^3AÐ^3_ (theremainingmassis devotedto other
potentialconflictsnot detailedhere),it is thennecessaryto be able to definewhat is the significance
of the conflicts,accountingfor both the confidencein the informationand the relative importanceof
theconflicts. Themassassignmentis definedasin theclassicalframework, but asthemodelshereare
weighted,we will needto usetheweight-forgettingfunction.

Let usstatenow someof theexpectedpropertiesof a significancefunction / . After thatwe will try
to generalizesignificancefunctionsin the framework of quasi-possibilistic logic while satisfyingthose
properties.

(S1) If Coherence QRa�U�ns_ , then /5QRa�U5ns^
(S2) If Coherence QRa�U�ns^ , then��a�Ù s.t. c5d7e�XYfÇQRa�Ù�U�nscWdDe�XYf�QRagU¡/5QRa�ÙxU5�y/5QRa�U
(S3) /5QRa���a�Ù�U�ksru}F~-QR/5QRa�UR47/5QRa�Ù
URU
(S4) If c5d7e�XYfÇQRa�UC~�cWd7e�XYf�QRa�ÙxU�ny½ , then /5QRaý��a�ÙxU�ky/5QRa�U[ß|/5QRa�Ù�U

The first propertyis the minimality, it statesthat if thereis no conflict in a knowledgebase,then
the significanceof the (non-existing) conflict is ^ . The secondproperty is maximality, it statesthat
the greatestsignificanceof a knowledgebaseis reachedwhen it is fully conflictual. This property,
alongwith the definition of the massassignment,allows us to deducethat a knowledgebasea with
Coherence QRagUSny^ and c5d7e�XYfÇQRa�U5nÚ.0/ hasa significanceof _ . Thethird propertystatesthatwhen
joining two knowledgebases,thesignificanceof theconflict is at leastasimportantastheoneof eachof
theknowledgebases.This meansthathaving moreinformationcannot decreasethesignificanceof the
existing conflicts. So significanceis monotonic,which contratswith coherence(seeSection3.3). The
lastpropertyis akind of separabilityproperty. If two knowledgebasesareindependentin thesensethat
they do not shareany propositionalsymbol,thenthesignificanceof theunionis greaterthanthesumof
thesignificanceof thetwo bases.This is easilyexplained: whentakingtwo basestogetherwegetall the
conflicts(soall thesignificance)thatarein only onebase,but we alsogetnew conflicts(sopotentially
moresignificance).

Onecancheckthat thosepropertiesaresatisfiedby the significancefunction in thequasi-classical
case.Soonecouldexpectthemto holdalsofor its generalizationsin thequasi-possibilisticframework. It
is thecasefor theoneswedefinein thefollowing, exceptfor thequalitative significancefunction.Since
its definitionis no morebasedon asum,but on a purelyqualitative one,property(S4)is not satisfiedas
such.We have to changethe“ ß ” symbolby a ru}F~ asusual,but in this caseproperty(S4) is subsumed
by property(S3).



22 D. Dubois,S.Konieczny, H. Prade/ Quasi-possibilisticlogic andits measuresof informationandconflict

3.4.1. Cardinal Significance

This first definitionof significancefunction is a naive generalizationof Hunter’s definition,basedon a
fuzzy scalarcardinality:

Definition 3.11. Let ù beasetof pairs QRB�VWU , where B'GY.0/ andVIGí] ^347_F` , then�\QRùqU�n * > Ä + ¶ai
V

� i �
Definition 3.12. A possibilisticcardinalsignificancefunction (inducedby a massassignment­ ), de-
noted / 1Q g0� is a functionfrom ó-, .�/�� � into ] ^347_F` definedas:

/ 1Q g0� Q�� U5n 354 ) ­WQ'6¿�FU�����Q ConflictbaseQ g Q'6çURU

Example3.1. (continued)Let a�ny13QRBã47^3AÐï3UR47QR25B=80CD47^3AÐð3UR47QRE�6��·4�^3Aõñ3UR4ºQRE�60ëÇ47^äAÐò3U�47Q�25B=6���47^3AÐó3U�: . And
let ­WQR13ß0B�47z0Bã:3U+ny^3AÐ_ , ­WQR13ß0B�47z0B�47ß0ED:'nÚ^3A & , ­WQR13ß0ED47z0ED:3U+ny^3AÐò , ­WQR13ß���47z��-:3U5nÚ^3AÐó bethecorre-
spondingmassassignment.Thenwe have / Q g0� QR13QRß0B&^3AÐï3UR47QRz0B�^3AÐð3UR47QRß0C ^3AÐð3UR47QRß0E ^3AÐñ3UR47QRß��H^3AÐó3UR:3U+n^3AÐñ[�q^3AÐð�no^3AÐò , and / Q g0� QR13QRß0B@^3AÐï3UR47QRz0Bê^3AÐð3UR47QRß&C5^3AÐð3UR47QRß��@^3AÐñ3UR47QRß0ë ^3AÐò3UR47QRß��¬^3AÐó3UR:3USns^3AÐ_[�q^3AÐð�n^3AÐ^3ð , and / Q g0� QRa�U�ns^3AÐ^3ð .

This definition,basedon a fuzzy scalarcardinalitysuffers from the fact thatseveral smallconflicts
canbeasimportantasabig one.Soif onewantsto avoid thissituation,onehasto seekfor otherindices.

3.4.2. Choquet Significance

This generalizationof thesignificancefunctionallows usto take into accountthecertaintygapbetween
conflicts.It is basedon aChoquetintegral.

Definition 3.13. A possibilisticChoquetsignificancefunction (inducedby a massassignment­ ), de-
noted / 1Q ga� is a functionfrom ó , .�/�� � into ] ^347_F` definedas:

/
1Q ga� Q��lU5n Ô � K�� Æ
QxX Ô z�X ÔFÕ K UR/
1QC Q�� � �s U

Example3.1. (continued)Let a�ny13QRBã47^3AÐï3UR47QR25B=80CD47^3AÐð3UR47QRE�6��·4�^3Aõñ3UR4ºQRE�60ëÇ47^äAÐò3U�47Q�25B=6���47^3AÐó3U�: . And
let ­WQR13ß0B�47z0Bã:3U+ny^3AÐ_ , ­WQR13ß0B�47z0B�47ß0ED:'nÚ^3A & , ­WQR13ß0ED47z0ED:3U+ny^3AÐò , ­WQR13ß���47z��-:3U5nÚ^3AÐó bethecorre-
spondingmassassignment.Thenwe have / Q ga� QR13QRß0B&^3AÐï3UR47QRz&B&^3AÐð3UR4�QRß0CW^3AÐð3UR47QRß&E+^3AÐñ3UR47QRß<�b^3AÐó3UR:3U+nQR^3AÐïOz�^3AÐð3UR^Oß�QR^3AÐðOz�^3AÐñ3UR^äAÐ_ÓßbQR^äAÐñ�z�^3AÐóäUR^3AõñOß�QR^äAÐóäUR^3Aôñuns^3AÐó3ð and / Q ga� QR13QRß&B(^3AÐï3UR47QRz0Bê^3AÐð3UR47QRß&C�^3AÐð3UR4QRß��ê^3AÐñ3UR47QRß0ë(^3AÐò3UR47QRß���^3AÐó3UR:3USnyQR^3AÐð3UR^3AÐ_'ns^3AÐ^3ð , and / Q ga� QRa�U�ns^3AÐ^3ð .

Wecandefineadistribution of significancefor abase,asdonefor thecoherencefunctionin Section
3.3. This allows us to have a morepreciserepresentationof this measure.But, conversely, computing
directly / Q ga� givesaconciseview of thisdistribution.

This definitionis still quantitative sincewe usethecertaintygapsbetweenX -cuts. In thefollowing
sectionwe will defineapurelyqualitative significancefunction.
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3.4.3. Qualitati ve Significance

Weneedto redefinethemassassignmentin orderto getamorequalitative definition.

Definition 3.14. A qualitative massassignment­ � is a functionfrom ó-, .�/ to ] ^347_F` suchthat

� If CoherenceQ g Q�� � U�ns_ , then­ � Q�� � U�ny^
� ru}F~ ) ­ � Q�� � U5ns_

Definition 3.15. Let ù bea setof pairs QRB@VWU , where B¡Gs.&/ and VyG¦] ^347_F` , then �@QRùqU@nýru}F~-1FV hQRB VWU�GIùq: .
Definition 3.16. A qualitative possibilisticsignificancefunction(inducedby a qualitative massassign-
ment­ � ), denoted/
1m�Q ga� is a functionfrom ó , .�/�� � into ] ^347_F` definedas:

/
1m�Q ga� Q�� USn ru}F~3
� ¶ ) � rut vwQx­ � Q'6 � UR4Z�êQ ConflictbaseQ g Q'6çURURU

Example 3.1. (continued) Let aÌnç13QRBã47^3AÐï3UR47QR2WB'8�CD47^3AÐð3UR47QRE 6A�ã47^3AÐñ3UR47QRES6�ë�47^3AÐò3U . And let ­ � QR13ß0Bã4z0B�:3U�n£^3AÐ_ , ­ � QR13ß0Bã47z&Bã47ß0ED:un¦^3A & , ­ � QR13ß&EF47z&EF:3U(n£^3AÐò , ­ � QR13ß���47z��-:3U�n£^3AÐó , ­ � QR13ß0CD47z0CD:3U{n¦_
be the correspondingmassassignment.Thenwe have / Q ga� QR13QRß0B�^3AÐï3UR47QRz0BH^3AÐð3UR47QRß&C0^3AÐð3UR47QRß0E0^3AÐñ3UR4QRß���^3AÐó3UR:3Uênçru}F~-QRrut v�QR13^3AÐ_347^3AÐð3:347rut vWQR13^3A &O47^3AÐð3:3URU'n ^3A & , and / Q ga� QR13QRß0Bu^3AÐï3UR47QRz0Bu^3AÐð3UR47QRß&C(^3AÐð3UR4QRß��ê^3AÐñ3UR47QRß0ë(^3AÐò3UR47QRß���^3AÐó3UR:3UWn�ru}F~-QRrut v�QR13^3AÐ_347^3AÐð3:3URU�ns^3AÐ_ , and / Q ga� QRa�U5ny^3AÐ_ .

WhereascardinalsignificanceandChoquetsignificancearetruegeneralizationof Hunter’s signifi-
cancein thesensethat if all theweightsare ^ or _ , thenHunter’s significanceis recovered,it is not the
casewith this qualitative significancefunction, that givesin the 13^347_3: case(i.e. in the quasi-classical
framework) asignificanceof ^ if thereis no conflict,and _ if thereis onein theinterpretation.

4. Concluding remarks

This paperhasprovideda first introductionof quasi-possibilisticlogic, a logic aimingat handlingboth
plaincontradictionsandpriority (or certainty)levelsof thepiecesof informationin aunifiedway. Quasi-
possibilisticlogic hasstill to bedeveloped,in particularits syntacticcounterpart(with its associatedin-
ferencealgorithms).Thedevelopmentof thesyntacticmachineryof $'!(" maybediscussedin themore
generalsettingof thedefinitionof possibilityandnecessitymeasuresonnon-classicallogic structures,a
questionwhichhasbeenalreadyconsideredin [5]. However, in [5], only oneparticularlogic, daCosta’s
CK , whichsubstentiallydiffersfrom $'%&" , is takenasanexampleof paraconsitentlogic associatedwith
necessitymeasures.Moreover amoresystematiccomparisonof this inferencewith otherinconsistency-
tolerantinferencerelationswhichgobeyondstandardpossibilisticinferencehasto becarriedon.

Thepaperhasdiscussedseveral typesof generalizedmeasuresof informationandconflict, similar
ideascouldbethoughtof for anothertypeof weightedlogic, namedpenaltylogic [10]. Indeedin penalty
logic, thecostof interpretationscanberelatedto thecontourfunctionof a belief structure.Information
measuresalsoexist in thelatterframework andcouldbeadaptedto penaltylogic.



24 D. Dubois,S.Konieczny, H. Prade/ Quasi-possibilisticlogic andits measuresof informationandconflict

Acknowlegments

The authorswould like to thankAnthony HunterandPierreMarquisfor their hepful commentson an
earlierversionof thiswork.

References

[1] Belnap,N.: A usefulfour-valuedlogic, Modernusesof multiple-valuedlogic, 1977,8–37.

[2] Benferhat,S.,Dubois,D., Prade,H.: Somesyntacticapproachesto thehandlingof inconsistentknowledge
bases:a comparativestudy, part1: theflat case,StudiaLogica, 58, 1997,17–45.

[3] Benferhat,S.,Dubois,D., Prade,H.: An overview of inconsistency-tolerantinferencesin prioritizedknowl-
edgebases,in: FuzzySets,Logic andReasoningaboutKnowledge, vol. 15 of AppliedLogic Series, Kluwer,
1999,395–417.

[4] Besnard,P., Hunter, A.: Quasi-classicallogic: Non-trivializableclassicalreasoningfrom inconsistentinfor-
mation,Proceedingsof the3rdEuropeanConferenceonSymbolicandQuantitativeApproachesto Reasoning
andUncertainty(ECSQARU’95), LNAI 946,SpringerVerlag,1995.

[5] Besnard,P., Lang,J.: Possibilityandnecessityfunctionsover non-classicallogics, Proceedingsof the10th
Int. Conf. on Uncertaintyin Artificial Intelligence(UAI’94), 1994.

[6] Cayrol,C., Lagasquie-Schiex, M.: Non-monotonicsyntax-basedentailment:a classificationof consequence
relations, Proceedingsof the 3rd EuropeanConferenceon SymbolicandQuantitativeApproachesto Rea-
soningandUncertainty(ECSQARU’95), LNAI 946,SpringerVerlag,1995.

[7] Dubois,D., Lang,J., Prade,H.: Automatedreasoningusingpossibilisticlogic: Semantics,belief revision
andvariablecertaintyweights,IEEETrans.Data andKnowledgeEngineering, 6, 1994,64–71.

[8] Dubois,D., Lang,J.,Prade,H.: Handbookof Logic in Artificial IntelligenceandLogic Programming, vol. 3,
chapterPossibilisticlogic, OxfordUniversityPress,1994,439–513.

[9] Dubois,D., Prade,H.: Propertiesof measuresof informationin evidenceandpossibilitytheories,FuzzySets
andSystems, 24, 1987,161–182,Reprintedin FuzzySetsandSystems,supplementto Vol. 100,35-49,1999.

[10] Dupin deSaint-Cyr,F., Lang,J.,Schiex, T.: Penaltylogic andits links with Dempster-Shafertheory, Pro-
ceedingsof the10thInt. Conf. on Uncertaintyin Artificial Intelligence(UAI’94), 1994.

[11] Gärdenfors,P.: Knowledge in flux, MIT Press,1988.

[12] Hartley, R. V. L.: Transmissionof information,TheBell SystemsTechnical Journal, 1928,535–563.

[13] Higashi,M., Klir , G. J.: Measuresof uncertaintyandinformationbasedonpossibilitydistributions, Interna-
tional Journalof General Systems, 9, 1983,43–58.

[14] Hunter, A.: Handbookof DefeasibleReasoningand UncertainInformation, vol. 2, chapterParaconsistent
logics, Kluwer, 1998.

[15] Hunter, A.: Reasoningwith conflicting informationusingquasi-classicallogic, Journal of Logic andCom-
putation, 10, 2000,677–703.

[16] Hunter, A.: Measuringinconsistency in knowledgevia quasi-classicalmodels,Proceedingsof theAmerican
NationalConferenceonArtificial Intelligence(AAAI’02), 2002.

[17] Hunter, A.: Evaluatingcoherenceandcompromisein inconsistentinformation,2003,Manuscript.University
CollegeLondon.



D. Dubois,S.Konieczny, H. Prade/ Quasi-possibilisticlogic andits measuresof informationandconflict 25

[18] Hunter, A.: Evaluatingsignificanceof inconsistencies,Proceedingsof the18thInternationalJoint Confer-
encein Artificial Intelligence(IJCAI’03), 2003.

[19] Katsuno,H., Mendelzon,A. O.: On the differencebetweenupdatinga knowledgebaseand revising it,
Proceedingsof the2ndInternationalConferenceonPrinciplesof KnowledgeRepresentationandReasoning
(KR’91), 1991.

[20] Konieczny, S., Lang, J., Marquis, P.: Quantifying information and contradictionin propositionallogic
throughtestactions, Proceedingsof the 18th InternationalJoint Conferencein Artificial Intelligence(IJ-
CAI’03), 2003.
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